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ADVERTISEMENT 
To THE 
R E A UE RN 


HE Excellence of Profeſſor 8 a uu DE RSO N' 

1 Elements of Algebra is univerſally acknowledged: 

But as that Work contains many cuRiovs and ELE- 
AN P1ECES, which are rather of Advantage and 
Amuſement to Proficients in the general Science of 
the Mathematics, than of neceſſary Uſe to Students 
in Algebraz ſome of the principal Tutors in the 
Univerſity of Cambridge were deſirous of having ſuch 
Parts ſelected from the Whole as would give their 
| Pupils a clear and comprehenſive Knowledge of 
Algebra, without putting them promiſcuouſly to the 

Expence of purchaſing Two Volumes, Quarto, in 
which the original Work was publiſhed. The Public 
is indebted to a Gentleman in that Univerſity, of 
diſtinguiſhed Judgment and Skill in the Mathema- 
tics, for ſelecting the ſeveral Parts which make up 
the following Work: Nor have any Endeavours 
been wanting, to have it printed as correctly as 


poſſible. - 
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diſciple hat preparations he is to make, 
and what qualifications. I N of him 
find 0 


tures any further; they are for the moſt ak very 
| choſen, 


my conduct; in the mean time he has my leave to 
e 1 hope 


— 
- 


4  _ QUESTIONS rv 

hope that I ſhall be leſs upon the reſerve with him 
when he falls more immediately under my care. 

N. B. The pr axis of the rule of proportion, and 
of the rule for extracting the ſquare root, not being 
(properly ſpeaking) of the nature of ſimple poſtulata,. 
but father deducible from the four firſt z I ſhall not 
fail ro demonſtrate theſe rules ſo ſoon as I ſhall find 
proper opportunities for that purpoſe. 


12 Dueftions for exerciſe in Multiplication. . f 


+ Multiplication is taking any oneVumber called the 
multiplicand as often as is expreſſed®by any other 
number called the multiplicator, and the numbers 
produced by this operation is called the product: 
whence it follows, that the product contains the mul- 
tiplicand as often as there are units.in the multiplica- 
tor, and that if a number of a greater denomination 
is to be reduced to an equivalent number of a leſs, 
it muſt be done by multiplication. As for example; 
In a pound fterling there are 20 ſhillings 3 therefore 
in every ſum of money conſiſting of even pounds, 
there are twenty times as many ſhillings as there are 
pounds; therefore if any number of pounds be mul- 
| tiplied by 20, the product will be an equivalent 
. number of ſhillings; and the ſame muſt be obſerved. 
1 | in all other caſes. „„ 25 


t. 


- It is required to reduce 456 pounds 13 ſhillings and 
4 Pence, into ſhillings, pence, and farthings. 


Pe 


Wy 


* 


* * 
* 


Anſever. Shillings 9133 
Pence 109600 
. Farthings 438400. 


———_— — — 
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Qu sT. 


MULTIPLICATION. . 
rer, 1 4 | £5 


4 aral Hand contains. 36 counties, evi rol 37 


e 8 lies, and mi 
e. eee, * fo 


* 


„ #4 % 


miles, and perſonsin the xbale iflnd 
Answer. Pariſhes 1332 ; 
Families 30616 
F 1974024 | 
ee ee Quzs7. Ph - ' 
In 1730 Tears, 42 weeks, and 3 days, a many | 
| minictes? 110 


N. B. A year conſiſts of 365 days 6 0 and an 
EO, our of 60 minutes. 


Hours in one yoar- © © $766 
In 1730 years 15165180 
In 42 weeks 3 days | 7128 
In the whole 15172308 


Minutes in the whole 910333480. 


Me | Qu EST. 4. | 
There is 4 certain field 102004 3 long, and 102003 
Feet broad: I demand the wb of ſquare feet theres 


in contained ? 
Anſwer. 104047 14012. 


Quss v. 5. 


There is a certain floor 24 feet 4 inches broad, and 
96 feet & inches long: 1 —— bow many ſquare 
Inches are therein contained ? 5 


. Ar 338136 os cheese 
e. 


\ 


5 * % : ; * 
4, : QUEST ONS rn: 
mn wal 4 1 J) ˙ ho 4 OT _- wh 
: J - ; 


Quxsr. 6. | 


A certain piece of wood 1 foot 2 inches thick, 3 feet 
4 inches broad, and 5 feet 6 incbes long, is to be 
cut into ſmall. cubes like dies, each. of which is to be 


2 quarter, of an inch every way: 1 * into bow 


many dies the whole may. be reſolved. 
Anſwer. The whole may be ard into 2 30 5440 
wat | Qu. E $ r. 7. 
I demand the number of changes that may be 35 
on 12 bells, 
r 


on 4 bells 24 

on 5 bells" 1 & 
on 6 bells 720 

on 7 bells 5049 % — 

; on 8 bells 40320 
on 9 bells 362880 l 
on 10 bells 3628800 

on 11 bells 39916800 
on 12 bells 47900 1600 


Quer 5 <a 


thes many different Ways can four common dies arne 
uf at one throw? 


Anſwer. 1296 ways. 
Qvux857 9. 


Suppoſe one undertake to throw an ace at one throw 
with four common dies; what Probability i is there of 


His effelbing it? 


Anſwer. By the laſt queſtion four dies can come 


WP Rk * ways with and without. the ace s 
an 


| 


; 
(1 
1 
ll 


i (LEES 0 - 
3200 

9 I 5 : 

no 

0 ” * % 

4 
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___ MULTIPLICATION. 5 
and by a like computation, they can come up 62 
ways without the — therefore there are 67 1 | 
wherein one or more of them may turn up an ace; 
therefore the undertaker has the better of the lay in 
the proportion of 671 to 625. - ris © : 
Qu s r. 10. e 
Were are two incloſures of the ſame circumference, that 
is, both incloſed with the ſame number of pales; but 
one is a ſquare whoſe ſide is 125 feet, and the ather 
an oblong or long ſquare : 124 feet in breadth, and 
126 in length: quare which is the greater cloſe, 
that. is, which, cæteris paribus, will bear moſt 


Anſwer. The ſquare: for that contains 15625 | 
- ſquare feet; whereas the other contains but 15624. 


' Queſtions for exerciſe in Diviſion. - 


The deſign of diviſion is, to ſhew how often one 
number called the diviſor is contained in another cal- 
led the dividend, and the number that ſhews this is 
called the quotientz whence, and from the definition 
of multiplication already given, I obſerve, 1f, That 
the diviſor - multiplied by the quotient, and conſe- 
quently the quotient multiplied by the diviſor, will 
always be equal to the dividend, provided there be 
no remainder after the diviſion is over; but if there 
be, then this remainder added to, or taken into the 


product, will give the dividend, which is the beſt 


proof of diviſion. 2dly, That as the diviſor is ſuch 
a part of the dividend as is expreſſed by the quo- 
tient; ſo alſo is the quotient ſuch a part as is expreſſ- 

ied by the diviſor. Thus 12 divides by 3 quotes 43 


therefore 3 is a fourth part, and 4 a third part of 12, 
34ly, Hence may a number be found that ſhall be divi- 
ſible by any two given numbers whatever without re- 
majnders, to wit, by multiplying the two given num- 
LES. A 3 ES bers 


C 
e A 


6: | QUESTIONS rn :- 
bers together. Thus if I would have a number that 
can be divided by both 6 and 9 without any re- 
mainders, I multiply 9 by 6, and the product 54 
will anſwer both conditions; though 18 be the leaſt 
number of that kind. 4bly, Multiplication and di- 
viſion by the ſame number are the reverſe of each 
other, and ſo muſt neceſſarily have contrary effects: 
for whereas multiplication increaſes a number hy 
taking it as often as is expreſſed by the multiplica- 
tor, diviſion (on the contrary) leſſens it, by taking 
only ſuch a part of it as is expreſſed by the diviſor. 
zthly, Hence if a number of a leſſer denomination 
be to be changed into an equavelent number of a 
greater, as farthings into pence, pence into ſhillings, 
Sc. it muſt be done by diviſion, as the reverſe is 
done by multiplication, . 6z7hly, Whenever it is pro- 
poſed to know how often one quantity of any kind 
is contained in another of the ſame kind, the num- 
bers repreſenting theſe quantities .muſt be reduced ro 
the ſame denomination before any diviſion can take 
place. Thus if I would know how many thirteen - 
pencehalfpennics there are in twenty ſhillings, I muſt 
not only reduce the thirteenpencchalfpenny to 27 
halfpence, but alſo the 29 ſhillmgs into 480 halt- 
pence; and then muſt enquire by diviſion how often 
27 halfpence are contained in 489 halfpence, that 
is, how often 27 is contained in 480; the quotient is 
7, and the remainder 21, that is 21 halfpence; 
or in all diviſion, the remainder muſt be of the 
ſame denomination with the dividend whereof it is 
à part; therefore in 20 ſhillings there are 17 thir- 
ſeenpencehaltpennies, and 10 pence halfpenny over, 


Que IT. II. 
It is required to reduce 987654321 fartbings inio 
x | pounds, ſhillings, and pence. 
; Anſwer. 987654321 farthings are equivalent to 
i 46913580 pence and 1 farthing; or to 20576131 
ſhillings: 84. 13 or to 1028806 pqunds, 115. 84. 19. 
Uo ES: E #1 QUEST, 


D 


_ „ 
DIVISION. ; 
| « | 7 
3 0 f . 


* 


CCE 

One lends me 1296 guineas when : they were valued at 
il. 1s. and fixpence a piece: how many muſt I pay 
bim wwhen they are valued at 11. 15. apiece? ._ _ 


Anſwer. 1326 guineas 18 ſhillings. 
E 


A certain floor 23 feet 4 inches broad, 96 Feet 6 in- 
cbes long, is to be laid at the rate f 12 pence the 
ſquare foot: I demand what the whole charge will 


amount o. 


Anſwer. The floor contains 338136 ſquare inches, 
or 2348 ſquare feet and 24 ſquare inches; therefore 
the whele charge amounts to 117 pounds 8 ſhil- 

lings and two pence. 


QuEST. 14. © 

There is a certain cooler 36 inches deep, 42 inches wide, 

and 72 inches long: I demand its ſolid. content in 

Engliſh gallons. „ 

; Note An ale gallon is 282 cubic inches. 

Anſwer. © The veſſel contains 108864 cubic inches, 
that 1s, 386 gallons, and 12 cubic inches over. 

QUEST. 15. 


| A cubic fort of water weighs 76 pound; Troy or 
Roman weight ; and air is 860 times lighter than 
water : I demand the weight of a cubic foot of air. 


N. B. A pound Troy contains 12 ounces, one 
ounce 20 penny weights, and one pennyweight 24 


grains. 


n 9 eo Bt 2 A 
8 7 


ot QUESTIONS, IN 


r Anſwer. A cubic foot of air Coats * weight 
102. 1 2 8. 


Qs x. 16. 


e mean . of 4 lunation, that is, Frm NEW moon 
1 new moon, is 29 days 12 hours 44 minutes 


and 3 ſeconds ; and a Fulian year conſiſts of 365 days 
6 hours: I demand then bow many lunations are con- 


rained i in 19 Julian Jears. 


Hours in a Lunstion | 8 708 

1 Minutes „ 

Seconds 25 551443, 

Hours in 19 Julian years 66554 
Minntes 9993240 

Seconds 599894400 

| Lunations 235: ; and 1 hour 28250 over. 

Qu xs r., 17. 


In what time may all the changes on 12 bells be rung, 
allowing” 3 "pectin to wo. Found ? See Queſtion 
the 7b. | 


The number of changes on 12 bells 479001600 
| T he time 1437004800 ſeconds, 


or 23950080 minutes, 
or 399168. hours, | 
or 45 years 27 weeks 6 days 18 hours. 
Qu £3, 1. 


A General of an army diſtributes 15 goanth 12 
foillings and 2 pence halfpenny among 4 ' captains, 
5 lieutenants, and 60 common ſoldiers, in the mauner 
Following: Every captain is to have 3 times as much 
as a lieutenant, and every lieutenant twice as much as 


à common ſoldier : . F e their ſeveral ſhares. ns 


_ nen. 8 


1 **. ſhare of a common ade. . 84 7471 * 
of a lieytenant „5945 
ol a captain ge * 47 


eee ee 
Aud firſt in he Rule of Three Dire. 


The rule of pro 99 or rule of three, ot FA 
1 the golden rule, is that which teacheth, hav- 
ing three numbers iven, to find a fourth pro 

tional, that is, to End a fourth number that ſhall 


_ the ſame proportion to ſome one of the num- 


iven, as is expreſſed by the other two; and 


8 ore whenever a queſtion is propoſed herein 


ſuch a fourth proportional is reqyined, that queſtion is 
faid to belong to the. rule of proportion. Now in 
| queſtions of iis nature, eſpecially where the num- 
bers given are not merely abſtract numbers, but are 


applied to particular quantities, three things are 


uſually required, to wit, preparation, diſpolition, 
and operation. 

_ Firſt as to the preparation, it muſt beobſerved, that 
of the three numbers given in the queſtion, two will 
always be of the ſame 

the ſame denomination, if they be not ſo already ; 
and if the remaining number be of a mixt denomi- 
nation, that alſo muſt be reduced to ſome ſimple 
one. 

Secondly, in diſpoſing the numbers thus prepared, 
thoſe two that are of the ſame denomination muſt be 
made the firſt and third numbers in the rule of pro- 
portion, and conſequently the remaining number 
muſt be the ſecond. But here particular care muſt 
be taken, that of the two numbers that are of the 
ſame denomination, that be made the third in the 
rule of proportion, upon which the main ſtreſs of the 
queſtion lies, or to which the queſtion more imme- 


diately relates, or which contains the demand; 1 
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ind, and muſt be reduced to 


% QUESTIONS IX vp 
the place of this number being .once known, the 
other two muſt take their places as above directed. 
This ordering of the numbers for the operation is 
commonly called, ſtating of the queſtion. , _ 

Laſtly, having thus flared the queſtion, multiply 
the ſecond and third numbers together; divide the 
product by the firſt, and the quòtient thence ariſing 
will be the fourth number ſought; which fourth 
number, as well as the remainder, if there be any, 
"muſt always be underftood'to be of the fame deno- 
mination with the ſecond, As for example, 


| 1 Ques7T. 19. 


A piece of plate weighing 3 pounds 4 ounces and 5 
pPenmweigbis, Troy weight, is valued at 5 ſhillings 
and 4 Pence an ounce; what is the value of the 
VV | | 


Here we have three quantitjes concerned in the 
queſtion, viz. 3 pounds 4 ounces and 5; pennyweights; 
one ounce; and 5 ſhillings and 6 pence; whereof 
the two firſt, which are of the ſame kind, muſt be 
reduced to the ſame denomination, and the laſt to 
a ſimple one; thus: for one ounce I write 20 penny- 
weights; for 3 pounds, 4 ounces and 5 pennyweights, 
805 pennyweights; and for 5 ſhillings and 6 pence, 
66 pence; and fo the numbers are ſufficiently pre- 
pared, In the next place I enquire which of the two 
numbers 20 and 805, which are of the ſame denomj- 
nation, is that upon which the main ſtreſs of the 
queſtion lies, and I find it to be 805; for the main 
buſineſs of this queſtion is, to enquire into the yalue 
of 805 pennyweights of plate; the reſt being no more 
than data in order to diſcover this: So I make 805 
my third number, 20 which is a number of the ſame 
-denominarion my. firſt, *and 66 my ſecond, and ſtate 
the queſtion thus; F 20 pennyweights of plate be 
"Forth 66 pence, what will B05 pennywerghts of 7 
—_— | . 2 | | ; e 


THE RULE OF THREE. 1 
be worth? Now to anſwer this queſtion, I multiply 
805 by 66, and the product is 53130; this I divide 
by my firſt number 20, and the quotient. is 2656, 
and there remains 10, that is, 10 pence; there- . 
fore, to render my - quotient more compleat, I 
bring the remaining 10 pence into 40 farthings, and 
ſo divide again by 20, and find the quotient to be 2, 
that is, 2 farthings, without any remainder; ſo the 
value ſought is 2656 pence 2 farthings; that is, 
11 pounds 1 ſhilling and 4 pence halfpenny. 


A { demonſiration of this Praxis. 


Caſe 1ſt. Now to demonſtrate this manner of 
operation, I ſhall reſume the foregoing queſtion, but 
at firſt under a different ſuppoſition, as thus; F one 
pennyweight of plate coſt 66 pence, what will 805 
pennyweights coſs ? ere nobody doubrs but that 
upon this ſuppoſition, 805 penny weights will coſt 
805 times 66 pence, or 66 times 803, that is, 53130 
' pence; therefore in all inſtances of this kind, that 
is, where the Grit number in the rule of proportion is 
unity, the fourth number muſt be found by mul- 
tiplying the ſecond and third numbers together. 
Caſe 24. Let us now put the queſtion as it was at 
firſt ſtated, to wit, F 20 pennyweights of plate be 
worth 66 pence, what will 8083 pennyweights be 
worth? Now upon this ſuppoſition it is eaſy to ſee, 
that neither x. pennyweight, nor conſequently 80g 
pennyweights, will be worth above a 2oth part of 
what they were in the former caſe; and therefore we 
muſt not now ſay that 805 pennyweights are worth 
53130 pence, but a 2oth part of that fum, vix. 
2656 pence 2 farthings: and as this way of reaſoning 
will be the ſame in all other inſtances, it follows 
now, that In the rule of proportion, let the numbers 
ven be what they will, the fourth number muſt be bad 
yy multiplying the ſecond and third numbers together, 
fed gividing the product by the firſt, Q. E. P. 

1 2 Qs y. 


12 (QUESTIONS 18 , 


Quiz," 20. 


$ 
: 


Fw far will one be able to Hoe in 7 4 8 boars, 


41 the rate of 13 miles every 4 OT: * 12 
Bours to 4 trave ling day? 


Anſwer. 299 miles. 
Q UE $ . ty” þ 


What wil I 29 6 yards of walling amount to, at the 
rate of 4 ſhillings and 5 pence a 18 4 rod _ 5 
Jade and a ba, ? 


N $2 pounds 8 pence 3 farthings. 


; Qs r. 22. 


In the mint of England @ pound of gold, that is, 11 
ounces fine and 1 alloy, is at this time coined into 
44 guineas and an half: 7 demand how much ſterling 


a pound of pure gold is Worth, obſerving that the © 


alloy is valued at nothing. a 
Anſwer. 50 pounds 19 ſhillings and 5 pence 


+ penny. 


QvEST, 23. 


bat is the annual intereſt of 987 pounds 6 — 


and 5 pence at the rate of 6 per cent.? 


5 bor. 59 pounds 4 ſhillings and 9 pence 
z penny. | | | 


"The circumference of the Earth "ET to the French 


e ee is 123249600 French feet: I demand 
tbe OY in Engliſh milis. 3 


TAE RULE OF THREE. 13 
N. B. A. thouſand French Feet are equivalent to 


1068 Engliſh feet; 3 Wor, rr yard, and 8 
yards mak ake a mile. 


Anſwer, 131630573 Eogiih os; 
r 43876867. yardb-and a Nee ci 
eee e BY yards and a fer. - 


4s - +> 
Qvusr. 25. 


por all things as in the foregoing queſtion, 7 EW | 
ow long 4 ſound will be in paſſmg from pole to pole. 
— a ſuppoſition that a ON ball s over 1142 feet 

in a s ſecond lime. 


Anſwer, 16 hours and 33 ſeconds. 
| Quer. . 4 


Monfeur * $ antlers Paris; e TUE 
pendulum — ung ſeconds, was three feet 8 lines 
and I: I demand its length in Engliſh meaſure. 


Note. A line is r part of an inch, and tooꝰ 
French half lines are equivalent to _ 1 1 
lines, as in the 24th queſtion. | : 


Anſwer. The length in Engliſh meaſure of a 
pendulum that ſwings ſeconds, is 4 — Engliſh I 
mo. or 39 inches 2 lines and 2 E Ye 


VU 1 Quer. 


1 had in how long a time a Pipe, 6 that Aicborges 1 I 5 
25 in 2 minutes 34 feconde, twill fill a ciſtern that 
6 inches deep, 42 inches wide, and 72 inches 

(ſee queſtion the 14.) 


Anſwer. In 31707 ſeconds ; or 8 hours 48 * 
A or 
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14 © QUESTIONS: is 


For as eight pints. make a gallon, ſo alſo eight 
cubic half inches, that is, eight ſmall cubes: of half 
an inch every way make one cubic inch; therefore 
a pint contains 282 cubic half inches, and fifteen 
pints 4230; but the whole veſſel contains 108864. 
Cubic inches by queſt. 14; which are equivalent to 
. cubic half inches; therefore this — 

t to be ſtated thus Þ | 


if 4.230 cubic half inches be hs Mie! in 154. ſeconds. 
of rime, in what time will 870912 cubic half in- 
cen be diſcharged And the anſwer is, 


In 8 hours 4s 27 as above. 


qua. 26. 


i a wall 6 feet thick, 9 feet high, 2 432 feet long, coft 


720 pounds in building, what will be the price of 4 
wall F materials, that is 12 15 hichy 20 


feet high, and 576 feet long? 


In the former wall are contained 243328 cubic feet; 
in the latter 124416; therefore the __ to this 


queſtion is 3849 poundlses. 
2 VEST. 29. 


A certain CE projected 28 level 3 a ſhadow to. | 


the diſtance of 57 yards, when a four-foot ſtaff per- 


pendicularly erected . caſt a ſhadow of 5 feet 6 . : 


what Was the _— of the ſteeple ? 


" 2 3 


Luar. ü 41 x yards 1 foot. 4 8 f 


THE RULE OF THREE. "IS. 


2 v ts r. 30. 50 8 


Two abend ant Be . Aa aM, ö 
| Pounds, and B 496 pounds, for the ſame time; and they 
gain 114 pounds 2 ſhillings: I demand 2 man's | 
E n Net e N 


Both 1 ſtocks mi 868 1 tu fo then. if 
868 pounds ſtock bring in 114 pounds 2 ſhillin 

n, what will 372 pounds, AI part of the ſt 
pet in? Anſwer, 48 pounds 18 ſhillings for As. 
ſhare of the gain; and this ſubtracted from the whole 
gain, leaves 65 pounds: 4 FW os for W's ſhare of 
the gain. 8 
Note. If there be ever ſo many Pe theie- 
ſhares of the gain muſt all be found by the rule 
of proportion, except the laſt, which may be had 
by ſubtraction; but ic would be better to find them 
all by the rule of proportion, becauſe then, if all 
the ſhares, when added together, make up the whole 
gain, it will be an e e or the work is r 1 
| N 1 i 


Qo1 1 5 r. 65 A 


Th ee: A and B make a joint flock, A puts in 496 
pounds for 2 months, and B 620 pounds for 3 months 1 

and they gain 456 Pounds : What ws be each man's. 

ſhare of the gain? | 1 


In 8 to give an aoſwer to this e it 
muſt be conſidered, that it is the ſame in the caſe. 
of trade, as it is in that of money let out to intereſt, , 
| Where time is as good as money, that is, whoever., 

lets out 496 pounds for 2 months, is intitled to the. 
ſame ſhare of the whole gain, as if he had let out 
twice as much, that is, 992 pounds for one month: 
in like manner, he 3 lets out 620 pounds for 3 
months, has a right to the ſame. ſhare of the gain, 
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| "UESTIONS iE 
as if he had let out three times as much, that is, 
1860 pounds, for one month: ſubſtitute "therefore 
theſe ſuppoſitions inſtead of * thoſe in the «queſtion, 
ich may ſafely be done without affecting the con- 
uſion, and then this queſtion will be * to 
the form of the laſt, without any con ſideration of 
the particular quantity of time, thus; Two merchants 
A and B make a joint ſtock; A puts in 992 pounds, 
and B 1860 W the ſame: time; and they gain 
436 pounds : "What wy, > _ an Foe of - 
* ant mals 


— Hs dane will be * 1 12 12 mil 


| lings and 2 pence z and * 297 2 e 7 8 70 


ee y | 
ba. Q x 8 TY 22. 90 = 


F foo men in- tir days will earn. 4 Hills bow 
4 "much will 5 men cars in 6 days? Tr 


i \ 


This and the following queſtion 3 to: chat 
which they call the double rule of three, wherein 3 
numbers are concerned: theſe numbers muſt always 
be placed a they are in this example, that is, the 
two laſt numbers muſt always be of the ſame deno- 
mination with the two firſt reſpectively, and the 
number _ſoughr'of the ſame "denomination with the 
middle one; then may the queſtion be reduced to 
i'r ſingle rule of three two ways, either by ex- 

nging the "firſt, and fourth numbers, or the ſe- 
E and fifth. If you would have the firſt and 


fourth numbers expunged, ws you muſt argue thüs; 
two men will earn as e in three days, as one 


man in two times 3, or 6 days; alſo 5 men will earn 


as much in 6 days, as one man in 30 days; ſubſti- 
ture therefore this ſuppoſition and this demand, in- 
ſtead of thoſe in the queſtion, and it will ſtand thus. 


1f one min in 6 days will earn four ſhillings, ho- 
much 


1 HE RULE OF THREE. 157 


much will one man earn in 30 days? Which is as 


much as to lay, F in 6 days a man will earn 4 ſhillings, 
how much will be earn in 30 days ? 


Anſwer, 20 ſhillings. 


' 


If you would have the ſecond and fifth numbers 


expunged, you muſt argue thus: Two men will earn 
as much in three days, as 3 times two or 6 men in 


one day; alſo 5 men will earn as much in 6 days, 


as zo men in one day; put then the queſtion this 
way, and it will ſtand thus; If 6 men in one day 
will earn 4 ſhillings, how much will go men earn 
in one day? That is, If in any quantity of time 6 men 


vill earn 4 ſhillings, how much will 30 men earn in 


the ſame time? 
5 Anſier. 20 ſhillings, as before. 


Whoſoever attends to both theſe methods of ex- 
termination, will eaſily fall into a third, which in- 
cludes both the other, and in practice is much 
better than either of them; for at the concluſion of 
both operations, the number ſought was found by 
multiplying 30 by 4, and dividing the product by 6: 


Now if he tooks back, and traces out theſe numbers, 


he will find that the number 3o came from the mul- 
tiplication of the two laſt numbers g and 6 together, 
that 4 was the middle number in the queſtion, and 
that the diviſor 6 was the product of the two firſt 


numbers 2 and 3 multiplied together; therefore 


In all queſtions of ihe nature, the three laſt numbers be 
multiplied together, and the produtt be divided by the 
product of the two firſt, the quotient will give the number 
ſought, without any further trouble. 722 


B QuesrT. 


* 


* 


„% u ESsTIO NSA 


8 . Qu K 8 r. 34, 0 5 a 5 


If for the carriage of three hundred weight 40 miles, I 
muſt pay 7 ſhillings and 6 pence, what muſt I pay for 
' the carriage of 5 hundred weight 60 miles? 


- Anſwer. 225 pence, or 18 ſhillings and 9 Pence. 
Queſtions in the rule of three Inverſe. of 
Hitherto we have inſtanced in the rule of three 


direct; but there is alſo another rule of proportion, 
called the rule of three inverſe; which, as to the pre- 


paration and diſpoſition of it's numbers, differs no- 


thing from the rule of three direct, but only in the 
operation; for whereas there, the fourth number 
was found, by multiplying the ſecond and third 
numbers together, and dividing by the firſt; here 
it is found by multiplying the firſt and ſecond num- 
bers together, and dividing by the third. All that 
remains then, is to be able to diſtinguiſh, when a 
queſtion belongs to one rule, and when to the other; 
in order to which, obſerve the following directions: 
F more requires more, or leſs-requires leſs, work by the 
rule of three dire; but if more requires leſs, or leſs re- 
quires more, work by the rule of three inverſe. The 
meaning whereof is, that if, when the third number 
is greater than the firſt, | the fourth muſt be pro- 
portionably greater than the ſecond; or if, when 
the third number is leſs than the firſt, the fourth 
muſt be proportionably leſs than the ſecond, the que- 
{tion then belongs to the rule of three direct: But if, 
when the third number is greater than the firſt, the 
fourth mult be leſs than the ſecond; or when the 
third number is leſs than the firſt, the fourth mult be 
greater than the ſecond; in either of thefe caſes, the 
queſtion belongs to the rule of three inverſe, and 
mult be reſolved as above directed. 

7 VET As 


ruf RULE OF THREE, 49 
As for example, | 
Q EST. 34. 


7512 men i. cat up 4 quantity of proviſion i in 15 FIR 
how: long will 20 men be in eating the ſame£. 


This queſtion is of ſuch a nature, that more re- 
quires leſs; for 20 men will conſume the ſame; pro- 
viſion in leſs time than 12; therefore the queſtion 
belongs to the rule of three inverſe; foi multiply the 
firſt and ſecond numbers together, and divide by tha 
third, and the quotient 9, that is, 9 AY" is an 
anſwer to the queſtion. 18 85 


A demonſtration of the rule 7 three ENS 


If I was to anſwer this queſtion by pure dint of 
thought, without any rule to direct me, I ſhould 
reaſon thus: whatever quantity of proviſion laſts 12 
men 15 days, the ſame will laſt 1 man 12 times as 
long, that is. 12 times 15, or 180 days; but if it 


will laſt 1 man 180 days, it will laſt 20 men but the 


20th part of that time, that is 9 days: here then 
the fourth number was found by multiplying the 
firſt and fecond numbers together; and dividing the 
product by the third; and the reaſon is the ſame in 
all other caſes, where- ever the rule of An er 


en N 2 E. D. Mitte 31 
Js 2 . 38. 2 1 2 
One das ne 5 2 Pounds for 7 years ani 8 1 


92 months: how long _ FE lend Dow 14 96 2 
Ver an equivalent ? 


1 F 
ern 55 & | 
- - & # * # %4 


Anſwer. 5 years, 9 months. 8 
B 2 QuEesr. 


%% QUESTIONS I 


Qvuxs r. 36. 


If a ſquare pipe, 4 inches and 5 lines wide, will diſcharge 
a certain quantity of water in one hour's time; in 
what time will another ſquare pipe, 1 inch and 2 
lines wide, diſcharge the ſame quantity from the ſame 
current | | 


The orifice of a ſquare pipe 4 inches 5 lines, or 
53 lines wide, contains 280g ſquare lines; and the 
orifice of a pipe 1 inch 2 lines, or 14 lines wide, 
contains 196 ſquare lines. Say then, F an orifice of 
2809 fquare lines will diſcharge a certain quantity of 
water in one hour ;, in what time will an orifice of 196 
ſquare lines diſcharge the ſame? f 


Anſwer. In 14 hours 19' 54%. 


Qvzs7. 37. 


If 3 men, or 4 women, will do a piece of work in 56 
days, how long will one man and one woman be in 
doing the ſame? | 5 


Becauſe of the 3 men, or 4 women, ſome number 
muſt be found that is diviſible both by 3 and by 4 
without remainder; ſuch an one is the number 12, 
which is the product of 3 and 4 multiplied together; 
(ſee obſervation the third upon the definition of di- 
viſion:) make then 3 men or 4 women equivalent to 
12 boys, and you will have 1 man equivalent to 4 
boys, 1 woman to 3 boys, and 1 man and 1 woman 
to 7 boys, and the queſtion will ftand thus; F 12 
boys will do a piece of work in 56 days, how long will 
7 boys be in doing the ſame? . 


Anſwer. 96 days. 
QUEST. 


RI RULE OF THREE. 21 


Qs x. 38. 


If g oxen, or 7 colts, will eat up @ chſe is 79 2 
in what line will a oxen 1 colts eat ho i 
Jame ee I 


Auna. In x05 days. | 


QvBz87.. 39. 


7 2 acres of land will maintain 3 licks 4 un, 
long will 5 acres maintain 6 horſes ? 


This queſtion: may perhaps, at firſt ſight, be WER 
to be ſomewhat 0 the ſame nature with the 32d 
and 33d queſtions, which belonged to the double rule 
of three dire&; bur when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature: for we cannot ſay here as we did 
there, that 2 acres will laſt 3 horſes as long as 1 
acre will laſt 6 horſes; this — be a very unjuſt 
way of thinking, and where · ever it is fo, the queſtion 
ht to be referred to another rule, which they 
call the double rule of three inverſe; the propriet 
or impropriety of this thought being an infallible 
criterion whereby to diſtinguiſh when a queſtion 
belongs to one rule, and when to the ather. All 
queſtions belonging to this rule, as well as thoſe 
belonging to the other, may be reduced to the fin- 
gle rule of three two ways; either by expunging 
the firſt and fourth numbers, or the ſecond and 
fifth; but then the methods of extermination are 
different. In queſtions of this nature, if the firſt 
and fourth numbers are to be expunged, the 2 firſt 
numbers are to be multiplied by the fourth, and the 
2 laſt by the firſt; but if the ſecond and ffch num- 
bers are to be expunged, then the two firſt numbers 
are to be multiplied by the fifth, and the two laſt 
by the ſecond : thus in the queſtion before us, if we 
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22 © QUE'STTONS- ry - 
would exterminate the firſt and fourth numbers, we 
muſt multiply the two firſt” numbers, that is, 2 and 


35 by the: fourth, that is, by 5, and ſay, that 2 
acres will laſt three horſes juſt as long as 10 acres will 


laſt 15 horſes; we muſt alſo multiply the 2 laſt 


numbers, to wit 5 and 6, by the firſt, that is, by . 
and ſay, that g acres will laſt 6 horſes as long as 10 
acres will laſt 12 horſes. Uſe now theſe numbers 
inſtead of thoſe in the queſtion, and it will be 
changed. i into this equivalent one; If 10. acres of land 
will maintain 15 horſes 4 days, how long will 10 
acres maintain 12 horſes? Strike ont of the queſtion 
the firſt and fourth numbers, which, being equal, 
will be of no uſe. in the concluſion, and then the 
queſtion will ſtand thus; F 15 horſes will eat up 4 
certain piece of ground in 4 days, wy os will 12 le 


bei in eating up the dave © 


Axſiver. 5 days; PÞ 5 this die belong to the 
rule of three inverſe, 


* we would in r the ſecond and fifth 
numbers out of the queſtion, we muſt multiply the 
two firſt numbers by the fifth, and ſay, that 2 acres 
will laſt 3 horſes juſt as long as 12 acres will laſt 18 
horſes; we muſt alſo multiply the two laſt numbers by 


the ſecond, and ſay, that 5 acres will laſt 6 horſes as 
long as 15 acres will laſt 18 horſes: uſe theſe num- 


bers inſtead of thoſe in the queſtion, and it will be 


changed into this equivalent. one: If 12 acres will 
maintain 18 horſes 4 days, how long will. 15. acres 


maintain 18 horſes ? That is, (ſtriking out the ſecond 


and fifth numbers) If 12 acres of land will maintain a 
certain number of horſes 4. ach, go long will 15 acres 
Jaft the Jame number? | 


Anſwer. 5 days, as before | for this queſtion be- 


Jorg t to the rule of three direct. 


In 


THE RULE OF THREE. 23 
In both theſe operations, the number ſought was 
at laſt found by multiplying 15 by 4, and then di- 
- viding the product by 12: now whoſoever looks 
back upon the foregoing "reſolution, - and obſerves 
how theſe numbers were formed, he will eaſily per- 
ceive, that the number 4 was the middle term in the 
queſtion that the number 15 in both operations was 
the product of the numbers 3 and 5, which lay 
next the middle term on each fide; and that the 
diviſor 12 was in both caſes the product of the ex- 
treme numbers 2 and 6: therefore In all queſtions be- 
longing to the double rule of three inverſe, where the 
numbers are ſuppoſed to be ordered as in the double rule 
of three direct, if the three middl; numbers be multiplied 
 Fogether, and the product be divided by the product of the 
two extremes, the quotient of this diviſion will be the 
number ſought. And thus may all the trouble of 
expunging be avoided, though I thought it proper 
to explain that method in the firſt place, in order to 
let the learner into the reaſon of this laſt theorem 
which is founded upon it, | | 


Queſtions wherein the extraction of the ſquare 
root is concerned. 
Qs s r. 40. 
ere is a certain field whoſe breadth is 576 yards, and 
whoſe length is 1296 yards: 1 demand the ſide of a 
ſquare field equal to it. 


Anſwer. This field will be equal ta a ſquare whoſe 
ſide is 864 yards. | 


Qs r. 41. 

There is a certain incloſure 3 times as long as it is broad, 
whoſe area is 46128 ſquare yards: T demand its 
breadth and length ? | 3 

The breadth multiplied into the length, that is, 

the breadth multiplied into 3 times itſelt, is 46128; 

| 14 | therefore 


„„ ES FION S, Se. 
therefore the breadth multiplied into itſelf is 15 376 3 
therefore the breadth is 124, and the length 372. 
We . | _— 
A certain ſociety collect among themſelves a ſum amounting 
0 15 pounds 5 ſhillings and a farthing, every one con- 


tributing as many 2 as there were members in 
the whole ſociety : I demand the number of members. 


» © Anſwer, 121 members, 


THE 
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Art. 1. KR FRACTION, ſimply and abſtractedly 

1 3% conſidered, is that wherein ſome part 
or parts of an unit are expreſſed: as if an unit be 
ſuppoſed to be divided into 4 equal parts, and three 
of theſe parts are to be expreſſed, it muſt be done by 


the fraction three fourths, to be written thus 2: 


here the number 4, which ſhews into how many 
equal parts the unit is ſuppoſed to be divided, and 


ſo determines the true value, magnitude, or deno- 


mination of thoſe parts, is called the denominator 
of the fraction; and the number 3, which. ſhews 
how many of theſe parts are conſidered in the 
fraction, is called the numerator : thus in the fraction 
4 or one half, 1 is the numerator, and 2 the de- 
nominator : in + or two halves, 2 is both numerator 


and denominator, c. 


When a fraction is applied to any particular 
quantity, that quantity is called the integer to the 
fraction; thus in 3 of a penny, a penny is the in- 

wy 1 teger; 


26 DEFINITION S. latrod. 
teger; in three fourths of ſix, the number 6 is the 
integer; thus in three fourths of five ſixths, the 
fraction five ſixths is the integer; for though in an 
abſolute ſenſe it be a fraction, yet here with reſpect 


to the fraction three fourths, it is an integer: and 


thus may one and the ſame quantity, under differ- 
ent ways of conception, be both an integer and a 
fraction; as a foot is an integer, and a third part of 
4 Jandl is ja flaction, though they both fignify- a 


ſame thing. When the integer to a fraction is n 


expreſſed, unity is always to be underſtood. Thus 
+ is 4 of an unit; thus when we ſay, + and 3 
make 12, the meaning is, that if 3 part of an unit, 
and Z part of an unit be added together, the ſum 


will amount to the ſame as if that unit had been 
divided into 12 equal parts, and 7 of thoſe parts 


had been taken. Thus again, when we ſay that 2 of 
z are equivalent to , we mean, that if an unit be 
divided. into 5 equal parts, and 4 of them be taken, 


and then this fraction ; be again divided into 3 equal 


parts, and two of them be taken, the #eſult will be 


the ſame, as if the unit had at firſt been divided into 
15 equal parts, and 8 of them had been taken: and 


whatever is true in the caſe of unity, will be equally 


true in the cafe of any other integer whatever. Thus 
if it be true that and of an unit are equal to ;7 


of an unit, that is, if it be true in general that + and 
Z added together are equal to „, it will be as true 
of any particular integer, ſuppoſe of a pound ſterling, 
that + of a pound, and XZ of a pound when added to- 
gether, are equal to , Z of a pound; again, if it be 
true in general that + of + are equal to f, it is as true 
in particular that + of 4+ of a pound are equivalent to 


21 Of a pound, Sc. 
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reduction of an improper Faction 10 a whole or 


2. Fraftions are of two ſorts, proper and impro- 
per; a proper fraction is that, whole numeratar is 
ſs than the denominator, as 1; therefore an impro- 
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and may be more properly expreſſed by, the number | 
33 * by the number 4, Cc: and univerſally, as 


often as the numerator of a fraction contains the de- 


nominator, ſo many units is that fraction equivalent 
to: But to find how often the numerator contains the 
denominator, 1s to divide the numerator by the deno- 
minator; therefore if the numerator of an improper 
fraction be divided by the denominator, the quotient, 
if nothing remains, will be the whole number by 
which the fraction may be expreſſed; but if any thing 
remains of this diviſion, then the quotient together 
with a fraction whoſe numerator is that remainder, 
and denominator the diviſor, will be a mixt num- 
ber, expreſfling the fraction propoſed. Thus ? are 
equivalent to the whole number 8, but *+. are equi- 
valent to the mixt number 8 , *5 to the mixt 
number 8 3, juſt as 24 feet are equal to 8 yards, 


25 feet to 8 yards and 1 foot, 26 feet to 8 yards and 


2 feet, Cc: and this is what we call the reduction 
of an improper fraction into a whole or mixt num- 
ber. 


The reduction of a whole or mixt number into an 
improper fraction. 


3. As unity may be expreſſed by any fraction of 
any form or denomination whatever, provided the 


numerator be equal to the denominator, as 43, 3, 4, 


Se; ſo the number 2 is reducible to any fraction 
whoſe numerator is double the denominator, as , 
$, +, Ec; and ſo is every number reducible to any 


fraction, whoſe numerator contains the denominator 


as often as there are units 1n the number propoſed : 


therefore whenever a whole number is to be reduced 


to a fraction whoſe denominator is given, it muſt be 
miltiplied by that given denominator, and the pro- 
duct with that denominator under it, will be the 
equivalent fraction Thus, it the rumber 5 is to be 

reduced 
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reduced into halves, that is, into a fraction whoſe 
denominator is 2, it muſt be multiplied by 2, and 
ſo you will have 5 equal to 2, juſt as 5 pence are e- 
quivalent to 1o halfpence; if the number 8 is to be 
reduced into thirds, it muſt. be multiplied by 3, and 
ſo you will have 8 equal to 4, juſt as 8 yards are 
equal to 24 feet; laſtly, if the number 2 is to be 
reduced into fourths, it will be equal to 2, juſt as 2 

nce are equal to 8 farthings. If the number to 
be reduced be a mixt number, conſiſting of a whole 
number and a fraction, the whole number muſt 
always be reduced to the ſame denomination with the 
fraction annexed, and the rule will be this: Multiply 
the whole number by the denominator of the fraction 
annexed ;z add the numerator: to the product, and the 
ſum with the denominator under it will be the 
equivalent fraction. Thus the mixt number 31 is 
equivalent to , juſt as 5 pence halfpenny in money 
is equivalent to 11 halfpence: This operation carries 
its own evidence along with it; for the number ʒ itſelf 
is equal to? as above; therefore 34 muſt be equi- 
valent to: again, the number 8 5 is equal to 2, 
juſt as 8 yards and 2 feet over are equivalent to 26 feet; 
laſtly, 2 4 is reducible to , juſt as two pence and 3 
farthings are reducible to 11 farthings. 


4. Tf any integer be aſſumed, as a pound ſterling, and 
alſo any fraction, as 5, 1 ſay then, that +5 'parts 

of one. pound amount to the ſame as + part of 3 

pounds. 

To demonſtrate this Lemma (which ſcarce wants 
a demonſtration) I argue thus: If any quantity, 
greater or leſs, be always divided into the ſame 
number of parts, the greater or leſs the quantity ſo 
divided is, the greater or leſs will the parts be Thus 
x of a yard is 3 times as much as I of a foot; be- 
cauſe a yard is 3 times as much as a ſoot; and _ the 
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ſame reaſon æ of 3 pounds is 3 times as much as 2 
of 1 pound; but + of one pound are alſo 3 times as 
much as 4 of one pound; therefore + of 1 pound are 
qual to 4 of 3 pounds, becauſe both are juſt 3 times 
as much as 4 of 1 pound. 9. E. D. mr ON Iv 


How to eſtimate any fractional parts of an Integer 
in parts of a leſſer denomination, and vice 
vers. | 


5. This may be done various ways; but the ſhorteſt 
and ſafeſt, as I take it, is that which follows: Sup- 

oſe l had a mind to know the value of 5 of a pound; 

ſhould argue as in the foregoing lemma, that 4 of 
one pound are the fame as g of 5 pounds, but the 
latter is more eaſily taken than the former; therefore 
I apply myſelf wholly to the latter, to wit, to find 
the ſixth part of five pounds, thus: 5 pounds, or 100 
ſhillings, divided by 6, quote 16 ſhillings, and 
there remain 4 ſhillings; again, 4 ſhillings,” or 48 
pence, divided by 6, quote 8 pence, and there re- 


mains nothing; therefore the value of 1 ſixth of 5 


pounds, or g of 1 pound, is 16 ſhillings and 8 pence. 
Again, ſuppoſe | would know the value of 4 of a 
pound, I find the value of + of 6 pounds thus; 6 
pounds, or 120 ſhillings, divided by 7, give 17 
ſhillings, and there remains 1 ſhilling; again, 1 
ſhilling,” or 12 pence, divided by 7, give 1. penny, 
and there remain 5 pence; again, 5 pence, or 20 
farthings, divided by 7, give 2 farthings, and there 
remain 6 farthings; laſtly, a ſeventh part of 6 far- 
things is juſt as much as 4 of 1 farthings, by the 
lemma : hence I conclude, that {5 of a pound are 
17 ſhillings 1 penny 2 farthings and £ of a far- 
thing: But the value of + of a tarthing is jo near to 
one farthing, that if I would rather admit of a fmall 
inaccuracy in my account, than a fraction, I ſhould 
make the value of 5 of a pound to be 17 ſhillings 


1 penny 
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1 penny and 3 farthings. Laſtly, ſuppoſe I would 
know the amount af J parts of 17 ſhillings and 6 
pence, I ſhould argue thus; 4 parts of 17 ſhillings 
and 6 pence are equivalent to 4 part of twice as 
much, that is, to 3 part of 35 ſhillings : but + part 
of 35 ſhillings is 11 ſhillings and 8 pence; there- 
fore 3 parts of 17 ſhillings and ſixpence make 11 
ſnillings and 8 pence. 3 205 
Of the reverſe of this reduction, one ſingle in- 
ſtance will ſuffice: Let it then be required to reduce 
1 ſhilling 2 pence 3 farthings to fractional parts 
of a pound: here 1 conſider, that in 1 pound ate 
960 farthings; and in 1 ſhilling 2 pence 3 farth- 
ings, are 89 farthings; therefore 1 farthing is 4 
of a pound; and 1 ſhilling 2 pence 3 farthings ate 
ITS of a pound. Ty 7 i o 1 
Preparations ſor further reductions and operations 
of fractions. 591 01 | 

6. All the operations and reductions of fractions 
are mediately or immediately deducible from the 
following principle; which is, that F the numerator. 
of a fraction be encreaſed, whilſt the denominator. con- 
tinues the ſame, the value of the fraction will be en- 
creaſed proportionably ; and vice versa. On the other 
hand, if the denominator be encreaſed in any proportion, 
whilſt the numerator continues the ſame, be value of 
the fraction will be diminiſhed in a contrary proportion ; 
ang vice vers3, Thus 4 are twice as much as 2, and 
sis but half as much. | | 
From this principle it follows, that if the nume- 
rator and denominaror of a fraction be both multi- 
plied, or both divided, by the ſame number, the va- 
lue of the fraction will not be affected thereby; 
becauſe, as much as the fraction is encreaſed by 
multiplying the numerator, juſt ſo much again it 
will be diminiſhed by multiplying the denominator ; 
and as much as the fraction is diminiſhed by divid- 
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ing the numerator, juſt ſo much again it will be 


encreaſed by dividing the denominator. ' Thus the 
terms of the fraction 43 being doubled, produce 8, a 
fraction of the ſame value; and, on the contrary, 
the terms of the fraction 5 being halved, give 5. 

Hence it appears, that every fraction is capable 
of infinite variety of expreſſion, ſince there is infi- 
nite choice of multiplicators, whereby the numera- 
tor and denominator of a frad ion may be multiplied, 
and ſo the expreſſion may be changed, without 


changing the value of the fraction. Thus the frac- 


tion 3, if both the numerator and denominator be 
multiplied by 2, becomes 2; if by 3, 43; if by 4, +; 
if by 5g 1; and ſo on ad inſinitum; all which are 
nothing elſe but different expreſſions of the ſame 
fraction: therefore, in the midſt of ſo much variety, 
we muſt not expect that every fraction we meet 

with ſhould always be in its leaft or loweſt terms; 
but how to reduce them to this ſtate whenever they 
happen to be otherwiſe, ſhall be the buſineſs of the 


next article. 


The reduction of fractions from higher to lower 
RET Coo >> 


7. Whenever a fraction is ſuſpected not to be in 
its leaſt terms, find out, if poſſible, ſome number 
that will divide both the numerator and denomina- 
tor of the fraction without any remainder; for if 
ſuch a number can be found, and the diviſion be 
made, the two quotients thence ariſing will exhibit 


reſpectively the numerator and denominator of a 


fraction, equal to the fraction firſt propoſed, bur ex- 

ſſed in more ſimple terms: this is evident from 
the laſt article. As for example; let the fraction 
25 be propoſed to be reduced: here, to find ſome 
number that will divide both the numbers 10 and 15 
without any remainder, I begin with the number 2, 


as being the firſt whole number that can have any 
| effect 
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effect in diviſion; but I find 2 will not divide 15; 
3 is the next number to be tried; but neither will 
that ſucceed, for it will not divide 10; as for the 
number 4, I paſs that by, - becauſe if 2 would not 
divide 15, much leſs will 4 do it; the next num- 
ber 1 try is 5, and that ſucceeds; - for if 10 and 15 
be divided by 5, the quotients will be 2 and 3 re- 
ſpectively, each without remainder; therefore the 


fraction 42%, after being reduced to its leaſt terms, 


is found to be the ſame as 1; that is, if an unit 
be divided into 15 equal parts, and 10 of them be 
taken, the amount will be the ſame as if it had 
been divided into 3 equal parts, and 2 of them had 
been taken. Secondly, if the fraction propoſed to 


be reduced be 72 divide its terms by 2, and 
you will have the fraction = divide again by 
3, and you will have 52; divide again by 2, and 
you will have _ therefore all further diviſion by 
2 is excluded: divide then theſe laſt terms by 3, 
and you will have 770 divide again by 3, and 


you will have — divide by 5, and you will have 


5 
113; and laſtly, divide by 7, and you will have 23 
ſo that the fraction = after a common diviſion ' 


by 2, 2, 2, 3, 3, 5» 7, is found at laſt equal to 3. 
Thirdly, the fraction 45, after a continual diviſion 
by 2, 2, 3, becomes 4. Fourthly, 34, after a con- 


tinual diviſion by 2, 2, 7, becomes 43. Fifthly, 
=, afrer a continual diviſion by 2, 2, 3, 3, be- 


0 2 3 TIE 
comes 3. Sixthly, 255 after a continual diviſion 


by 2, 3, and 7, becomes +. Seventhly, 5 after a 
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a 8 diviſion by 3, 5, 7, becomes +. Eighth- 
y. 155 after a continual diviſion by 5 and 7, be- 


comes 24. Ninthly, 3 — after a continual diviſion 


by 5, 7, 7, becomes +, "07 3. 
Some perhaps may think themſelves helped in the 
practice of this rule by the following obſervations : 
Firſt, that 2 will divide any number that ends with 
an even number, or with a cypher, as 36, 30, Sc. 
and no other. 
Secondly, that 5 will divide any number that ends 


with a g, or with a cypher, as 75, 70, ©. and no 


other, 

Thirdly, that 3 will divide any number, whey i it 
will divide the ſum of its digits added together: 
thus 3 will divide 471, becaule it will divide the 
number 12, which is the ſum of the numbers 4, 7. 
and I. 

Fourthly, if both the numerator and denominator 
have cyphers annexed to them, throw away as many 


* 
as are common to both : thus = is the ſame as 
35 1 
rr or 312 


After all, there is a eertain and infallible rule for 
finding the greateſt common diviſor of any two num- 
bers whatever, that have one, whereby a fraction may 
be reduced to its leaſt terms by one ſingle operation 
only. I ſhall be forced indeed to poſtpone the de- 
monſtration of this rule to a more convenient place, 
not ſo much for want of principles to proceed upon, 
as for want of a proper notation; but the rule itfelf 
is as follows: Let 2 and 6 be two given numbers, 


- whoſe greateſt common diviſor is required; to wit, & 


the greater, and þ the leſs: then, dividing @ by + 
without any regard to the quotient, call the remain- 
der c; divide again & by c, and call the remainder dz 

6 then 
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then divide c by d, and call the. remainder e; then 
divide 4 by e, and call the remainder f; and ſo pro- 
ceed on, till at laſt you come to ſome diviſor, as f, 
which will divide the preceding number e withour a 
remainder; I ſay then, that this laſt diviſor will be 
the greateſt common diviſor of the two given num- 
bers à and 3. As for example; let @ be 1344 and 
5 582 : then, to find the greateſt common diviſor of 
theſe numbers, I divide @ (1344) by 5 (582) and 
there remains 180, which I call rc; then I divide 4 
(582) by c (180) and there remains 42, which I call 
4; then I divide c (180) by 4 (42) and there re- 
mains 12, which I call e; then I divide 4 (42) by e 
(12) and there remains 6, which I call 7; laſtly I 
divide e (12) by f (6) and there remains nothing : 
whence J conclude that 6 is the greateſt common di- 
viſor of the two numbers 1344 and 582; and as the 
quotients by 6 are 224 and 97, it follows, that the 


fraction =, when reduced to its leaſt terms, will 


be 725 If no common diviſor ean be found but 
unity, it is an argument that the fraction is in its 


leaſt terms already. 
From this and the laſt article it follows, that all 


fractions that are reducible to the ſame leaſt terms are 
equal; as 4, 2, 44, Cc. which are all reducible to 2 ; 
though it does not follow e converſe, that all equal 
fractions are reducible to the ſame leaſt terms; this 
will be demonſtrated in another place. (See Elements 
of Algebra, Art. 193. page 29, 4to.) 

For the better underſtanding of the following ar- 
ticle, it muſt be oblerved, that this mark X is a ſign 
of multiplication, and is uſually read into: thus 2X 3 
ſignifies 6, 2 X 3 X 4 lignifies 24, 2 & 3 Xx 4 X 5 
ſigniſies 120, &c.; and in lome caſes it will be better 
to put down theſe components or factors, than the 
character of the number ariſing from their continual 


multiplication, as in the following article. It oughe 
C2 allo 
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allo to be obſerved, that it matters not in what order 
theſe components are placed; for 2 X 3X 4 X 5 lig- 
nifies juft the ſame as 4X 5 X 2. X 3, Sc. | 


The reduction of fractions of different denominations, 
to others of the ſame denomination. 


8, There is another reduction of fractions, no leſs 
uſetul than the former; and that is, the reduction of 
fractions of different denominations to others of the 
ſame denomination, or which have the ſame denomi- 
nator, without changing their values; which is done 
as follows: Having firſt put down the fractions to 
be reduced, in any order, one after another, and be- 
ginning with the numerator of the firſt fraction, mul- 
tiply it, by a continual multiplication, into all the 
denominators but its own, and put down the product 

under that fraction; then multiply, in like manner, 
the numerator of the next fraction into all the de- 

nominators but its own, and put down the product 

under that fraction; and ſo proceed on through all 
the numerators, always taking care to except the de- 
nominator of that fraction whoſe numerator is mul- 

tiplied. Then, multiplying all the denominators ta- 

gether, put down the product under every one of 

the products laſt found, and you will have a new 

{:t of fractions, all of the ſame denomination with 

one another, and all of the ſame values with their re- 

ſpective original ones. As for example; let it be 
propoſed to reduce the following fractions to the ſame 
denomination, 2, 3, 5, : , The numerator of 

the firſt fraction is 1, and the denominators of the 

reſt are 4, 6, and 8, and 1 X 4 X 6 & 8 gives 1923 

therefore I put down 192 under x. 2dly, The nu- 

merator of the ſecond fraction is 3, and the denomi- 

nators of the reſt are 6, 8, and 2, and 3X 6X 8 X 2 

gives 288; therefore I put down 288 under . 3dly, 

5 X 8 X 2 X 4 gives 320; therefore I put down 

320 under +. 0. 7 x2 Xx AAõð gives 336; Po 

| 5 ore 
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fore I put down 336 under 3. Laſtly, 2 Xx 4x G8, 
or the product of all the denominators is 384. This 
therefore I put down under every one of the nume- 
rators laſt found, and ſo have. a new ſet of fractions, 

192, £38 322 339 all of the ſame denomina- 


' 354" 384 334" 584 
tion, as appears from the operation itſelf; and all of 


the ſame value with their reſpective original ones, as 
will appear preſently; but firſt * the work: 


. 4. * 45 
8 255 329 336 
384 384 384 384" 5 


A dem onſtration of the rule. 


All that is to be demonſtrated in this rule is, to 
rove from the nature of the operation itſelf, that the 
original fractions ſuffer nothing in their values by this 
reduction: in order to which, it will be convenient 
to put down the components of the new numerators 
inſtead of their proper characters, as in the laſt ar- 
ticle ; as alſo thoſe of the common denominator, * 
the work will ſtand thus ; f | 
ET 2. 2 7. 


1X4X6x8 3XbX8X2 5X8X2X4 7X 2X4X6 
2X4X0x8 4X 6X8X2 GC | NX 4 X60 


By this method of operation it appears, that the 
numerator and denominator of the firſt fraction 4, are 
both multiplied by the ſame number in the reduction, 
to wit, by 4x 6X8; and therefore that fraction ſuf- 
fers nothing in its value, by art. 6. In like manner, 
the terms of the ſecond fraction 4 are both multiplied 
by the ſame number 6 X 8 X 2 3 therefore that fraction 
can ſuffer nothing in its value; and the Rong may be 
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Other examples to this rule. 
£. 3 2. Is 4 3. 4 · 3 | 
tbo. oo hae 7 EE ons 
740 720 720 720 720" | 350 360" 360" 360" 
| $. 3. = * Ws 
; 2.224... e 
120 120 120 30 30 


The uſe of this rule will ſoon appear in the addition 


and ſubtraction of fractions: in the mean time it may 


not be amiſs to obſerve, that it would be very diffi- 
cult, if not impoſſible, to compare fractions of dif- 
ferent denominations, without firſt reducing them to 
the ſame. As for inſtance; upon it ſhould be 
aſked, which of theſe two fractions is the greater 
3, or 4; in this view it would be difficult to deter- 
mine the queſtion; but when I know that 4 are the 
ſame with 34, and that. 4 are the fame with 223, I 
know then, that 4 are greater than 4 by a twenty- 
eighth part of the whole. We now proceed ro the 
four operations of fractions, to wit, their addition, 


ſubtraction, multiplication, and diviſion : and firſt, 


Of the addition of fractions, 


Whenever two or more fractions are to be added 


together, let them firſt be reduced to the ſame deno- 


mination, if they be not ſo already; and then, adding 
the new numerators together, put down the ſum with 


the common denominator under it. In the cafe of 


mixt numbers, add firſt the fractions together, and 
then the whole numbers: but if the fractions, when 
added together, make an improper fraction, reduce 
it by the 2d art. to a whole or mixt number; and 
then putting down the fractional part, if there be any, 


reſerve the whole number for the place of integers. 
| = 
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| 39 
To this rule might be referred (if it had not been 
taught already in the 3d art.) the reduction of a mixt 
number into an improper fraction, which is nothing 
elſe but adding a whole number and a fraction to- 
gether, and may be done by conſidering the whole 
number as a fraction whoſe denominator is unity. 


Examples of addition of fractions. 


1/, fs and u when added together make , for 
juſt the ſame reaſon as 3 ſhillings and 4 ſhillings when 
added together make 7 ſhillings. . | 

_ 2dly, The fractions 4 and when reduced to the 
ſame denomination by the laſt art. are : and A, and 
theſe added together make; therefore the fractions 
and when added together make up the fraction . 

For a better confirmation of theſe ahſtract con- 
cluſions, but chiefly to inure the learner to conceive 
and reaſon diſtinctly about fractions, it may be very 
convenient to apply theſe examples in ſome particular 
caſe; as for inſtance, in the caſe of a pound ſterling; 
and if we do fo here, we are to try, whether + and 4 
of a pound, when added together, amount to r of a 
pound, or not: here then we ſhall find by diviſion, 
that the third part of a pound is 6 ſhillings and 8 
pence, and the fourth part 5 ſhillings; and theſe, 
added together, make 11 ſhillings and 8 pence; 
therefore 4 and æ of a pound, when added together, 
make 1 1 ſhillings and 8 pence ; but by the 5th art. it 
will be found that A of a pound are alſo 11 ſhillings 
and 8 pence; therefore + and 4 of a pound, when added. 
together, make r of a pound; and the ſame would 
have been true in any other inſtance whatever, 8 

3dly, + and +4, that is, 48 and 45, when added. 
together, make 34, which will alſo be true in the 
caſe of a pound ſterling; for by the 5th art. 4 of a 
pound are 8 ſhillings, + of a pound are 7 ſhillings 
and 6 pence, and their ſum is 15 ſhillings and 6 
pence; which will allo be found to be the value of 
| C 4 35 of 
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2 of a pound; therefore and 4 of a pound, when 


4040 together, make 2 of a pound. 


4h, + and 4 75 that is, 23 and 74, when added 
together, ae 22, an improper fraction; which 
being reduced to a mixt number, by the 2d art. is 
1 and z: let us now try, whether = of a pound, 
and + of a poynd when added. together will make 
one pound and 7 of a pound over, or not: now 
5 * of a pound, or 13 ſhilling and 4 pence, added to 
+ of a pound, or 16 ſhillings, Amount to 1 pound 
9 ſhillings and 4 pence; and ++ of a pound are 
found to be 9 ſhillings and 4 pence; therefore and 
4 of a pound, when added together, make one pound 
and ++ of a pound over. 

5ihly, 3 and £ IN that is, 1: and 37, when added 


dogether, ie , d an Will alſo be true 


in the caſe of a pound ſterling. 
365 240 10 144 
b, P. J. 5 that is, 155 — FR Wt 
75 when added together, make 44 = _ that.) is, 1 vx 


try it in money. 


4 | 2 ® 

5 7. , 4, 7 and 5, that is, =, =, = 

$76 00 2050 eee 

— and — To when added bogether, make 725 that 
is, 


800. The ſum of the mixt numbers 7 F and $3 is 
15-773 for the ſum of the fractions is 77 by the ſe- 


cond example, and the 1 — of the whole numbers 


is 15. 

thy, 5 4 added to 7 4 gives 1377; for the ſum 
of the fractions is 1; by the fourth example; and 
the whole number 1, added to the whole numbers 5 
and 7, gives 13. | 

oll, 8 1. 97 103,114 2, 12 4, added together, 
make 53 x55 tor the fractions themſelves make 1 
by the ſeventh example, and the whole number 3 
added to tbe reſt makes 5 3. 


11 iy, 


Art. 9, 10. FR ACTIONS. we 

11:hly. The whole number 2 added to the frac- 
tion 2 gives 4; for the whole number 2 may be 
conſidered as a fraction, whoſe denominator is uni- 
ty; now + and 3, when reduced to the ſame deno- 
mination, are 4 and 4, which added together make 


Thus alſo may unity be added to any fraction 
whatever, when ſubtraction requires it; but better 
thus : unity may be made a fraction of any denomi- 
nation whatever, provided the numerator be equal ta 
the denominator, by art. 2d: ſuppoſe then I would 
add unity to 3 3* I ſuppoſe unity equal to , and this 
added to 2. makes 5: again, unity added to 4 makes 
3, becauſe ; and + make 3. | 


. Of the ſubtraction of fraftions, 


10. Whenever a leſs fraction is to be ſubtracted 
from a greater, they muſt be prepared as in addition; 
that is, they muſt be reduced to the ſame denomi- 
nation, if they be not ſo already; then, ſubtracting 
the numerator of the leſs fraction from that of the 
greater, put down the remainder with the common 
denominator ynder it. In the caſe of mixt numbers, 
ſubtract firſt the fraction of the leſſer number from 
that of the greater, and then the leſſer whole num- 
ber from the greater; but if, as it often happens, the 
greater number has the leſſer fraction belonging to it, 
then an unit muſt be borrowed from the whole num- 
ber and added to the fraction, as intimated in the 
cloſe of the laſt article. e en 


Eramples of ſubtraction in fractions. 


, +5 ſubtracted from 4 leaves , juſt in the 
ſame manner as 3 ſhillings ſubtracted from 4 ſhillings 
leave 1 ſhilling. 0 125 | | 

2aly, 3 ſubtracted from 4, that is 45 ſubtracted 
from 22, leaves 2, or 22. S04 of a pound, or 

| 15 ſhillings, 


« 
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15 ſhillings, ſubtracted from 4 of a pound, or 16 
ſhillings and 8 pence, leaves A of a pound, that is, 
1 ſhilling and 8 pence. I | 
aly, 7 4 ſubtracted from 84, that is, 74 ſub- 
wa from 92, lever 13.77 oo EG | 
- 4thly, 7 3 ſubtracted from 8 4, that is, 7 3 ſub- 
tracted from 7 4, leaves 3, or g; for here the greater 
number having the lefs fraftion belonging to it, I 
borrow an unit from the whole number 8, and fo 
reduce it to 7; and then this unit, under the name of 
2, I add to the fraction 4, and ſo make it 4. 
Stb, 7 4 ſubtracted from 8 4, that is, 7 4 ſub- 
tracted from 8 5, that is, 7 4 ſubtracted from 7 3, 
leaves . | rg 
67hly, 7 ſubtracted from 8, that is, 7 4 ſubtracted 
from 7 4, leaves 3. 


Of the multiplication of fractions. 


11. To multiply by a whole number is to take the 
multiplicand as often as that whole number expreſſes : 
therefore ro multiply by a mixt number, is, not only 
to take the multiplicand as often as the integral part 
expreſſes, but alſo to take ſuch a part or parts of it 
over and above, as is expreſſed by the fraction an- 
nexed, Thus 10 multiplied by 2 4 produces 25: 
for as 2 1 is a middle number between 2 and 3, ſo 
the product ought to be a middle number between 
20 and 3o, that is, 28: In like manner 10 multi- 
plied by 1 4 produces 15, and being multiplied by 4 
produces 5 : therefore to multiply by a proper fraction 
15 nothing elſe but to take ſuch a part or parts of the 
multiplicand, as is expreſſed by that fraction, Cer- 
tainly to take 10 twice and half of it over, once and 
half of it over, no times and half of it over, 
(which laſt js taking the half of 10), are operations 
of the ſame kind, and differ only in degree one from 
another; and therefore, if the two former operations 


pals by the name of multiplication, this laſt ought to 
do 


ws. 
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Art. 11. FR ACTIONS. 43 
do ſo too; and if there be any abſurdity in the caſe, 

it lies in the name, and not in the thing. : 
Arithmetic was at firſt employed about whole 
numbers only, and thus far the name of multiplica- 
tion was adequate enough, except in the caſe of 
unity. But it being afterwards conſidered, that no 
quantity whatever could be called an unit,” that was 
not further diviſible z and conſequently, that there 
was not only an infinity of fractional numbers below 
unity, but alſo an infinity of mixt numbers between 
any two whole numbers whatever; it was judged, 
rightly enough, that the art of Arithmetic would 
not be perfect till irs operations extended themſelves 
to this ſort of number alſo; and this being done 
without changing their names, it was then that the 
name of multiplication became too ſcanty for the thing 
ſignified: this therefore ought to be attributed to the 
unavoidable want of foreſight in the firſt impoſers, 
and not to any imperfection in the ſcience itſelf. 
This is no more than the caſe of many other arts and 
ſciences that have outgrown their names. Thus 
Geometry, that originally and properly ſignified no 
more than the art of ſurveying, is now defined to be 
a ſcience treating of the nature and properties of all 
figures, or rather of the different modifications of 
extenſion and ſpace; ſo that now ſurveying is the 
leaſt and loweſt part of that ſcience. Thus Hy- 
droſtatics, which originally ſignified no more than 
the art of weighing bodies in water, or rather the 
art of ,finding out the ſpecific gravities of bodies 
by weighing them in water, is now made the name 
of a ſcience, which treats of the nature and pro- 
perties of fluids in general; and the ſeveral proper- 
ties of air and mercury, fo far as they are fluids, fall 
under the conſideration of Hydroſtatics, as properly as 
thole of water. „ £ 
But perhaps it may be further urged, that to take 
the half of any quantity, is not to multiply, but to 
divide it. To which J anſwer}. that it is impoſſible 
to 


44; MULTIPLICATION or 'Introd, 
to take the half of any quantity without dividing it 
by 2; and conſequently, that ro multiply by + has 
the ſame effect as to divide by 2; but this does not 
prove that multiplication is the ſame as divifion, but 
only that theſe two operations, how contrary ſoever, 
may be made to do each other's buſineſs, which is no 
myſtery to any one who is the leaſt converſant in 
Arithmetic ; and will be further explained in the next 
rtjcle. i | | | | 

4 A fraction may be multiplied by a whole number 
two ways; either by multiplying the numerator by 
that number, or elſe by dividing the denominator by 
the ſame, where ſuch a diviſion is poſſible: thus if 
the fraction £5 be to be multiplied by 2, the product 
will either be *3. by doubling the numerator, or 4 
by halving the denominator: this is evident from 
the 6th art. becauſe a fraction will be equally encreaſ- 
ed, whether it be by encreaſing the numerator, or by 
diminiſhing the denominator, 3 

If a fraction be to be multiplied by a fraction, 
multiply the numerator and denominator of the mul- 


tiplicand, by the numerator and denominator of the 


multiplicator reſpectively, and the fraction thence 
ariſing will be the product ſought; thus if it was re- 
quired to multiply 4 by 4, or (which amounts to the 
ſame thing) if it was required to determine how much 
is 4 of 3, the anſwer would be 27; and the reaſon is 
plain; for + of + is x5, by the ſixth art. becauſe 
making the denominator three times'greater, makes 
the fraction three times leſs; but if + of ; be 5+, 
then 4 of + ought to be twice as much, that is „; 
therefore to determine the amount of + of +4, the 
. numerator and denominator of + muſt be multiplied 
reſpectively by the numerator and denominator of 
2.; and the ſame reaſon will hold good in all other 

Jafſtances. ,  _ 5 5 
If a whole number is to be multiplied by a fraction, 
either change the multiplicator and multiplicand one 
for another, and then proceed as above directed; 
4 | elle 
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elſe conſider the multiplicand as a fraction whoſe de- 
nominator is unity, ahd ſo proceed according to the 
rule for multiplying one fraction by another; by 
which means both rules will be contracted into one. 
Thus 6, or £, multiplied into 5, produces , or 4. 
If the multiplicator, or multiplicand, of both, be 
mixt numbers, they muſt firſt be reduced to impro- 
per fractions by the third art. and then be multiplied 
according to the general rule. * 


Examples of multiplication in fractions. 


1/, 3 of 4, multiplying numerators together, and 
denominators together, is 22, or 47; and ſo we find 


it in any particular caſe: for 4 of a pound are 17 
ſhillings and 6 pence; and + of 17 ſhillings and 6 
pence, that is, (by the zth art.) 4 of 35 ſhillings, is 
11 ſhillings and 8 pence; therefore + of 4 of a pound 


are I1 ſhillings and 8 pence, which will alſo be found 
to be the value of ++ of a pound. | 2 


Here we may obſerve once for all, that whenever 


two fractions are to be multiplied together, the pro- 
duct will be the ſame, which foever it is that multi- 
plies the other, juſt as it is in whole numbets, and 
for the ſame reaſon; for if be to be multiplied by 
3, then the numbers 7 and 8 mult be reſpectively 
multiplied by 2 and 3; but if is to be multiplied 
by T, then the numbers 2 and 3 muſt be reſpectively 
multiplied by 7 and 8, which amounts to the ſame 
thing; whence it follows, that + of 4 come to the 
ſame as 4 of +: to confirm this, we have ſeen already 
that + of I of a pound amount to 11 ſhillings and 8 
pence ; let us in the next place enquire into the value 


of + of + of a pound: now + of a pound are 13 ſhil- 


lings and 4 pence ;. and + of 13 ſhillings and 4 pence, 
that is, + of 93 ſhillings and 4 pence, is 11 ſhillings 
and 8 pence; therefore + of 4 of a pound are the 
ſame as 4 of 4 of a pound, ſince both amount to 11 

hilliogs and 8 pence. | | 
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2dly, 2 of 5 of 43 are 155 ori; for 2 K 5 Xx 9 
make o, and 3 X 6 & 10 make 180: thus +2 of a 
pound are 18 ſhillings; and £ of 18 ſhillings are 15 
ſhillings; and 4 of 15 ſhillings are 10 ſhillings ;; 
which are 4 of 'a pound. 855 
"2dh, 3 of 4 of! are 37 : thus 5 of a pound are 15 
ſhillings; and 3 of 15 ſhillings are 11 ſuillings and 


3 pence; and 4 of 11 ſhillings and 3 pence are 8 


ſhillings and gꝛ pence farthing 5 which will alſo be 
found. to be the value of 34 of a pound. 

4thly, The mixt number 63 multiplied by the 
whole number 7, or the whole number 7 multiplied 
by the mixt number 6 3, will produce in either caſe 


47 3: for the mixt number 6õ àᷣ being reduced (by the 


3d art.) to an improper fraction, becomes 4 which 
being multiplied by 7, or g, makes = or, when 
reduced to a mixt number, 47 J. . 5 
This multiplication may alſo be made another 
way, thus: 4 multiplied by 7 makes 3, that is, 
by the 2d art.) 54; put down the fraction 4, and 
eep the 5 in reſerve ; then 6 multiplied by 7 makes 
42, which, with the 5 in reſerve, makes 47; there- 
fore the whole product is 47 4 as before. 
5thly, 3 1 multiplied by 2 3, that is, à multi- 
plied by 2, makes _ that is, 10: thus 34 of a 
pound are 3 pounds 15 ſhillings ; and twice 3 pounds 
15 ſhillings is 7 pounds 10 ſhillings; moreover + of 
3 pounds 15 ſhillings, or 4 of 7 pounds 10 ſhillings, 


is 2 pounds 10 ſhillingsz and theſe 2 pounds 10 


ſhillings, added to the former part of the product, 
to wit, 7 pounds 10 ſhillings, give 10 pounds for 
the whole product; therefore 3 4 of a pound multi- 


plied by 2 + make 10 pounds. 


6thly, 


Art. tt: FRACTIONS. 4 
_ 6thly, 96 4 multiplied by 24.4, that is =, mul- -, 
_ tiplied by 745 gives 8 that is, (by the 2d art.) 

„ 34 | 

: thly, 363 multiplied into itſelf, that is, 2 
B 210, „ STR 

tiplied by 4 makes . that is, 1314 3+ - 

Before I put an end to this art. I do not know 
whether it will be thought worth my while to take 
notice of a very abſurd queſtion ſometimes bandied 
about, wherein it is required to multiply 4 of a pound 
by I of a pound: I call this a very abſurd queſtion, 
| becauſe there is no manner of propriety tm It; for in 
the very idea and definition of multiplication, ' the- 

. multiplicator at leaſt is fappoſed to be an abſtract 
number, or fraction; otherwiſe, what can be the 

meaning of taking the multiplicand as often, or as 


tid 5 
wg mu}- 


much of it, as is expreſſed by the multiplicator? If 


by multiplying + of a pound by 7 of a pound, be 
meant no more than multiplying + of a pound by 2, 
why' is the word pound expreſſed in the multiplicator ? 
and if there be any other meaning in it, why does 
not the propoſer explain it, ſince it is not expreſſed 
in the queſtion? Let him tell me what he means by 
multiplying 1 pound by 1 pound, and I will ſoon 
undertake to anſwer his queſtion; but if he neither 
can nor will do this, the queſtion neither deſerves, 
nor is capable of an anfwer. I am not ignorant of 
another queſtion more frequently uſed than this, and 
of equal nonſenſe, if cuſtom had not explained it; 
and that is, to multiply 3 yards by 2 yards, and the 
like; whereby is meant, I fuppoſe, to aſſign the num- 
ber of ſquare yards contained in a rectangled parallelo- 
gram, or * 5 N 3 yards in length, and 2 yards 
in breadth; but if this be the ſenſe put upon that 
queſtion by common confent, that is all the title it 
| has 
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has to it, there being no ſuch thing either expreſſe © 


or ſo much as implied, in the terms of the queſtion. 


A-LEMMA. 


"i 


. Let n be any whole number, mixt number, 2 frac- : 


tion; I ſay then that the quotient of n divided by any 
fraction is equal to the product of n multiplied into 
the reverſe of that fraction: as tor inſtance, ' 


Let # be divided by + I fay that the quotient of 
„ divided by 3, will be equal to the product of 2 
multiplied by 3: for let q be the quotient of 1 di- 


vided by 4 3 that is, let q be a number expreſſing 


bow often the fraction 5 is contained in #3 then will 
2 multiplied by 4 be equal to x, from the nature of 
multiplication ; but the product of 3 multiplied by g 
is the ſame with the product of 44 multiplied by 2; 


that is, 2 of 3, by the laſt article; therefore # is equal 
to 4 of qz therefore of » is equal to 4 of 7; there- 


fore 3 of # are equal to gz but + of #1s the product 
of # mulciplied by +; therefore the product of » mul- 
tiplied by + 1s equal to qz but the. quotient of » di- 
vided by + was 4 by the ſuppoſition; therefore the 
quotient of x divided by 3, is equal to the product 


of n multiplied by 5. Q. ZE. D. 


CoROILLARY. 


Hence may the rule of diviſion be at any time 
changed into that of multiplication, only by inverting 
the terms of the diviſor, and then multiplying inſtead 
of dividing. The ſame will alſo obtain in whole 
numbers, if they be conſidered as fractions whoſe de- 
nominators are units: thus to divide 7 by 2, that is, 
2, will have the ſame effect as to multiply it by 4, as 
was hinted in the foregoing article. 905 


0 


— 


op the divifion ef fruit. 


13. The diviſion of fractions, like all other diviſion, 
is, to find how often one fraction, called the diviſor, 
is contained in another, called the dividend; and that 
- which ſhews this, is called the quotient, whether it 
be a whole number, a mixt number, or a proper 
fraction: for in fractional diviſion the quotient is 


; 


always intended to be exact, without any remainder, 


and therefore muſt ſometimes be a whole number, 
ſometimes a mixt number, and ſometimes à proper 
fraction. Thus if 18 is to be divided by 6, the quo- 
tient will be 3; becauſe 18 contains 6 3 times: but 
if 21 is to be divided by 6, the quotient will be 
383 becauſe. 21 contains '6, three times, and half of 
it over and above: laſtly, If 3 is to be divided by 6, 


the quotient will be 4 ; becauſe here the diviſor be- 


ing greater than the dividend, cannot be ſo much as 


once contained In it, and therefore the quotient in 


this caſe muſt be a proper fraction, that I8, 4, ſince 
3 is juſt the half of 6. 3 ö 


A fraction may be divided by a whole number 


two ways; either by dividing the numerator by that 
whole number when poſſible, or elſe by multiplying 

the denominator by S ſame+t thus the half of A may 
be taken, that is, 5 may be divided by 2, either by 


| halving the numerator, and the quotient will be 2, 


or eiſe by doubling the denominator, and then the 
quotient. will be , both which amount to the ſame 
_ thing, by the 6th and 7th articles. | 
If the diviſor be a fraction, the-quotient may be 
had by multiplying the dividend into the inverted 
_ diviſor, according to the rules of multiplication al- 
ready laid down: thus if + is to be divided by 4, 
the quotient will be the ſame as the product of 4 

multiplied by &, that is, 43, or 1 +3 the demonſtration 
whereof is contained in the laſt article. 6 


And 
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And here again, as well as in the eleventli article, 
we are to obſerve, that if either the diviſor, or divi- 
dend, or both, be mixt numbers, they muſt be re- 
duged to improper fractions before the general rule 
can have place; and that if either or both be whole 
numbers, they Ie be conſidered as fractions whole” : 
denominators are units. 
From the general rule of diviſion 3 laid down 
it follows, that every fraction may be conſidered as 
the quotient of the numerator divided by the denomi- 
nator, and that, whether che terms of the fraction un- g 
der conſideration. be whole numbers, or (which ſome- 
times happens) mixt numbers, or even pure fractions: 
a de monſtration of this laſt caſe will ſerve for all, ſince 
mixt nuinbers may be reduced to fractions, and whole 
numbers may be conſidered as fractions whoſe deno- 


minators are units. Let the fraction propoſed be 23 


f . 
1 ſay, that this fraftion is equal to the quotient 
atiſing from the divifiog of the numerator + by the | 
_ denominator +: to demonftrate which, multiply, both 
the numerator, and + the denominator, by 4 the 

inverted denominator, and the fraction will be changed 
into. this, . 125 or 43, being of the ſame value with 


the former, by the 6th art. but the quotient of 4 di- 
vided by z is alſo 32 as'above : therefore the fraction 


ES is equal to the quotient ariſing from*the giviſion of. * 


the numerator by t the denominator :? and the ſame way 
of realoning may be uſed in any other inſtance. ' This 
conſideration is of very great uſe ih, Algebra, where. 
quantities are very often ſo generally expreſſed, that 
there is no other way of repreſenting} the quotient, . 
but by a fraction whoſe numerator is the. dividend, 
and denominator the diviſor. Hence alſo we are 
taught how to reduce 'a complicated fraction into a 
| hmple one, whoſe numerator and denominator are 
whole numbers, to wit, by dividing the numeraror 


28: A by 


7 Wes . Other example N e in fallin 


A 'xRacrions. &# | 
by the- denqminator: thus we Fe that f $3 is che ſame | 
12 e f - 'J * ? Re | 31% 
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— 1715 — divided by 2 25 or, which Is' the Tame thing, 


: Z wultiplied into 75 makes 42, or 1; which ſhews 


that 4 is contained once, and 5 art of. it over and 
above, in 2 for 2 further confirmation of nfs : 
a pound are 16 ſhillings and F. pence; and 3 
pound are 15 ſhillings: now 15 *(hillings are rt 
contained in 16 ſhillings and 8 pence, and there is 
1 ſhilling and 8 pence over; which 1 ſhilling and 8 
pete is juſt of 15 fhillipgs.. To prevent oger- 
ghrs, the kedrner is to remember, that it is the 
hs of the-diviſor only tHar are to be inverted, al 
not thoſe of the dividend: thus to divide by 4 
the ſame as to, multiply 2; into +, bur not the 24 
to multiply ine , [| 
„24%, 18 divided by £ =, Of * plied into 3, make 40 
Ih of. '2 Tho which may be go. Brined Ike che for- "ah 
mer: for ; of a pohnd are 18 ſhillings} and of a | 


Ws 


} 
\ 
k. 


pound is 6 ſhillings and 8 pence: now 6 killings 

and 8 pence abe. twice contained in 18 ſhillings, and .J 
there are 4 ſhillings and · 8 pence over; which 4 ſhil- 
lings and g. pence will be found by che 2 art. to 5 3 
Jult 17 of '6 ſhillings and 8 pen co. | 
| 34, The whole. number 18 dividted by 2 22, that 
2 pe N by 4. or mdr into + T4 makes 1. 


or 3 3 
| 17% | + divided by 2 x divided by 2 
multiplicd into . makes .; Bt . * 
Stbh, 16+ divided by 1.2, that is, 2 divided by 
2 or | muiplied into 3, e IN > or 14. 


1 rr 3 
1 — 1 


, [4 23 7 . N * ; 
* 13 45 + # 5 7 - n 1 * : N 1 
* 
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& DIVISIONor 
Further obſervations concerning viultiplication aud 
- e . > # . - | © = 
| divifion in fractions. . 
14. When two fractions are multi iplied toget her, 


or one is divided by, the other, it often happens, that 
though the original fractions be both in their Jeaſt 


terms, yet the product, or quotient from them, hal 


be otherwiſe, and require a further reduction: as for 
Inſtance, the fractions 3 and 2 are both in their 
leaſt terms; and yet if they be multiplied together 
their product 23 is fo far from being in its leaſt 
terms, that it may be reduced to 3: fo again in di- 
viſion, 1 and 24 are fractions both in their leaſt 
terms; and yet if the latter be divided by the for- 
mer, the quotient 11 is reducible to 54, It may 
not be amiſs, therefore, to enquire into the cauſe of 
this, and ſee whether the. original fractions may 
be fo prepared beforehand, as that the product, or 
quotient, ſhall always come our in its - leaſt terms. 
Firſt then, as to the multiplication of 5 and 233 here 
it is eaſy to fee, that the product of ; and ,3 multi- 
plied together, will juſt amount to the ſame as that 
of ++. into 2, the denominators of the fractions being 
interchanged ; this, I ſay, is certain from the operation 
itſelf ; for the ſame numbers are multiplied together 
in both caſes; but theſe laſt fractions are far from 
being in their leaft terms, the former, +5 being re- 
ducible to 2, and the latter 4 to 3; but after theſe 
new fractions 2 and g are reduced to their leaſt 
terms 4 and 2; their product & will be the ſame in 
value with that of the original fractions, and at the 
ſame time will be in its leaſt terms. Thus then we 
ſee, that to have the product in its leaſt terms, care 
mult be taken, not only to reduce the original frac- 
tions as low as poſſible, bur after that, to interchange 
their denominators, and then again to reduce theſe 


£ SERVE 


Art. 14, 13. FRACTIONS. . | 
new fractions to their leaſt terms, and laſt, to mul- 
tiply theſe reduced fractions one into and ther. 
I be ſame manner of practice will alſo ſerve ſor di- 
. - vifiqn, after it is reduced to the rule of multi * 
as for example: the qu otient of 75 13. divided y . is 
the ſame with. the W of 4 33 multiplied i into. 3 
and this again, is the ſame with the product f 
multiplied into 45» 48 above; but becauſe the frac» 
tions and 75 are not in their Joweſt terms, they 
_ muſt be reduced 04 and 4 before it can be expected 
that their 2. ſhould. be in its leaſt terms. 
| T8 we — 3 the two compendiums of 


multiplication and diviſion, not only to one rule in- 


ſtead of two, as they are commonly given out, but 
alſo to ſuch a rule as carries its Own evidence w_ 
with it. 


N. B. What 8 was here dane by.ioterchanging che 


denominators, and keeping the numerators in their 
places, may as well be done by interchanging the nu- 
merators, and keeping the denominators in Narr 
* the reaſon of both wing the ſame. 2 


_ Of the rule ö | proportion in fraftions. 


* 99 *; 


rg. The ale of proportion in fractions is ſo 838 


the fame with the an, of proportion in whole num- 


bers, that nothing more needs to be ſaid of it, e 


to illuſtrate it by an example or two, , 


Examples of the rule of proportion in fabi. | 


"1h," If give 2, what will ; Z give? Here + and + 2 
multiplied "gag give 555 and this divided by * 
by ) quotes 18 15 which is an 


lor multiple 
| anſwer to the queſtion. 


2d), If -2 f give 34, what will 4.4 giue? Theſe 


mixt numbers being by the 3d art. reduced to im- 
. fractions, will ſtand thus: F give , what 


8 Here *5 and *+ 2 together 
23 Sie 


b 
* 
= 
i 
To 
te * 
8 
wr 
7 
5 
A, 
7 


4 
4 
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34 Rur or Px 'op0'nT ION Bod 
give 152 or 18 1 and this divided by 7» quotes 63 In ; 
72 5 is an anſwer to — . | 
gay, TI of à yard ro + of e pound, at wi 

| nen ell coſt? Here 1 it bags be obſerved, that an ell 
LA of a yard, and cobſequently that 4 of an ell is 4. 
of 3, or ++ of a yard; fo that the queſtion may be 
ſtated thus: I x hy a yard coſt 4 of '@ pound what 
will ,4 of a yard ce? Here 3 and + multi plied to- 
gether, make 3, and this divided by 4 quotes ,4 of 
4 pound, or 4 ſhillings and 2 pence ;, Which rhere- 1 
2 is an e o the queſtion. , „ 


n. 1 i proportional Front ſatin ta. 
. ., integral terms. 


8 two fractions are r as 7. 2580 . 
whoſe proportion is deſired in whole numbers, 5 
duce the fractions firſt to the ſame denomination b 
the 8th art. that is, in the preſent Caſe, to 75 an 
* then 2you: will have 4 to 4 as 4 is to 111 but 
32 is to 4+ as 10 to 12, or as 5 to 6; therefore 2 is- 
to + as bly to 6: bere we m obſerve, that-though 
the findifig of the common de nominator be neceſſary 
for underſtanding the reaſon of the rule, yet it is qot 
at all neceſſary for the practice of it; fo r to What 
purpoſe is it io find the common denominator, to 
rhrow it away again when we have done? In practice, 
therefore, multiply the numerator of the fraction 
which is the brit in the proportion, by the denomi- 
nator of the ſecond, and then the numerator of the 
ſecond fraction by the 'denominator of the firſt, and 
the tO products will exhibit reſpeCtively the propor- 
tion of tlie firſt: fraction to the ſecond in whole: num: 
pers, as was evident in the foregoing examp 1 


Of ? the extraftion of roots in fr actions. 5 - 


16. As every fraction is ſquared, or multiplied into 
el by dee * che numerator and denomi- 


. — . 


” * 


Art. 15. IN FRACTIONS. li 
nator (ſee art. 11.), for #. converſe the ſquare root of 
every fraction will be obtained. by extracting the 
' .. ' ſquare root both of the numerator and denomina- 
tor: thus the ſquare" of f is 43, and the ſquare root 
"of 2 is 2. But here care mult be taken, whenever 
the ſquare root of a fraction is to be extracted, that 
the fraction itſelf be firſt reduced to its ſimpleſt 
terms, by the th art. -otherwiſe the fraction may 
admit of a ſquare root, and yet this root may not be 
diſcovered: thus, if it was required to extract che 
ſquare root of the fraction 44, it would be impoſſible 
to obtain the root either: of 18 or 32; and yet when 
this fraction is reduced to its leaſt terms 2, its ſquare 
dot. will be found to be? ont 
When the ſquare root of a number cannot be ex- 
tracted exactly, it is uſual to make an approximation 
by the help of decimals, or otherwiſe, and ſo to 
approach as near to the value of the true root as 
| bccaſion requifes. Now in the caſe of a fraction, 
if the ſquare root. of neither the numerator nor deno- 
minator can be exactly obtained, there will be no 
neceſſity. however for two approximations, becauſe 
ſuch a fraction may be eaſily reduced to another of 
the ſame. value, whoſe denominator is a known 
ſquare; as for inſtance; ' ſuppoſe the ſquare root of 
N 77 was required: I multiply both the nu- 
merator and denominator of this fraction by 5, and 


ſo reduce it to -: Here the denominator 25 
15 * 25 | 1 
is a known ſquare number, whoſe root is 5; and the 
ſquare root of 1155 is 34 nearly; therefore, the ſquare 
root of the fraction propoſed is nearly 4, or 6 4. 
But, after all, the beſt way. of extracting the ſquare 
root of a vulgar fraction, is by throwing it into a 
decimal fraction, as will be ſhewn hereafter. | 
. . Note, That whatever has here been faid concernin 
the extraction of the ſquare root in fractions, may 
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ere tits men, 0 e. 
of the cube root, Ge 


1 Of decimal fralime. 
Aud. fit of their notation; 


r A decimal fraction is a fraction whoſe deno- 
minator is 10, or 100, or 1000, or 10000, C. and 
this denominator is never expreſſed, but always un- 
derſtood by the place of the figure it belongs to: 
for as all figures on the left hand of the place of 
units riſe in their value, according to their diſtances 
from it, in a decuple proportion; ſo all figures on 
the right hand of the place of units fink in their 
value in a ſubdecuple proportion: as for inſtance; 
the number 345.6789, where 5 ſtands in the place 
of units, is to be read thus ; three Bbundred forty fue, 
fix tenths, ſeven hundredth parts, tight thouſandth 

b parts, nine ten-thouſandth paris: or the decimal parts 
may be read thus; /x thouſand ſeven bundred eighty 
nine ten · ibouſandih paris; the denominator being ten 
thouſand, becauſe the laſt figure 9, according to the 
former way of reckoning, ſtands in the place of 


ten · thouſandth parts. The reaſon of this latter way 
'S The 6000 d 7 


T4 14 — - 3 . e 
of reading is 5 ; 2 n 
=. J — 
Tooopy and 1000 170500 and 10009? 10000? 10009? 


and 


| yet cyphers are ſometimes placed after decimals, for 


F 


the 


the ſake of regularity, or when we want to increaſe 
the number of decimal places. 

From what has here been ſald, jt will be eaſy to 
multiply or divide any number by 10, 100, 1000, 
&c. only by removing the ſeparating point towards 
the right or left hand. Thus the number 345.6789 
being multiplied by 10, becomes 34456 .789'; and 
being multiplied by 100, becomes 34567. 89: and. 
the fine number 345 .6789 being divided by 10, 
becomes 34 .56789; and being divided by 100 
becomes 3.436769: thus again, the number 345 
being divided by 10000, becomes . 0343 for to 
divide by 10000, is the fame thing as to remove the 
ſeparating point 4 degrees towards the left hand, if 
there be any ſeparating point in the number given; 
but if there be none, as in the preſent caſe, then to 

pur a ſeparating point four degrees towards the left 
hand, which in this example cannot be done, but by 
the help of a cypher in the firſt decimal place. rh 
e the addition and ſubtraction of decimal 
: FFfurack ions. . 


13, The chief advantage of decimal arithmetic, 
above that of common fractions, conſiſts in this, 
that in decimals all operations are performed as in 
whole numbers: this will preſently appear from the 
ſeveral parts of decimal arithmetic, as they come 
now to be treated of in order; and firſt of addition 
and ſubtraction. 5 En 3900 
Addition and ſubtraction in decimals are performed 
after the ſame manner as in whole numbers, care 
being taken, that like parts be placed under one 
3 as for example, . 5367 ate added to . 89 


ö 5; 40065 - 167, e 
557 ſubtracted thus; ,567 or thus; 367 
z 1-457 | h . o$393; el le gang 
8 of 
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e the multiplication of decimal fraftions. © 


19. Multiplication of decimals is alſo performed ay 

in Whole numbers, no regard being had to the deci- 

mals as ſuch, till the 2 aff obtained; but then, 
10 many decimal places muſt be cut off from the 
right hand of the product, as are contained both in 
the multiplicator and multiplicand : as for inſtance 3 
let it be required to multiply 4.56 by 2.3; here, 
conſidering both factors as whole numbers, I mul- 
tiply 456. by 23, and find the product to be 10488; 
but then conſidering that there was one decimal in the 
multiplicator, and two in the multiplicand, I cut 
off three decimal places from the right hand of the 
product, and the true product ſtands thus; 10.488. 
To ſhew che reaſon of this operation, let the two 
factors be reduced to ſimple fractions according to 
the common way, and we ſhall have 2. 3 equal to 
2.3 and 4. 56 equal to W, and theſe two fractions 
multiplied together make 

1000 

which is done by cutting off the three laſt figures, 
according to art. the N and the quotient will be 
10.488. Another example may be this: let it be 
required to multiply 4 5600 by. 23: the product of 
43600 multiplied by 23 is 1048800: but as there 


divide by 1000 5 


were two decimals in the given multiplicator, and 


none in the multiplicand; I cut off two decimal 
places from the laſt product, and the true product 
will be found to be 10488 .oo, or 10488. Laſtly, 

let it be required to multiply 000456 by 2 3: here 
neglecting the initial cyphers in the multiplicand, I - 
multiply 456 by 23, and the product is 10488: 
then I conſider, that there were two decimal places in 
the multiplicator, and ſix in the multiplicand, and 
conſequently that eight decimal places are to be cut 
off from the laſt product; but the laſt. product | 
* | | con its 


ON 


bern f n . 
- Phers to the left hand, with the ſeparating. point be- 
. fore them, and ſo make the true product, oss. 

I bere ate various compendiums ot this ſort of mul- 

|  tjplication.to. he met with in Ougbtred and others: but 

they are ſuch. as, by a little exerciſe, any one tolerably 
Vell grounded in this N Arichmetic will eaſily: 
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20. Diyiſion in decimal fractions is performed, firſt. 

by confidering them as whole numbers, and dividing: 

> Wh accordingly ; and then cutting off from. the right 
: hand of the: quotient, as many decimal places as the 
dividend hath more than the diviſor, The reaſon 

| whereof is manifeſt, from the 19th article; for ſince 

the diviſor and quotient multiplied; together are to 

make the dividend, the diviſor and quotient, ought, 
. tb have as many decimal places between them, ar 

- .. there are In the dividend; therefore the quotient. 
alone ought, to have as many decimal places as the 

_ - "dividend hath more than the diviſor. _.. 


«> N 1 


Example the 1/; Let it be propofed t deide 
10.488 by 2.3: here dividing the whole number 
10488 by the whole number 23, I find the quotient 
fo, be 456: but then conſidering that there were g 
decimal places in the dividend, and but one in the 
duiviſor, I cut off two places from the right hand ot 
the quotient, and fo make the true quotient 4.66. 
Example 24; Let it be propoſed to divide 5658.9. 
by. o: here, becayſe there are. two decimal places in 
* | the diviſor, and but one in the dividend, 1 ſupply. . 
the deficient place by putting a cypher after the di- 
vidend,: thus, 5678 .99; then dividing the whole. 
number 567890 by the whole number 6 (for ſince 
6 is now conſidered as a Whole number, the cypher 
efore it may be neglected), I find the quotient tg, 
e 94648, Which js not to be ſunk, becauſe the di- 
Ns videnq 
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So e Decimal Fraflio: Introd, 


vidend was made to have as many decimal places as 
the diviſor; bur as this quotient is not exact, if for a 
greater degree of exactueſs I would continue it to an 
number of decimal places, ſuppoſe 2, inſtead of one 
cypher after the diviſor, ' would have put three, and 

then the quotient would have come out 94648. 33, and 


this quotient is much mote exact than the former, as 


Wins between 94648 ,33 and 94648 4 bur it 


ought" further to be obſerved concerning this quo- 
tient, that if the diviſion was to be continued in inf- 
nitum, the figures in the decimal mag would be all 
355 this is evident from the work; for the two laſt 
ividuals are the ſame, and therefore they mult all 
To reduce a vulgar fraction tu a decimal fraction. 
21. Since every fraction may be conſidered as the 
quotient of the numerator divided by the denomina- 
tor (lee art. 13th,) we have an eaſy rule for redu- 


eing a vulgar fraction to a decimal fraction, which is 


as follows: put as many cyphers after the numera- 
tor as are equal in number to the number of decimal 
places-whereof you. intend your reduced fraction to 
conſiſt, and call theſe cyphers decimal; and then 
dividing the numerator by the denominator, the quo - 
tient will be a decimal number equal to the fraction 
firſt propoſed,” or perhaps a, mixt number, if the 
fraction propoſed was an improper one. 
Example ½; Let this fraction g be propoſed to 
be reduced to a decimal one conſiſting of four deci- 
mal places; here putting 4 decimal cyphers after the 
numerator 3, I divide 3. 0000 by 49, and the quo- 
tient uncorrected is 612: but now conſidering that 


there were 4 decimal places in the dividend, and none. 


in the diviſor, and conſequently that four decimal 

Places are to be cut off from the quotient, whereas 
it conſiſts but of three; I ſupply this defect of places 
hy a cypher at the left hand, and ſp make the quo- 


© Exampls 


Are. 21, 22: © Of Decimal Fraftions. 


Example ad; Let this fraction , be propoſed to 
be e to 2 decimal fraction, aN if poſ- 


fible, of ſix places: here dividing 7 .000000 * 16, 


I ſind the true quotient to be. 4375; che tu laſh 27 


1 in the dividend being uſeleſs. 
Note. When this diviſion runs ad anfaitamycit: mill 


| "be impoſſible for the reduction to be exact in a finite 
number of terms; but an approximation may be 


made that ſhall come nearer to the quotient than the 


leaſt aſſignable ITY 5 ara proc. more 


"74 
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7 „ of any 8 . 


 ®ther parts as that integer is gually divided into. 


©1192; Ds explain this rule, and to give an example 

of it at the ſame time; let. 34 of a pound ſterling, 

' "that is, three hundred forty five thouſandth parts of 
a pound be given to be reduced into ſhillings pence 


and farthings: here then obſerve, that as any num- 


ber of pounds, multiplied by 20, will give as many 
ſhillings as are equal to the pounds, ſo any decimal 
parts of a pound, multiplied by 20, will give as many 
millings, and decimal parts of a ſhilling, as are equi- 
valent to the decimal parts of a pound; and ſo on 
as to pence and Farthings : | multiplying. therefore 


| +345 by 20, the product is 6 and .goo, or 6.9, - 
0 gnifies, that. 345 of a pound are equivalent 


Which 
td ſix ſhillings and nine tenths of a ſhilling, which is 


© uſually written thus; 6 9 an again, multi. 


plying this laſt decimal. 9 by 12 for pence, I find 
that .9 of a x a O'S are equivalent to 10.8 pence': 


laſtly, multiplying 
for the ,2 of a farthing, I neglect it, there being no 


| lower denomination, or at leaſt, not intending to de- 


ſcend any lower; and ſol find 345 of a pound to 
3 to fix ſhillings and ten pence three Ni, 


& 


| by 4 for farthings, I find that 
3 of a. penny are equivalent to 3.2 farthingsz as 


#.; 2 = Dicinal een, Kaos OY 


ef mee Ee come darts 6 
"A | —- equivalent. decimal farts 
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OV bo "> 22 This reduction being che combos, 
it might be performed by diviſion,” as that was- 
de 2 z but, when all things are conſidered 
dd auo not know whether the following method may nt 
be thought as eaſy, and as intelligible as any: let it 
©», then be fequired to reduce 2 hours 34 minutes; 56 
ſeconds into equivalent decimal parts af a day. 
Now in 'one day. there are 86400 ſeconds; and in 
two hours 34 minutes 56 ſeconds there are 9298 
ſeconds ; therefore two n 34 minutes „„ 


conds are equivalent to 3878, == of one day: reduce 


this vulgar fraction to a 888 decimal, by the 
' "Jaſt article but one, and you will find it to be ge 
therefore 2 hours 34 minutes 56 ſeconds are 
equivalent to. 10759 of one day. But there is ne 
article ſtill remains to be adjuſted; and that is; tio 
how many decimal places the foregoing fraction muſt *' 
be reduced, ſo as to exper, accurate pd enough' the 
parts of a day to a ſecond of time. Now = know 


this, I conſider that one ſecond of time is 2 of » all | 


one days. therefore 1 reduce - Ir to a — 4 


5 fraction, at leaſt .as far às to the frſt ſignificant figure, 
1 and find it to be . oO; whence I] conclude, „ | 
„ 10 77 reſs the parts of a day to a ſecond of time by 
5 5 ecimal, that decimal muſt not . conſiſt of fewer 
| 32A 5 places, becauſe there were 5 places in the de- 
eimal fraction. oo. Now to ſhew that the deci- 
. a, fraction above found, to wit, 10739 expreſſes 
| 1 e time propoſed to a ſecond, reduce it back again, 
„ laſt art. and you will find it amount to 2 hours | 
34 minutes 55.8 ſeconds, © ow 
| For another example, jet us take the reverſe of 


that? in the laſt art. that is, let it be propoſed” 5 — 
uce 


12 


* 


and 6 ſhillings 10 pence 342 farthings contain 3312 2 " 258 
_ repths-of a farthing 3 therefore 6 ſhillings 10 pence 


8 rn ; | 3 . Fs 12 | * i hah os "4 hy 
3 2 farthings are equivalent to 3972 of a pound z 


9600 


4 
Ci 


of the ' ſquare root 
faction. 
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* 


14 
1 of 
7 * 4 3 


4 


ortion, which is but a particular application of both: 
therefore I ſhall now paſs on to the extraction of the 
fquare root, at leaſt ſo far as it concerns decimal-frac- 


cimal places it is proper the root ſhould be continued; 


and then by annexing decimal cyphers, if need be, 
to the right hand of the number propoſed, he muſt 
make twice as many decimal places there as the root 
is to conſiſt of; after this, he muſt put a point ayer 
the place of units, and then paſſing by every other 


figure, he muſt point in like manner all the ref, 


both to the right hand, and to the left: by this 


; 2 Means 


* 


| wherein the firſt ſignificant figure 18 in che 4th place; 
therefore” I reduce the fraction 25-5, to four deci- 
mal places, and they amount to 3450, that is, 3458 
of a pound; ſo that in this particular caſe three 
decimal places are ſufficient to expreſs exactly the ſum 
| . propoſed. TY 2 | „ 3 * 20 1 mY ; > "Y 


0 . 
* F , * 8 8 
1 P -j; . ' „ 
* $ * 
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24. Haying treated of the multiplication and diri- 
ſion of decimal fractions, it would be altogether 
needleſs to ſay any thing concerning the rule of pro- 


Art, 23, 24. . Of Decimal: Fraflions. he | 5 Gy be —_ 
duce 6 ſhillings ro pence 3.2 farthings' into equi-. - 
. valent -decimal parts of a pound: one pound con- 
tains 960 fartbings, or 9600 tenths of à farthing:; 


but Wn — being reduced to a decimal, is, - doo SW. 


tions. There are but few ſquare numbers, or ſuch - | - 

-* _ "as will admit of an exact ſquare root, in compariſon 
of the reſt; and therefore, whenever a number is pro- 
pPoſed to have its ſquare root extracted, the artiſt 
muſt firſt determine with himſelf, to how many de- 
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means the number will be prepared, and the ſquare 


root may be extracted as in whole numbers, provided 
that ſo many decimal places be cut off from the root 


woes obtained, as were-firſt deſigned. 
Example ½; Let the root of 2345.6 be equired 


do two decimal places. The. 2 when prepared, 

; ſtands thus, 2 345. .6000, or as a whole number, thus, 
oo 22456000 ; and its ſquare root, when extracted, will 
be 4843 nearly; and therefore 48.43 will be the root 


fought. To try this root 48 :43» multiply it into 
itſelf, and the —— firſt figures 65 the ſquare will be 
2345, which are all true; Fred cat it be expected an 
more ſhould be ſo, becauſe there were but four places 


true in the root, no notice being taken of the reſt; | 


boy a on number, and And it 20 be == 
above: but conſidering that this root is to be 5 5 
places, I put a cypher to the left hand, and _ me 4 


as true root .0484 3. 


That the ſuppoled ſquare ought to have twice as 


many decimal places as the root, is evident, both d 
priori, and a poſteriori: d priori, becauſe in extract - 


ing the ſquare root, two figures are brought down 


from the ſquare for every fingle figure gained in the 


root; and à poſteriori, becauſe the root multiplied 


into itſelf is to produce the ſquare ; and therefore, 
from the nature of multiplication, the ſquare ought 
* Son ve twice as _— * os as the root. 
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0 4 1. J SHALL not here detain this yobrig 


- ſtudent with a long hiſtorical account of 
| the riſe and progreſs of Algebra; nor 
1 even ſo much as with either the etymo- 
T N a ſignification of the word, which would con- 
tribute but very little to his infor mation, till he has 
made a further progreſs in the ſcience itſelf, and where- 
of he will find enough in Dr. Wallis and others. Nor 
indeed is it a ſubject altogether ſo proper at this time 


to be inſiſted upon; this art, like many others, ha- 


ving now conſt iderably outgrown its name, and bein 15 
often employed in arithmetical operations very di 

ferent from what its name imports. All I ſhall ad- 
vance then, by way of definition, is, that Agebra, i 
the modern fenſe of the word, is the art of computing 
by ſymbals, that is, generally ſpeaking, by letters o 
the alphabet; which, for the ſimplicity and diſtinct- 
neſs both of their ſounds and characters, are much 


more commodious for this purpoſe _ Oy other : 


| ſymbols or 225 whatever: 
WL ED . In 


1 . ; 9 ; 
»*'$ * U _ : G * * 8 4 
* 7 » 


pms rr ran ry py — ere nr Went = 
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Ing this way of notation, it is uſual to ſubſtitute let- 
_ —ters-not only for ſuch quantities as are unknown, and 
conſequently ſuch as cannot well be repreſented other- 
wiſe, but alſo for known quantities themſelves, in or- 
der to keep them diſtinct one from another, and to 
form general concluſions. As for inſtance; ſuppoſe 
it was demanded of me, what two numbers are 
thaaſe, whoſe ſüm is 48, and whoſe difference is 14: 
here, if I only put x, or ſome other letter, for one 
of the unknown quantities, and uſe the known ones 
A and. 14 as 2 Rog. Ren, ING, Ev, ſhall 
only come to this partieylar concluſion, to wit, that 
the greater number is 31, and the leſſer 17, which 
numbers will anſwer both the conditions of the prob- 
lem. But if, inſtead of the known numbers 48 and 


of a and b willi he the greater 
Herence will be i Jeſs : which 


© © + & 


; 4&4 + 


... ſignify the relation they have to one another in any 
I problem or computation. From all which it may be 
| obſerved, . that. letters repreſent quantities in Algebra 
joſt in the ſame manner as they do perſons in com- 

mon life, when two or more, perſons are diſtinctly to 
be conſidered with regard to any compact, law-ſuit, 
or in any other relation whatever. * 


by two or more letter when it is <otifl as the 


RES F ao let 2 k 5H. TO } er +4. 4% 

 tiogly.;; thus a b is the product of the tndfſtiplicarion 
„aof a and s; and dc is the product pins 7 from the 
,continua] multiplication of a, & and e, Buf'of this 
more pa rad of multiplicttivi 


11 tories #1 * 
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, affirmative and negative quantities in algebra, 
; * | rr 0 [2434 G18 : 
2. Algebraic qnantities are of two ſorts; affirma- 
tive and negative: an affirmative q antity is a quan- 
tity, greater than nothing, and is Khon by this 
ſigo — a negative quantity is a quantity Teſs than 
nothing, and is known by this ſign =: thus ＋ 4 
© fignifies that the quantiiy 4 is affirmative; and ib to 
be read thus, plus a, or more a: —# ſigtiifies that 
the quancity. 5 is negative, and muſt be read thus 
eee e en een 
The poſſibility of any quantity's being leſs than 
nothing is to ſome a very great paradox, if not a 
102 * urdity 4 and rruly ſo it would be; if we 
::: ſhould. ſuppoſe ic poſſible for. a body or ſubſtance to 
be leſs than nothing. But quantities, whereby the 
different degrees of qualities are eſtimated maß be 
. . . ealily conceived to paſs from affirmation through 
nothing into negation... Thus a perſon in His for- 
tunes may be ſaid to be worth 2000 pounds; or 1000, 
or nothing, or — 1000, or — 2000; in Vhich two 
laſt caſes; he is ſaid to be 1000 or 2000 pounds worſe 
than nothing: thus a body may be faid to have 2 
degrees of heat, or one degree, of no degree, ot — 
one degree, or — two degrees: thus à body may be 
ſaid to have two degrees of motion downwards, or 
one degtee, or no degree, or — olle degree, ot 
„two degrees, Sc. Certain it is, that afl contrary 


d da eri e eee 
Waich alike partakes of | 


Sag is #4 133351 af = + a 
of both extremes, and is beſt 


. 
= 
* * 


** 


| ; tin # ia. TS: ay + f 
een ee ee 


203 ſay, 
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68 AFFIRMATIVE AND NZOAT VE Boox I, 
. fay, that the degrees on either fide this common limit 
are greater than nothing; I do not ſee why it ſhould 
Hot be as proper to ſay of the other ſide, that the 

degrees are leſs than nothing; at leaſt in compariſon 

to the former. That which moſt perplexes narrow 
minds in this way of thinking, is, that in common 
life, moſt quantities loſe their names when they ceaſe 
to be affirmative, and acquire new ones ſo Tok as 
they begin to be negative: thus we call negative 
goods, debts; negative gain, loſs; negative heat, 
cold; negative deſcent, aſcent, &: and in this ſenſe 
indeed, it may not be fo eaſy to conceive, how a 
quantity can be leſs than nothing, that is, how a 
quantity under any particular denomination can be 
ſaid to be leſs than nothing, ſo long as it retains that 

. » denomination. But the queſtion is, whether, of two 
. contrary quantities under two different names, one 

quantity under one name may not be ſaid to be leſs 

than nothing, when compared with the other quan- 

tity, though under a different name; whether any 

degree of cold may not be ſaid to be further from 

any degree of heat, than is lukewarmth, or no heat 

at all. Difficulties that ariſe from the impoſition of 

ſcanty and limited names, upon quantities which in 

+. themſelves are actually unlimited, ought to be charged 

upon thoſe names, and not upon the things them- 

ſelves, as I have formerly obſerved upon another oc- 

caſion; ſee introduction, art. 11. In Algebra, where 
quantities are abſtractedly conſidered, without any 
regard to degrees of magnitude, the names of quan- 
ttities are as extenſive as the quantities themſelves; fo 
_ .. + that all quantities that differ only in degree one from 
„another, how contrary ſoe ver they may be one to 
another, paſs under the ſame name; and affirmative 
and negative quantities are only diſtinguiſhed by their 
ſigns, as was obſerved before, and not by their names; 
the ſame letter repreſenting both: theſe ſigns there- 
fore in algebra carry the ſame diſtinction along with 

them as do partieles and adjectives ſometimes in eom- 

7 9 . mon 


Art. 23 3+, * 
mon language, as in the words convenient and incon - 


venient, ba 


health, 


© "Theſe de and negative Gantt as they 
are contrary'to one another in their own natures, fo 
likewiſe are they in their effects; a conſideration which, 
to, would remove all difficulties — 4 
cerning the figns of quantities arifing from addition, 
ſubtraction, multiplication, diviſion, Ge: for the re- 
ſult of working by affirmative quantities in all theſe 
operations isKnown; and therefore like operations in 
negative quantities may be known oy the” rule of 
contraries, _ 

" Before we proceed any further, it may not be amiſs 
to advertiſe," that if a quantity has no ſign before it, 
it muſt always be taken to be affirmative ; and that if 
it has no numeral coefficient before it, unity muſt al- 
ways be underſtood: thus 2 4 fgnifies + 24, and « 4 
ſignifies 1 or E14. 

By the numeral cooffetbht of a quantity, I mean 
the number or fraction by which that quantity is mul- 
| riplied: : thus 2 4 hignifies' twice a, or a geg n 


and the coefficient i is 2: 2.4, or 2 | fignifies, 2 


ennie a, and the coefficient 1 14 2. 

N. B. The ſign of a negative quantity is never. 
omitted; nor the ſign of an affirmative one, except 
when ſuch an affirmative quantity is conſidered by 
itſelf, or happens to be the firſt in a ſeries of quan- 
tities ſucceeding one another: thus we do not often 
mention the quantity ＋ a, but the quantity a; nor 
a—b—c+4, but the ſeries a—b—+d. 
We ſhall now conſider the ſeveral N of alge- 
braic quantities. 


Of the addition of algerai quantities. 


3. This article 1 ſhall di vide into ſeveral. an- 
| e : as, | 1 


if duly attend 


the ſeries 4 


ALGEBRAIC. QuayriTIEs. 
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| 11. Whenever tuo or - mare. 8 of the. wg: 89 
| | denomination, and which have the ſame! ſign 1 at 
| them, are to be added together, b pa the ſum | 
ofetheir numeral coefficients with the common ſign. 
before it, and the common denominator after 1 it: thus 
N and +3 a added together malte A g a, for the 
ſage reaſon as 2 dozen and 3 dazen e 9 
make g dozen: thus again, —3ab, ok and 8 
ben added together, malte — 184% for the ſawe 
reaſon as ſeveral debes goes a e make a ak | 
debt. £21133 420 - 
_ Ta If two quantities of the ſame end pingtt ny 
which have different ſigns before them * be added 
together, put down only the difference of their 22 
meral coefficients, with the common W 155 
it, and the ſign of the greater quant 5 before it: for 
19, this caſe, the quantities to be adde being contrary. 
one to another, the leſs — on which ſide 0 | 
ever it lies, will always deſtroy ſo much of the other 
as is equal to, itſelf. Thus + 5 4 added to — 2.4 
makes 343 as if a perſon owes, me 5000 pounds 
upon one account, to whom I owe 2000 upon ano- 
ther, the balance upon the whole will be 20006 pounds: 
on my ſide. If it be objected, that this is. ſubtraction, 
and not addition; Lanſwer, that the addition of — 2 4 
will at any time have the ſame effect, as the ſubtraction 
of T2 4 but I deny that the addition of — a is the 
ſame, or will have the ſame effect as the ſubtraction of 
22. Other examples of this caſe may be theſe ; 
+78 added to —72 gives 0; +39 added to — 12 4 
es — ga; + aadded to — 34 Siren 63 +54 
added mw gives +40; ＋ 3. a added to — 4 4 gives 
Ts 4, & 
72 34, When many quantities of the fame denomina- 
f BL. are to be added together, whereof. ſome are affir- 
1 mative and ſome negative, reduce them firſt to two, 
<P 
{ 
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IF) 
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by adding all che. affirmative quantities together, and 

all the negative ones, and then to one by the laſt pa- 

ragraph. Thus e 2—74 ,when added 
together, 


* 


* 


- Aft $- ALGczBRarc QvuanTiITIES. OS 
together, make 2 4 for 10A and 4484 make ++. 
186. 99 a-and — 4 make — 16 f and + 18 4 
e,, / OE. 

4b, Qyantities of different denominations will hot, |, 
incorporate and therefore cannot otherwiſe be added 
together, than by, placing them in an order one after 
another with their proper ſigns before them, except | © 
the firſt, whoſe ſign, if affirmative, may be omitted. | 
Thus + 22 and 35 and F and 3d; when add - 
ed together, make 24 — 3 50 4c — 5d: thus a and 
$ added together make a .; and: hence it is, that 
vheneyer two quantities are found with this ſign + de» 
twixt them, it ſignifies the ſum ariſing from the adde 
tion of theſe two quantities together: thus if a ſtünds 
for 7, and b, ſtands for 3, a 5 will ſtand for 10, 
and io of the reſt; but if i is to be added to a, the | 
ſum muſt be written down thus, 44; for £ add —5, | 
is the ſame. as to ſubtrad +4. „ 

hoſe members ate all 


Stb, Compound quantities,  w Wl. 
of different denominations, are likewiſe incapable of 
being added any other way, than by being placed bne 
after another without altering their ſigns: thus 34 
4%. added to 3e — 6 can only mak 2 57 
— 64: But if the members are not all of different de- 
nominations, it may then be convenient to 28 | 
compound quantity under, another, with like parts 
under like, as far as it can be done, as in the fo low- | 


{ 


ang examples SWE13 OHH E013 £53 611716 59 Ig 
21 For à and à added together make 

2 24 and and — added together 
—— deſtroy one another, and ſo make 
t een which charatter in Algebra 


: 


place. 15 


OY. | Zire tes nit 
2 —34- F 44— ge- e 
10 n ＋ 9 —85— 7 —64 *—gf 
Taxa 4c - | 
G ers i, | 7 £35 #£ Pg 3: OO 191 101 1 
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Mote, That in the addition, ſubtraction, and mul- 
tiplication of compound algebraic quantities, it mat · 


| | 155 little which yay the work is carried on whether 
| from right to left, or from left to right, becauſe} here. 
C475 F413 4 þ.. 2 5 1 As wc14 07 „ 4 CY 

are no reſerves made for higher places. 
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Whenever a fingle algebraic quantity is to be 
= ſubtracted from another quantity, whether ſimple» or 
| | compound, fitſt change the ſign of the quantity to be 
ſubtracted, that is, if it be affirmative, make it, or 
| | at Jealt call it negative, and vice verſd, and then add 
| it fo changed to the other: for ſinee (as was before 
| hinted) the ſubtracting of any one quantity from ano- 
| ther, is the ſame in effect as adding the contrary; and 
= fince changing the ſign of the quantity to be ſubtract- 
4 ed, renders that quantity juſt contrary to what it was 
i | | before, it is evident, that after ſuch a change it may 
| | | Be added to the other, and that the reſult of this ad- 
| ' dition will be the ſame with that of the intended ſub- 
traction. Thus may the rule of | ſubtraction, by 
changing the ſign of the quantity to be ſubtracted, 
be at any time changed into that of addition, juſt as 
the rule of diviſion in fractions, by inverting the terms 
of the diviſor, was changed into that of multiplica- 
tion. As for example, 5 ſubtracted from à leaves 
4 3, becauſe — & added to a makes a — 3; fo that 
4 5 may be conſidered either as the ſum of a and 35 
+ | added together, or as the remainder of +3 ſubtracted 
from a, or as the difference between a and h, or as the 
exceſs of à above 5, all which amount to the ſame 
thing: as if à ſignifies 7, and 33, a - muſt 

ſtand for 4, and ſo of the reſt. 

The rule of- ſubtraction here given is univerſal, 
though there will not be always occaſion to have re- 
courſe to it: for ſuppoſe 3 à is to be ſubtracted from 

7 4, eyery one's common ſenſe will inform him, that 
; 5 therg 


by I TY * 7 8 . 2 0 ** a. 
A ; T4 2 Fg of x i. [ F : 


1 * Alen ai Gririss. 

there 1 remain 4a, juſt. as threeſcore fubtried” 

from ſevenſcore leaves fourſcore. Ree EL 
algebraic ſubtradtian «hoy the. 


Other. examples 
tat fallow. =: 91335 at 


. ou $715 an wht Ain 12 4 . 
1%, 7 4 ſubtracled from 5.0 leaves — 2.6. BY kg 
— 7 added to TW 56 8 e Ag? thead 80 


„„ ae . 42 
34, 1 ſubtracted from 30 195 a [ ol 


the firſt graph af the rticle. 
Aub, ce e — 90 e mr 
becauſe +32 added to — g mak . 

61. or a ſubttacted from — 2 leaves 2 


1 Te 7 added to . a makes 2 0! 


„ 


becauſe 1 a added to Hs 54 makes + 10a, 

87b, — 1755 Tubrra&ed from a leaves a +4; belag 
+ þ added to 4 makes 4, by the 4t paragraph 
of the laſt article. 


2 


gb, —2 ſubtracted from 7 ſaves 9. becauſe +2 | 


added to 7 makes 9. 

From the firſt of theſe les it appeats, chat 
2 greater quantity may be taken out of a leſs, but 
then the remainder will be negative; juſt as a 
9 that has but 5 guineas about him may 


ole 7, but then there will remain a debt of 2-gui- | 


neas upon him. By the laſt example it appears, 
that — 2 ſubtracted from 7 leaves 9, that is, that 
if a negative quantity be ſubtracted from an affir- 
mative one, the affirmative quantity will be ſo far 
from being diminiſhed thereby, that it will be increaſ- 
ed; a principle which I fear will be found ſomewhat 


hard of digeſtion, eſpecially by weak conſtitutions : 
therefore, 


1 


| 
| 
| 
| 
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e, tO firengthen m my patient as far as lies in my 
bil ſuggeſt to him the following conſi- 


derations: ö | „2 4.37 TERS: ; FY £5 FIG ITY: a 43 


½, In any ſubtraction, if the remainder and the 
leſs nutmber added togetiier,” make the greater, the 
ſubtraction is juſt? but in our caſe, the remainder 


+ 9:added to the leſs number — 2 makes the greater 


numbe 75 thetefore = 2 ſubrraQted from 7 leaves 


5 20 — 
22 1% 3 +4 0 e 8 — 25. EE Ja. CF? | 


— 55 
1 1 


In all ſubtraction maren the mindinder.a is 
efence” betwixt the greater number and the 


cfore — 1 ſubtracted from 4-5 leaves 9. 

340% 7 Is equal to 9 2 Jo by the ſecond paragraph 

The laſt anc therefore, - — 2 25 ſubtracted from 
will have. 9 5 1 2 ſubtrafted _ 


5 but che difference between A- 7 and — 2:8 94 


ee. 


| 1 on it, whoever takes off Fn dub ber 0 


juſt &' much encreaſes the value of the eftate. | © 


Jy gr 8 leſs there is taken from 7, the more 


Vill be left : if nothing be taken, there will remain 
75 therefore if leſs than nothing be taken, there 
ought to remain more than 7. 

Stbhh, If after all that has been ſaid, or peehaps 
zall that can be ſaid: in this abſtracted way, ſome 
ſcruples ſtill remain, let us apply the principle we 
have already advanced, and try whether we ſhall meet 
with any better ſucceſs that way. Let it then be 
required. to ſubtract the 5 quantity a — 2 


from the compound quantity 6 7: in order to 
this, 4: place à under 6 4, and — 2 under 7, and 
then ſubtract as follows; à from 6 4 and there re- 
mains g 2 from y uy (if our aſſertion be true) 


_—_— ee 9.3 deore the whole e is 


2 of n | FEST 587-9: 


27 


of 


Art, 4, 5. Side Gbr 1% 2 


Ten. ether this fubtraction be not juſt: for certs 
it is, that'if 4 be ſubtracted from 6a + 7, the 1g. 


mainder will be 3 a + 7.3 and if fo, then it is as cer.” 
tain, that if 'a — 2 be ſubtracted, "which" Is leſs than 


the former by 2, the remainder will be greater by 2, 


chat is, 5@ +9. But to proceed: We 


14 N 


ww 


Ofher - examples of | the fubtraBlioy 


_ algebraic 1 2 may be Fe E, „ nn ene 


n 


1 1 Thus 7-307 4; ſubtracted from.7 enz, 


ab N _ en or N 


" AGAR. £ eff | i Wolle — 

A 8 | "4 <1 * = * gfe 113 nr 8 . ' 

F 905 © + 234 ey 0 | 
1750 whe," "*She I TOs 

| D . 276 9 — en 

Remains 1094 —8,— . — bs 


* 


If never 2 member of the ſubtrahend be — 


e 12 126 , on 


a 
be of the ſame denomination with any member of 


the number from whence the ſubtraction. is to iy, 


fubtrahend, and then add it to the other. A 
50 — 64 i to be ſubtracted from 34—46, fir 


made, change the ſiga of every member ay vo 27 


f — rhe fign of ge — 64d, and make it — ge 6g, 
and then add it to the other, and you will 1 5 


32 —45—5 c +6 d for the remainder. 
Of the multiplication of alg ebraic 8 


And firſt, how to find 9 of the produtt in 


multiplication, from thoſe of ſhe PI 
and multiplicand given. 


5. Before we can proceed to che multiplication 
of algebraic” quantities, we are to take notice, 1 


* No 1 date 5 to ever one*s comm. 4 


_—— — ˙—— . 


3 


| 


| 


[ 
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if the ſigns of tlie multiplicator and multiplicand. be 
boch alike, that is, both affirmative, or both ne- 
gative, the product will be affirmative, otherwiſe it 
will, be negative: thus +4 multplied into -= 39 or 
AA into 8: prod uces in either caſe ＋ 12 but 

—4 multiplied into ＋3, or A into — 3 produces 
in either caſe — 12. 

"If the reader expects a demonftration of this rule, 
"emu firſt he advertiſed of two things; . firſt, .that , 
numbers are faid to be in ichmericn! rogrefſion 
when they increaſe or decreaſe with equal cen 
as d, 25 4. 63! or 6, 4, 21 03. alſo as 3, ©, 33 
K , — 4 ra, o, — 12 or 12, o, 12: 
— — it follows, that three terms are the feweſt 

that can form an arithmetical progreſſion ; and that 
of theſe, if the two firſt terms be known, the third 
will eaſily be had: thus, if the two firſt terms be 4 
and 2, the next will be O: if the two firſt be 2 and 
o, the next will be — 12; if the two firſt be — 12 
and ©, the next will be - 12, Sc. 
. 2dly, If a ſet of numbers in arithmetical pro- 
greſſion, 38 3, 2, and 7, be ſucteſſively multiplied 
into one common multiplicator, as 4, or if a ſingle 
number; as 4, be ſucceſſively multiplied into a ſet 
of numbers in arithmetical progreſſion, | as 3, 2, and 
the products 12, 8, and 4. in _ caſe, lon be. 
i cthmetical progreſſion. s B04 | 921255 

This being allowed (which; is in a mike fel. 

evident), the rule to be n lane, itſelf 


intb- four caſes: Daa 10 0 
af, That "_— multiplied: into * 3 produces 
28 
24h. That 1 multiplied into 5 35 produces 
— 12. 
8 That + 4 mukiplied ibo — 3 produces 
— 12. 


And 2 that — 4 mut into — 3 produces 
12. Theſe caſes are generally expreſſed. in ſhort 
__ firſt ＋ into . gives Th: W I - 


gives 


1 


1 5. AlchnATE QuanTiTIEs, | 8897 
e eh "TE ene * fountUly; $4, 
into gives F. 


Caſe 1, That Tis 4 niet Wen 3 produces 


ah 12, is ſelf-evident, and needs no demonſtration 3 
or if it wanted one, it might receive it from the firſt 


paragraph of the third article; for to multiply · 4 by 


_ + 3 is the ſame thing as to add 4 + 4 4 into one 
ſum; but 4 +4 ＋ added into one ſum give s, 


| 26 therefore oh 4 multiplied into + 3 gives + 12. 


Caſe 2d. And from the ſecond paragraph of the 


3d art. it might in like manner be; demonſtrated, 


that —4 multiplied into --3 produces—12 : butLſhall 


here demonſtrate it another way, thus: multiply, the 


terms of this arithmetical progreſſion 4, o, —4, into 
. + 3, and the products will be in arithmetical pro- 


greſſion, as above; but the two firſt products are 
12 and o; therefore the third will be — 12 there- 


fore — 4 multiplied into ＋ 3 produces — 12. 


Caſe. 3d. To prove that + 4 multiplied into 8 
produces — 12; multiply + 4 into g, o, and — 3 
ſucceſſively, and the products will be in arithmetical 


progreſſion; but the two firſt products are 12 and o, 


therefore the third will be — 12; e 4 


multiplied into 3 produces — 12. 


Caſe 4th. Laſtly, to demonſtrate, that — oor wha mul- 


tiplied into — 3 produces ++ 12, multiply — 4 into 
23, o, and — 3 ſucceſlively, and the products will be 


in arithmetical progreſſion ; but the two firſt pro- 


ducts are — 12 and o, by the ſecond caſe; therefore 


the third product will be - 12 ; een —4 pul- 


4 is 
„ „% 


8 tiplied into — 3 produces + 12. 


. 4. „ 4 ca 30. 54. 


3» © 3» T3. i . N 5 Ws 
a 12, o, — 12. Tie, ois. 
Ca . 4th, —4.—4.—4 
þ + 3, 0% —3 


We 7 - F A 


212, o, +12, _ - 


— — —. — 
* . — — - 


198 MULTIPLICATION or Box I 
. —» Theſe: 4: eaſes may be alſo more briefly demon- 
ſtrated thus: +4 multiplied into 4-3. produces 12 
therefore — 4 into ＋ 3. or ＋ A into g Qught to 
produce ſomething contrary to 12, that is, — 12: 
3 94 if 4 multiplied into - g produces 125 then 
4 multiplied into —{3/avght to produee ſomet ng 
contrary to 12, that is ＋ 12, ſo that this laſt 
© cafe; fo very formidable to young beginners, appears 
at laſt to amount to no more chan a common; principle 
in Grammar, to wit, that two negatives make an 
affirmative; which is undoubtedly true in Grammar, 
8 though PS it may not always! be obſerved in 


languages. | 
"© Of the multiplication of ſimple algebraic quantities. 


6. Theſe things premiſed, the multiplication of 
ſimple algebraic quantities is performed, firſt by mul- 
f tiplying the numeral co-· efficients together, and then 
putting down, after the product, all the letters in 
boch factors, the ſign (when occaſion requires) being 
prefixed as above directed. Thus 45 multiplied into 
z a produces 1226. ; #2 
Though this kind of language (for it is no more) 
ke all others, be purely arbitrary, yet that a more 
rational one could not have been invented for this 
8 . will appear by the following conſideration. 
If any quantity, as 6, is to be multiplied by any num- 
ber, as 2, 35 or 4, the product cannot be better re- 
preſented than by 2 5, 3 5, 46, Se; therefore if 5 is 
to be multiplied by a, the product ought to be called 
2 but if þ multiplied into @ produces ab, then 45 
multiplied into a ought to produce 4 times as much, 
that is, 4 4 b, laſtly, if 45 multiplied into @ produces 
44 b, then 4 multiplied into 3 a ,ought to produce 


1 4% f 


3 times as much, that is, 12 4 5. 
Hence it is, that whenever in Algebra two or more 
| letters are found together, as they ſtand in a word, 
..;, Without any thing between them, they ſignify the = 


d 


1 36 HO 
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duct ariſing from à continual multiplication. of the! 


quantities repreſented by them: thus @ 6 ſignifies the 


Product of @ and b multiplied together; and @ be fig- |\ 


nifies the product of the quantity «4 mult into 
e thus an ſignifies the — 4 multi 1 5 into 
kſelf, or the ſquare of a, and not 2 Se re 
Whoever ſnews himſelf unahle to diſt inguiſh Fiore 
2 and aa, diſcovers as great a ain bo one oe 


is not able to diſtinguiſh betwixt 2 dozen and a lozen, 


dosen or 12 times 2 2% 4:5) 2 oo 124 
It is a matter of no great conſequence. 9 5 or- 
der the letters are placed in a product; for a and 54 


_ differ no more from one another than 3-rimes Ee and 


1 times 3: and yet it is convenient that a rei 
obſerved, leſt like quantities be ſometimes; * 
: unlike; aherefore the. beſt way will be, to give thoſe 


letters the precedency in a product, that. have it in 


the alphabet; except when an unkgown quantity is 
multiplied by: ſome known one, and then it is uſual 
0 place the known quantity before it. 

Mote. For the ſignification of this mark x, fee i in- 
| rrodudt. vat the cloſe of the 7th article, Note alſo, 
- that this mark = is a mark, of equality, ſbe wing that 
— — quantities between which it ſtands, are equal to 
each other, and muſt be read as the ſenſe. requires : 
thus 2x6=3X4=12 may be read thus; 2, * = 
-3X4-equal'to 12: or thus; 2X6 1s equal. E *, 
1225 is equal to 12. 


* Examples of 2 ole algetaic m ie 


* . bn, 
iſt, 4abX5a=20006. ad. nl 


3d, „ bed. 0 eee 
5th, xX3x=3xx. 6th, —xXX—X=PX* 


* 3 8h, N 7 


| 1 


Diſtinions 


\ 
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Wo to e eee! dee, alu, 4 
ee 494 25 


* "iy; A 


75 


* bl 


b 


: g 


That ie »oug algebraiſt may noe Cong) the 
operations of addition and multiplication, as is fre- 
uently done; I ſhall here ſet down ſome marks of 
liſtinction, which he ought to attend to: 

As frft, a added to's makes 24, but a multiplied 


into a makes as. 


2aly, a added to o | makes a, but 'a multiplied into 


0 makes o. 


340, a added to — makes a, bor. 4 multiplied into 


E24 makes — as. 


4thly, — 4 added to —3 wakes ht ect but — 


| kites) into —a makes aa. 


5thly,” a added to 1 makes Ws bur a multiplied 


£1 into 1 makes a. 


" 6thh, 2 4 added to 45 makes 1357 but a a 


9 uſtiphed'i into — 35 makes 64 b. 


For a further confirmation of the "ins I have 


added, by way of exerciſe in his algebraic language, 
© the following equations; which 1 deſire he would 


j0 


_ zdly, 4a+Þ5b=4 athly, 
44 . 49. chly, abe 21. 
444 = 343. 730 aab=14\ 


8 1 8 after _ Suppoſe a , and 55 then 


all have iſt I +=" zur. a—b= 4. 


13 
bly,-vhn=g.. Bthly, 
of 1othly,: 4 a 
11thly, 535. tathly, 2 4b -o 
＋9 ioo. * . 9 
16. kathly, aaal-3aab-+30bb-bbb==343+-441 


* 


+189427=1000. r5thly, 24-3, 340 


| FE 4. 


TR "Of powers and their indexes.” 


7 Whenever in multiplication a letter i 1. to be re- 


peated oftener than once, it is uſual, by way of com- 


MTs to write 8 the letter with a ſmall — 
ter 


by 


Arr; S8. Kreis i2vantiTiEs; | ot 

after it, ſhew ing how offen that letter is to be re- 
peated : thus inſtead of *r we write “,, inſtead af 
xxx, we write , inſtead of axxx we write ad, e. 
Theſe products are calleqd powers of x the figures 
repreſenting the number of re —— are called the 
indexes of thoſe. powers; and the quantity u, from 

whence all theſe powers ariſe, is called the x0ot of | 
__ theſe or the firſt:power of xy. * is called the 
. cond power of *, w%ithe third power. x the fourth 


yſts/:4rſtead-of ſmall lexters uſed capitals z and inſtead 
of numeral indexes, .diftinguiſhed theſe powers by 
names : thus Vieta in particular called & OX Rea 
*, X cube; , T fquare:ſqtare'y\ i, & Jquare-cabe s 
9% A rueecube; , X fquare:-ſquate-cube; | &c: 
which names Oughtred contracted, and wrote them 
thus; 'X'g, Kc, Af, A, Nec, Age, Sc.: but 
now cheſe names are pretty much out of uſe, except 
dhe an firſt, hen applied to a line ſquared or cubed. 
If we ſuppoſe x==5; we ſhall have 2x==10, 2g, 
grartg üg, 4xX=20, x*==625z\ G.. 
The multiplication of theſe powers is eaſy: thus 
xXx*==x5,0 becauſe rxxxxx==xxxaxx :: hence it may 
be obſerved," that the addition of indexes will always 
anſwer to the multiplicatiowof powers, provided "ey 
be powers of the ſame quantity; for a8 23 f, ſo 
N , Ac: but if they be powers af different 
quantities, their indexes muſt not be added: thus 
K = , and K g . And here it 
muſt be obſerved, that if a number — found between 
two letters, it muſt always be referred to the former 
letter: thus 2 does not ſigniſy ax ax, but a*xx%. 


| The multiplication of furds. 

8. This mark x/ ſignifies the ſquare. root of he 
number to which it is prefixed, and is generally pre- 
fixed to numbers whole ſquare root cannot be other- 


5 vile expreſſed, either by whole numbers or fractions: 
ang WE: thus 


Fl 


wet; c. Hieta, |Ougbtred,' and ſome other anja- 
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N "hs 15 . eee berwint addin — 


. 4 , 
* i & P. 2 N 


75 


e 57451 25 


That be Fouls a braiſt nn not bo — the 
ope rations of addition ànd multiplication, as is fre- 
Billy done; I ſhall here ſet down ſome marks of 


* 
diſtinction, which he ought to attend to: 


As firſt, a added to's makes aa, but a multiplied 


into à makes as. 


2aly, a added to 0 makes a, but 4 multiplied into 


: „ makes o. 


34h, a added to — makes a, bur a e multiplied into 


E24 makes — 242. 
*$ 4thly, — 2 added to — 3 makes 2 but — 2 


multiplied into —a makes -+as. 


S by, a added to 1 makes , but 4 multiplied 


* into 1 makes a. 


' 6thly, 2 a added * makes 20-34, but a c 


4 multiplied into — 35 makes — 64 b. 


For a further confirmation of the * I have 


added, by way of exerciſe in his algebrgic language, 


the following equations; which 1 deſire he would 


Y oy ute after me. Suppoſe a = , and d 3 : then 


10 \ | | 

4 2dly, 4 C543. athly, New. i. .\5Toly, 

425 49. ch het 2 oy hly, br. Sthly, 
342343. 7.4 aab=1 


all have oo „ d2dly. — 4. 


rothly, a =63. 
11thly, 5565. tathly, 4 1 94-42 
＋9 ioo. N aa —2abJ-bb=49—42-|-g9= 
16. Iathly, e 441 
+1894+27=1000. r5thly, "hong 34 


4 A 


Tg 1 7 Oy powers and TER indexes, 


| Whenever i in multiplication a letter 1.0 be re- 


peated oftener than once, it is uſual, by way of com- 


9 to write down the letter with a al 
ter 


- 


Art. „18. At6inr Are Qvantiries; | 81 
after it, ſhewing how often that letter is to be re- 
peated * — of 'x we write *, inſtead of 
kur we write , inſtead of waxy we write * He. 
Theſe products are called powers of x; the figures 
repreſenting the number of repetitions, are called the 
indexes of thoſe powers and the quantity a, from 
vrhence all theſe powers ariſe, is called: the οt of | 
theſe or the firſt power of j * is called the 
ſecond power of x, the — the fourth 
owet, Sc. Vieta, Dughbtred,. and ſome other ana- 
87 inſtead: of ſmall letters uſed capitals ; andꝭ inſtead 
of numeral indexes, diſtinguiſhed theſe powers by 
names : thus Vieta in particular called &; E. . 
*, I cube; „, X fare mar; #*, X quare-enbe-; 
wy 4X eabeocabe z) > fy M feuare-ſyniate-cube,-- &c : 
which names Oughtred contracted, and wrote them 
thus; g. Te, 4, Age, Nec, Egle, Sc.: but 
now theſe names are pretty much out of uſe, except 
therws! firſt; hen applied to a line ſquared or cubed. 
If we ſuppoſe x=5; we ſhall have 2x==10, mant, 
Se x*2=125; 4X==20, * 626, Gr Fro! 
The multiplication of theſe powers is eaſy: thus 
xiXx*==x*5 becauſe xxx πππτ t whence it may 
de obſerved," that the addition of indexes will always 
anſwer to the multiplication of powers, provided they 
be powers of the ſame quantity; for as 2＋E 3 g, ſo 
* , Wc: but if they be powers of different 
quantities, their indexes muſt not be added: thus 
K =4a*x*%, and a K . Aud here it 
muſt be obſerved, that if a number be found between 
two letters, it muſt always be referred to the former 
letter: thus 4 does not ſignify ax ax, but a 


| 1200 he multiplication of furds. | 
g. This mark / ſignifies the ſquare, root of the 
number to which it is prefixed, and is generally pre- 
fixed to numbers whoſe ſquare root cannot be other- 


. wile expreſſed, either by whole numbers or fractions: 
123 F thus 


/ 


—B — — 


2 — 


— 
——UU— . ——— — ——̃ —— — 


— 


* 3 — — — — - — „ 
22 
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chus 2 fignifies the ſquare root of 2; V the ſquare 
' Toot of a, Sc. Theſes roots are commonly called 
ſurd roots, or irrational roots, becauſe their propor- 
tion to unity cannot be expreſſed in numbers 
Whenever two ſurd numbers are to be multiplied 


l together, the ſhorteſt way will be, to multiply the 
numbers themſelves one into the other without any 
regard to the radical ſign, and then to prefix the ra- 
Adical (ſign to the product. Thus if / 4 is to be mul- 
” tiplieanto i, the product will be / a b which I 


thus demonſtrate : let /az=x,” and y; then wilt 
* , and b, and ab, and yr =; but 
*, Or N N by the ſ oppolition 3 therefore, 
 w/axn/b==wn/ab. Thus w/2xv/3==v/6. . | 
. Theſe: multiplications are of e uſe not 
only in matters of ſpeculation, but alſo in practice: 
For ſuppoſe I had occaſion to multiply the ſquare root 
af 2 into the ſquare root of 3, if 1 had not this rule, 
1 muſt fitſt extract the root of a, to whẽỹ degree of 
exact neſs I think proper for my purpoſe; then again 
| muſt extract the root of 3 to the ſame degree of 
exactneſs, and laſtly I muſt multiply theſe two roots 
together, before I can obtain the number wanted: 
but after it is known that V=, the whole 
operation will then be reduced to the extraction of 
the root of 6 only: nay it ſometimes happens, that 
two roats, though both irrational, ſhall have a ra- 
tional product: thus v/x/8=v/16==4, 5 _—_ 


x ail c gabe. 


* the « mubiplication of compound algeraie | 
{> qwantities; 0's = 2190 l 


9. The multiplication of compound algebraic quan- 
tities is performed, firſt by multiplying the multipli- 
cand into'every. particular member of the multiplica- 
tor, and then reducing the whole Re into devs 
0 ket and poſſible. PE 


* 
my 


Art. 9 1AL6EBRare QUANTITIES: [7 „ 33 
As for example; let it be required to multiply this 
compound quantity 6Y—ya4---85into this compound 
quantity 2X%—3a-4b: here: having put down the 
multiplicand, and the r under it, and 
beginning at the left hand (for it is all one which 
way the operation is carried on,) I multi ply 3he whole 
multiplicand into 2, the firſt member of my multi- 
plicator, and the product is _12xx — 144x — 1 66x, 
which I put down : then I multiply the multiplicand 
into —3a, the, next member of the multiplicator, 
and the product is —18ax-219aÞ244b; whereof 
the firſt member —18ax,/1,-place under IAN be- 
fore found, being of the ſame denomination, for the 
conveniency of adding; the! reſt, to wit, ＋2 14a 
2 4ab, I place in the firſt line: this done, Ino mul- 
tiply by 45, the laſt member of the multiplicaror, and 
the product is 24% 284632 whereof I place 
24bx under — 16, and —28ab under +2446, and 
the laſt member — 3255 I place in the firſt line, as 
having no quantity of the ſame denomination to join 


F'2 


IF 2X E ＋ 4 1 K 1 'F 
OY 00 — err & VDDE . 
a 12xX 14a 16 fa 4 , 24ab—328þ $1 
2 | - — | | 
Sum 12x» —32ax+ 8bx21aa— qab—=32bb. + 
2  Example'2d. 8 
5 5 + 8 
. 1 $ax+ LAa 15 — 164 C2, 
| 4, =l2ax-ight 20a 
l g a * 3 Ia AO 2 5bb. 8 4 
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; Exanyite Ich. N sth. Example 60. 15 


e 


[x N. B. A daſh over ny} or more quantities "ny 
fies that all thoſe quantities are to be taken into one 
conception, or to be conſidered das making up bur 


one compound qliantity : thus aIF x td does not 
ſignify that which ariſes from- mulriplying bxc, and 


then adding a- to the as it might be miſ- 
taken wirhout the daſh ; b but it Ggnifies the product 


of the whole hole quantity — the whole 
quantity d. : 


The * of. 8 n 
10. In the zd example we multiplied STG 


into 2** g aa, and the product amounted to 1 2x* 
—J246*-bra***—520*xd-224*; let us try this in 
numbers, and ſee how it will anſwer. In ordert to which, 
we may ſuppoſe @ and x equal to any two numbers 
-4 whatever, but the ſimpleſt way of tryal will be to 


F 4 
_ a 


„ 0 


make 


LC 155 4e QUANTITIES; re 88 
and 1 3, and then we ſhall TN 
7 6xx=6, par 7, 204 
nd z therefore the multiple 
is 75 again, 1 in the multiplicator we have 282, 
zar = g 3» +4 aaa. and 2—3+4=3 3 | t 
the „ e is J: and y the multipli Ap 7 1 
tiplied i 175 3 the multip licator, gives 21 for. 1152 
duct. us. now examine the ſeveral parrs 
pe 1 hy are here repreſented in Jetters, an 
e bey will amount do that number: z2x%= 
12, —3 2 32, T6142 =--61 S 2, 
ae and 12 N 1—52+3 2, Amount 
to juſt 23 This may ſerve as a proof to the: wo 
though hot. A Rt ary one far it is not impoſſible 
but there may | be a conſiſtency this way, anc yet the 
ark be falſe ; but this will rarely happen, unleſs ic 
bee ſigned. © But the work may ſtill be confirmed 
aking ai, and Iz for then the multipli- 
3 will be 64-7+8=21; and the multiplicator 21-3 
+4=93 and the product i ee ef | 
which is the ſame with the product of 21 the multipli- 
_ multiplied 1 25 9 * maltiplieator. a 


n reneral ehearems mM be obtained », 
£ . multiplication. in 8 2 XN M 


* 886 Fat theſe algebraic multiplications are 3 
and demonſtrated many very uſeful theorems i in all che 
arts of Mathematicks,;. * , I ſhall juſt give, the 
learner a taſte, and then proceed to another ſübject. 
In the fourth example of compound multiplication 
we found, that a+b multiplied into 2 produced 
aa—db; "whence I infer, that The ſum and Giference 
any two numbers mulliphed together will give the dif- 
erence of their” [quares, and vice versâ: for a and 5 
will repreſent any two numbers at pleaſurez #@-+b their 
ſum, a—b their difference, and aa -I the 3 — 
of their ſquares : thus if we Au any two numbers 
Whatever, ſuppoſe 7 and 3, the difference of their 
1 ſquares 
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ſquare 'of each part, and tht double rectangle, or 4 255 


TY | . b . 
86 Theorems arifing from Multiplication." Box l. 
ſquares" is 49—9, or 40 Aud 10 their" film, mlt. 


(OTE EL fe! * 


plied into” 4 their difference,” makes ll 1 
l o — 


4 


| Kances in numbers ſerye well enough to Nuftrate a. 


may be true in ſome particular caſes inſtanged in, and 
0 be true in /peciebug, that is, in Jetters or ſy bols, 
is a ſofficient demonſtration of it, becauſe cheſe arc 
Sd LO-t-5 jr ?. 
7 x3 73% \.5 * LI a , 5 q 2 4 4 
In the zth example it was ſhewn, ras a-Eb multi- 
Ta, whence 1 in- 


if the num er 10 be reſolved into 7 and 33 100 the 
F 


loo. 

In the 6th example we found, that a—b multiplied 
into itſelf, produced, aa 2b L whence IT infer, 
that If from the ſum of the ſquares of any two numbers, 
pe 1 the double produt of thoje numbers, there 
will remain the ſquare; of their difference: for aa{-bb is 
the ſum of the ſquares of @ and þ, and 240 is their 
double product, and 'za—224-E4b was found to be thy 
ſquare of #—5, that is, the ſquare br ihe Aﬀferente'of 
4 and thus in the numbers 7 and 3, the ſquare of 
7 is 49, the ſquare of 3 is nine, and the ſum of their 
ſquares is 38; and if from this be ſubtracted the double 
product 42, the remainder will be 16, the ſquare of 
4, 79 885 of the difference of the numbers 
Jer bei two laſt rheoreths ate in ſubſtance the fourth 
naar "6 BY N es 12 
and Teventh propoſitions of the ſecond Book" of Euclid. 
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O the divifion of fimple algebraic quantities. 


13. The diviſion of ſimple algebraic quantities, 
where it is poſſible in integral terms, is performed, firſt 
by dividing the numeral coefficient of the dividend by 
the numeral coefficient of the diviſor, and then put- 
ting down after the quotient, all the letters in the di- 
vidend, that are not in the diviſor; the ſign of the 
quotient in diviſion being determined by thoſe of the 
diviſor and dividend, juſt in the ſame manner as the 
ſign of the product in multiplication is determined by 
thoſe of the multiplicator and multiplicand; that is, if 
the ſigns of the diviſor and dividend be both alike, 
whether they be both affirmative, or both negative, 
the quotient will be affirmative, otherwiſe it will be 
negative: thus if the quantity I 20 is divided by 
— za, the quotient will be 46 which I thus demon- 
ſtrate: In all diviſion whatever, the quotient ought 
to be ſuch a quantity as, being multiplied by the di- 
viſor, will make the dividend; therefore, to enquire 
for the quotient in our caſe, is nothing elſe, but to 
enquire what number, or quantity, multiplied into 
— 3a, the diviſor, will produce — 1240, the dividend. 
Firſt then I aſk, what lign multiplied into —, the 
{ign of the diviſor, will give , the ſign of the divi- 
dend, and the anſwer is g therefore - is the ſign 
of the quotient: in the next place I enquire, what 
number, multiplied into 3, the coefficient of the divi- 

ſor,” will give 12, the coefficient of the dividend, and 
the anſwer is 4; therefore 4 is the coefficient of the 
quotient: laſtly I enquire, -what Jetter multiplied inco 
a, the letter of the diviſor, will produce ab, the deno- 
minator, or literal part of the dividend, and the anſwer 
is B; therefore þ is the letter of the quotient: and thus 
at laſt we have the whole quotient, which is 4b. 
And this way of reafoning wil carry the learner 
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through all the other caſes. 
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Of the mtation of algebraic Hadi. 
© Wheriever" a diviſion; according to the foregoing 


method is found impoſſible, the quotient cannot be 


otherwiſe expreſſed than by a fraction, whoſe;nume- 

rator is the dividend, and denominator:the diviſor; 

ſee the introduction, art. 13. As if it was required 
to divide a by 5. Wbich di viſion is impoſſible ac- 


cording to the foregoing: 15 the quotient muſt be 


expreſſed: by this fraction 5 which is uſyally read 


thus @ by 5, that is 4 divided by b, or the quotient 
of 8 divided by 5; for in Algebra the word by is, 
generally ſpeaking, appropriated to diviſion, as the 
word into is to multiplication.” e I PHOUr. S011 19 

If the numerator, or dedonmbatdre or doch be 
e 602 the bon) ad fractions wut be 

i a IG be Ton. 'pollible according | to the 
foregoing rules, and partly impoſſible, it muſt be pur- 
ſued as far as it is poſſible, and the reſt muſt be repre- 
fented by a fraction, as in common diyiſion : thus 
if a d d + c was 3 be divided by 4, the quotient 


would be pb +7. of 
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little different from che rule of proportion in common 


arithmetic, that one example of it wild he ſuſicient. 
Ler chen the following queſtion be put N a: gives 
b, what will c give? here the ſecond and third terms 
multiplied together produce vc, and the quotient of 
_ this, divided by the flrſt term a, cannot otherwiſe 
15 is - d nol 


pan ed d e e = 03 21. #. #434 oh . 
* 
be expreſſod than by the fraction 2: this is evi- 


dent from the notation of fraftions explained in the 
x3th article. But as I have hitherto purpoſely avoid- 
ed alt conſideration of proportion, chuſing rather 
to appeal, upon all occafions, to the common idea 
every ohe has or thinks he has of it, than to be 
more particular, it may not be improper,” now we 
come to reaſon more cloſely upon things, to enter 
more diſtinctly into the particular nature of propor- 
tion, ſo far at leaſt as it relates to numbers, and ſhew 
„„ „c / ac can 
According to Euclid, four numbets are ſaid to be 
ropottionable,, that is, the firſt number is ſaid to 
have the ſame proportion to the fecond,” that the 
third hath, to the fourth; or the firſt is ſaid to be to 
the ſecond, as the third is to the fourth, when the 
firſt number is the ſame multiple, part or parts, 
of the ſecond, that the third is of the fourth: but it 
will be aſked perhaps; How can we know, what 
parts, part, or multiple, any one numher is of ano 
ther? To which I anſwer, by a fraction, whoſe nu- 
merator is the former number, and denominator the 
latter: thus the fraction 3 expreſsly ſhews, that the 
numerator 2 is two third parts of the denominaror 3; 
for this is certain, that 1: 15 , part of 3, and therefore 
2 muſt be J of it: for the fame reason the frattion *2 
ſhews that the number 12 is *4-ori of the number 
$ x and kr, che Kaen 5 hens his the wom- 


o D A aac 8 
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ber 12 is *; of, or 3 times the number 4, and con- 
ſequently, that 12 is a multiple of 4, as containing 


it juſt 3 times without any remainder: therefore to 
any one who underſtands fractions, Eudlid's idefini- 
tion of proportion may be more diſtinctly expreſſed 

thus: Four numbers are ſaid. te he proporiionable, 

toben a fraction whoſe namerator is the. firſt number, 

and denominator the ſecond, is equal: ia a frattion whoſe 

numerator is the third number, and \; denominator the 

fourth. Thus a is to 3 as 4 is to 6, becauſe + is equal 
to +; thus 12 is to 8 as 15 is to 10, becauſe j equals 

: 238, both being reducible to 5; thus 2 is to 6 as 4 is 

to 12, becauſe 3 equals +, for each is equal to 2; 

laſtly, 6 is to 2 as 12 is to 4, becauſe 5 = 1 3. 

From this idea of proportionality may be demon- 

ſtrated a very uſeful theorem in Algebra; which is, 

that Whenever four numbers are proportionable, the 

+ produft of ihe extreme terms multiplied together will be 

Lt equal to the produft of the two middle terms ſo mul- 

1 Ii plied: for let a, 5, c, and d, be four proportionable 
numbers in their order; that is, let 4 be to 5 as c is 
to d; I ſay then that a d the product of the extremes 
will be equal to bc the product of the two middle terms; 
for ſince @ is to & as c is to d, it follows from what 


e hide: oP | * Say ee ee e 
has already been laid down, that the fraction 1 is ez 


" — * 
n 2 dye 
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qual to the fraction J multiply both the terms of 
the faden 5 inte &. and bath thoſe of the fraction 
£ into'b (which mulciptications * be anade with- 
out altering the values of the fractions,) and then you 


„ , / rok 
vin tave ge chat is, the quotient of a 4 
divided by d, is equal to the quotient of 4c divided 
by 4d; therefore a4 muſt be equal — 


15 ; Ade | 2 
Art 155 16. iir, 75 arge. 3k, 


the product of the Extremes, equal 
— of the middle terms "9. 5 5 = ih * 


The. converſe of; this propoſition: i is: alſo true, to 
wit, that Whenever we have an equation in numbers,” 
wherein the - produ® of tun nutinbers on one fide d. Foun 
equal Ta"the” product f two numbert un the other, 
an equation may be reſolutd\'into four proportional, rt 
? the' $wo numbers on tiber fle, the”. extremes | 
and thoſe on the otber ſad ibe middle terms: thus 
if ad Se; by making & and d the extremes, abd 
b and e the middle terms, we ſhall have à to 5 as 
to d: if this be denied, let à be to h 28 c to e; then 
we ſhall have a by the laſt; but ad e by 
the ſuppoſition: therefore ac =ad; {RI o 
equals 4, and a is to bas 0's to d. 2 E Ee: 
—— JU Lab YE 
Cor Gl AR V3. 
Wbegce es a, b . "and g, be contignal 

that i is, if a is to þ as. b 18 to c, we ſhall have 1 
and e conver/a, if * = cher then a, We Sin be 
continual proportional, . leck » I v0 


e common 1 pro ELF, of. þ elbe in = 


em numbers demonjtrat 


—w 


+7 
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may be demonſtrated all or moſt of the common 


properties of Fan numbers with a great 
deal of eaſe, ſome of the moſt uſeful whereof. I ſhall 
here throw to ogrther, into one lingle article, for the 
reader to peruſe, cither at preſent, or hegealier, as he 
ſhall ſee occaſion,., 

7 Firſt. then, from what has hn, a may the rule 
of three, which conſiſts in finding a fourth propor- 
tional, be: moſt diſtinctly demonſtrated: for let a, & 
and c be three numbers given, in order to find d. a 
fourth proportional ; then ſince à is to h as c is to 4, 
you will have a d the product of the extremes, * 


92 ties of -Propottionality. . Boon . 


of * 
to bc the 2250 of the middle terms; divide both 
ſides of the equation by 4, and, you will have a= 


7 which is as much ag ta ſay, ' that” if "three vom- 


hers be given, 2 fourth proportional may Thar dt 
by mu the ſecond and third ene, 
A de by the firſt. -- Wonder 


In the rule of three inverſe, let the oumbers. ben 


diſpoſed according to form be a, , and g then 


whoſoever attentively conſiders the nature of that 
rule, will ealily ſee, that the fourth number there 
2 for, is not to be a fourth proportional to the 

e numbers given as they are diſpoled ia the order 
4, B, c, but as they ſtand in the order c, b, a, or 
c, a, b, and therefore, in this caſe, the fourth number 


will be 22. ; 


Secondly, if two e be * to a third, 
they muſt de equal to one another, becauſe if two 
fractions be equal to a third, they muſt be equal to 
one another: thus if @ is to 5 as c is to 4, and c is 
to 4 as e is to f, we ſhall have à to bas e pion; 8 

Thirdly, if a is to & as c is to 4; then 5 will be 
to à as d to e, which is ealled inverſe proportion*: for 
if @ is to þ as c is to 4, we hall have 4d = bc; make 
b and c the EXtremes, and You will have "bh to.0 as 
or e 
rt Fourthly, if & is to h as c is to FR we wall have, 
by permutation, à to c as 5 to d: for ſince @ is to b 
as'c is to d, and conſequently a d = bc, make à and 
A the extremes; and c and 2 the middle terms, and 
you wilt have u toc as > to d. i 

Fifthly, if à is to 6 as c is wit and any 1 
multiplicators whatever be affumed, as and 
fay then, that e is to. fs as ec to Fd, for, 11 
8 is to & as cis to d, and ſo d be; multiply both 
lides of che 22275 by the: Produkt e 715 and Ar Will 

* 2 + "have 
FIC DI gif 11 913 16 7200019 913 & © 560 HW DOY 
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Art. 16. Ap ga 93 
have, ade r bie hüt 4 dRef=eaxfd, 
and BSN =Ff dats thereſure e ab d Fb xeck 
make ea and Fd extremes, and the pro will 
ſtand thus 3 e ig to f $ya8ec to & In like man- 
oy mulatis e > be 5 
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Sinthly, if 8 is to ö 28 . d to dʒ dhen 1 is to 47 a 
6 is to 4. for ſince a is to & as fis to d, and ſd 
4d ſquare both ſides. of the equation, and 
you will have af d. H make & and d. extremes, 
und * will have 4* to 3 as, & to d. And by 
taking theſe ſteps backwards, it will alſo appear, 
that if 4 is to & as “ is to 4; 4 i f 5 uc 15 te . 
and /a is to , as /e is to d. 
Seventhly, if @ is to 4 as 'c eich then, en.-by 
compoſition (as it is called) 2 E is to das fd 
is to 4; or 2 Pb is to u as c +4 is to : for 
ſinoe 4 is to 3 as „ is to 4, and conſequently 
ad==bc; add bd to both ſides of the equation, and 
you will have 6d + 5d =bc+b4; but 9d , is 
the product of 273 multiplied into d, as is es- 
fily ſeen; and 5 c- d is the product of 5 multi- 
plied into nto C4; therefore 43 bxd=bXce+d; 
make ab and d extremes, and you will have 
2 T5 to b as Tad to d. Again, fince bc ='ad, 
add ac to both ſides, and you will have ac+dc 
= ac+ad, that is, PX cDNA; make 
a and c extremes, and you will have a+ 
to aas cÞ+d toc. —y 
__Eighthly, if a is to h as c is to d; then n_ by diviſion 


is 10 5 2 f id 0 43 or + is to 6 
| as 


94 „„ Beox: . 
as AH to c, This propoſition is demonſtrated" by | 
ſubtraction, juſt in the ſame manper as the'laft was 
by addiction: Ie! 21 bas inis * \ Dns hy 22 
Ninthly, if to dr from: tw Vumbets in any given 
Proportion, be added or ſubtracted other two numbers 
in the ſame roportion, the ſums or remainders wil | 
ſtill be in th the'f ſame proportion with the numbers firſt 

propoſed : thus if the numbers c and be in the ſame 
proportion with the numbers @ and 5, that is, if 28.4 
Is to 5 ſo is c to d, and if to or from the former two 
numbers be added or ſubtracted the latter: we wall 
have not only a. N to S Pd a d to ö, but alſo 4 
463 as a to þ: for ſince, by | the opp fin, is 
c0 b as cis to 4; it follows by permurarion, thar g i 

ro cas 5 is to d; and by compoſition, that = » xg 
a as A to þ; and again by permutation, that ac 
is to b+d as à is to br: in like, manner by: per muta- 
tion and diviſion we ſhall have 2—r to 7 as 4 to b. 

Tenthly, if there be three numbers a, b, and c, 
and other three numbers d, e, and 5, proportionable to 
them, and in the ſame order, that is, if as a is to b 
ſod is to e, and as 6 is to c ſo e is to ; I ſay then, 
that, ex 18 the men be in the 1 3 


2419 & + 


Fore b to e as c to fe ſince then 9 is to 4 as b to e, 
and 5 to e as c to /; it follows from the ſecond pro- 
poſition, that à is to d as c to f; and by be 
that a is to c as d to /. 

Eleventhly, if there be three 1 a, 4 and c, 
and three other numbers d, e, and, proportionable to 
them, but in a contrary order, ſo that à is to h as e 
to 7, and b to c as d toe; I fay, that the extremes 
will ſtill be proportionable, to wit, that @ will be to 


c as d to F. for ſince à is to b as e to /, we have 
af=bez 
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af bei moreover ſince b; ü is to c as d to e, we have 


cd—be; therefore af =c4; make 4 d, extremes, 


and you Tt ve a to c as d to 
W. B. If Ja be two ſerieſes 25 numbers, as — " 8 


Oe. ; 4 if the Sc.; each ſeries conſiſting of the he 
number of terms; and if all the proportions between 


- contiguous; terms in one ſeries be reſpectively equal 
to all Fab = - 


e in the other, that is, each to each, as 
they ſtand in order, as if a be to b as d to e, and þ to 
case to f, &c.; then the extreme terms of one ſeries 
will be proportionable to the extreme terms of the 
other: 1 1. demonſtration of the renth pro * 
may be extended to as many terms as we pleaſe; a 
this proportionality of the extremes is ſaid to We 
ex quo ordinate, or barely ex equo, that is from a 
reſpective equality of all the proportions in one ſeries 
to their correſpondents in the other, in an orderly man- 
ner. But if every proportion in one ſeries, has an 
equal eee to anſwer it in the other, but not in a 
correſpondent oe of the ſeries; as if a be to h as e to /, 
and btoc as 4 to e, Sc.; then though the extremes 
will ſtill be 1 as will be evident by con- 
tinuing the demonſtration of this eleventh propoſition; 
yet now the proportionality of the extremes is ſaid to 
follow ex @quo perturbate, that is, from an equality 
of all the proportions in one ſeries to all thoſe in the 
other, but in a diſorderly manner, | 

Twelfthly, if a is to ö as c is to 4; we ſhall Lav 


ab to a—b as +4 is to -d: for ſince à is to 
5 as c is to d, we ſhall have by compoſition, ab 
to a as bd i is to c; we ſhall have allo by diviſion, 
4b to aas cd to c; and by inverſion, 4 to a—b 
as c to -d: ſince then we have aÞ+b to a as A 
to c; and a to a—bascto cd, that is, ſince we 
have three numbers, ö, a, and a—b, and other 
three numbers proportionable to them in the {ame 


order, to wit, cd, c, and cd; it follows ex quo, 
- That 
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that the arremes will be'propertionaley chat I That 
ab wil be to 2 as Pd ig ö eng = 

Thirteenthly, if there bel à ſeries of n numbers, 4 V. 
m, u, whereo! tis to Fas $i b, and fas as te 4, 


aud „n to nas? to /; Lay then that & che firſt term 
will be to » the Taft, as . all che 
other antecedents to h 4 the ptoduck of 75 other 
conſequents ! for & is ro, J a8 4 ro 5, by the wrpo. 
tion; and we' ſhall find that à is ro 5 As u to hee 
by muttiplying extremes and means; therefore E is 
to I as 4 to te, and for a ike reaſon 7's to mas 
bee tobde, and mis to #uas . PT 
e is to # asare to h l. _ 
n 2 extraction of the een roofs 27 a 
| . algebraic. quantities. "ef 


17. The extrafticn of the ſquare root Ne 6 Tu i 
braic quantities is ſo very eaſy, that it needs not to 
: be inGited.on.; Thus the ſquare root of aa is + or —a, 
the ſquare root of 9aa is + or — 3 a, and that of 44abb 
is + or — 2ab.; this is plain from the definition of the 
ſquare root; for the ſquare root of any quantity, ſup- 
poſe of 4aabb, is that which, being multiplied into 
itſelf, will product 44abb ; now —2ab multiplied into 
itſelf will produce 4aabb, as well as 5-246, and there- 
fore one quantity is as much its N root as. the 
other. 
When the fibare'n root of a quantity cannot be ex- 
tracted, it is uſual to ſignify it by this mark / thus 


Vaaa ſignifies the ſquare root of 249; thus /aa—4b 


Banifies: the ſquare root of the whole quantity Iva 
744 46 


thus rr ſignifies a fraction whoſe numerator is 


the ſquare root of the whole quantity 4 — 46, and 
ſignifies 


the 


whoſe denominator is 23; thus * 
| 6 "P24 
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the ſquare root. of the whole fraction, <= that 


is, the ſquare root of both the numerator ard deno- 
minafor. | 
When the ſquare root of a quantity ele: be ex- 
tracted, the quantity may ſometimes however: be re- 
OL? into two factors,, whereof the one is a ſquare, 
the other is not; and whenever this is poſſible; 
t root of the ſquare may be extracted, and the ra- 
dical ſign may be prefixed to the other factor thus 
1244 equals 449X133 therefore 4/12aa==28X4/3.- 


The ſeveral rules of fractions * in 


algebraic quantities: 


22. Fractions in Algebra are treated jult in the 
ſame manner as in common arithmetic, only uſing 
algebraical inſtead of numeral operations; as will 

plainly appear from the n enamples. 


Examples of the reduction * Faction from Migher to 
lower terms, according to introduction art. 765 


1 he fraction 7 =, dividing both the numerator and 


denominator by the ſame quantity 2 5, will be redu- 
ced to the fraction ==, a fraction of the ſame value 


with the, former, but expreſſed in more ſimple terms : 
| Whence we may infer, that whenever a common letter 
or factor is to be found in every member both of the 
numerator and denominator, it may be cancelled every- 
where, without affecting the value of the fraction: 


thus the fraction = , expunging c, becomes . 


a fraction of the ſame value. But if there be os x78 
member, wherein the factor is not concerned, it muſt 
RO” ; G not 


98. ExaurLEs OF -FRACTIONS Book 1 


not be expunged at all: thus the fraction EE 45 
cannot be reduced, - becauſe the factor c is not to be 
found i in e. 

Note, That cancelling 4 is not ſubtrafting, wor 
dividing : thus to cancel the letter + in the quantity 
a b, ſo as to reduce it tog, is not to ſubtract + from 
ab, I us to divide 4 5 byb, in WH caſe the quotient . 

will be 4. b 


Examples of fraBions reduced to the ſame denomi- 
nation, ECO ONE to introduction art. 8th, 


ff. The fractions 2 —and=, £4 reduced to the 


6 . 
ſame denomination, wil ſtand thus; 120 hs and — 5 
- 24 24 24 
2d. The fractions 7 and . ſo reduced, will ſtand 
a be . 
thus; = 7 — and 24 3d. The fractions 7 and 


4 after reduction, will ſtand thus; nf EY gsly 
RD: . L gouy' - 
and . And here I cannot but obſerve, that now 


the rule fr this reduction demonſtrates itſelf : for in 
this example it is impoſſible not to ſee, that all theſe, 
fractions, notwithſtanding this reduction, ſtill retain 


their former values: thus the firſt fraction —= 2 2. by 


cancelling common factors, is reduced to LING s for- 


mer value; and the ſame may be obſerved of all the 

reſt: and this example amounts to a demonſtration, . 

becauſe it is com Prehended 1 in general terms. But to go 
8 on: 
21 : . 
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on: 4th. The fraftions - — T. and— being reduced 


to the ſame Jengenincrid, become ws fe 3 


oth, And laftly, —- 2 and — when chus redu- 


64d 55 
ced, - become = and > 3" for-1 the numera- 


tor of the firſt fraction multiplied into 'a—b, the de- 
nominator of the ſecond, makes .=; and i the nui 
merator of the ſecond fraction multiplied into ab, 
the denominator of the firſt, makes 44-5; and the 
product of the two denominators a-l-b and. a—b mul- 
tiplied together is ag—6, as in the 4th example of 
the gth article, 


Pos of ation in fractions, atcorell mg to 
introduction art. g * 


iſt. Theſe frations ©, and *. * added 5 


garde, make * on 


ad. The fraction = aided torttle taftivn = 
makes or 4. OP Do.” 
3d. The fractions =, 2 and 7. when added 


3 —35 6 
together, m E jake — 2 : 


5. ; 

5. The fraction © 5 added to » the fraction 4 makes 
4d be af | | 5 

bd 


G2 5th, 


ExAUL Es of Fxacrions. Book L 
Seh. a added to s, that is, = added to — makes 


2 7th.” The fractions 2 _ „ undy, aka added 
pin Hg 2-H | 


roger make* 


za. — ; added HR 3 gives = See the 


Sth kr of fractions reduced to the ſame deno- 
mination. 


Framples of fi ubtrafion in fraflions, according to 
aniroduttion art. 1 oth. 


Nete fot, If the ſigns of both the numerator and 
denominator of any fraction be changed, which is no 
more than multiplying both terms into — 1, the va- 
lue of the fraction will ſtill remain. 

Secondly, T he denominator of a fraction is always 
ſuppoſed to be affirmative; and therefore if at any 
time it happens to be otherwiſe, it muſt. be made affir- 
mative by changing the fi den of both terms. 


Thirdly, e ” 1 and - _ _—_ are the ſame in effect as 


a 
2 55 e —5˙ as is evident from the nature of di- 
en: : and ſometimes, this latter way of notation is 


more convenient than the former. 


Fourthly, 


Art, 22. Id ALGEBRAIC. aAxrrrißs. AOL 
Frourtbiy, Therefore the ſign of the numerator is 
the ſign of the whole fraction; and to change the ſign + 
of the former, is the ſame in effect, as to change the 
lign of the latte. CPA LE te 
Fifthly, Whenever one algebraic fraction is to be 
ſubtracted from another, the ſafeſt way will be to 
change the ſign of the numerator of the fraction to be 
ſubtracted, and to place it after the other, and then 
to reduce them at laſt into one fraction: for if the 
ſubtraction be deferred till after the reduction is over, 
one may make a miſtake, ahd ſubtract the wrong 
quantity. Thus 1ſt. 5 ſubtracted from 7 gives 


24—4b 104—1 23 . KX 


| . 2 D 4 4 — ond 
3d. ſubtracted from a, gives < = — | 
i 24 
4h, Iz ſubtrafted from e —— 7 
23 ; : 


— 
RP ns” 


Examples of multiplication in fractions. 


The multiplication of fractions is performed by 
multiplying the numerator and denominator of the 
multiplicand, into the numerator and denanfinator of 
the multiplicator reſpeRively, 


Thus 1ſt; * + 
2 507 Jo. 
d. — 

; 41 © 6 "2497 - 
3d. S N cor e * 


| Pt Ex AMPLES or Fak ACTIONS Book l. 
Ab. xb 22. 4 gt 
4 ox 5 Shs ph nnd ary; 
726 60 ob 1210 
th. 20h * 


e e R 


a a 


T = A - 


£ 
8 


Le 
" * 


5 e 
* e „ df e 5 


* 
acd f ace-l-bdf--be ' | 
&X-1 7 ks. 


This multiplication might alſo be performed thus: 
d+= 
* 
AF 
dF 244% 
32th, 642 X += r Wy 


cc 
5 bb Mo 
Or, 44 + +5 See the work; 


3 


- 1 71 0 5 
ey bf . 22 1 5 2 
Art. 22, in Atcraxare QuvantiTIES. 103 
Heel! 264 4 Die inne 3 8 522 2488 18858 | 
l * - * 
f 
£ ; © 


4 4 * 2 1 * * 2 " ; - 1 * Us 
-:; "I 4 4 " # $4 7's 4.6 + * * s A b 2 g — 24 4 a 
— 


Fr. om of divi Non i in Factions. 


- Divifca in fractions is performed by mulciplying 
100 direct terms of the dividend into * inverted 
terms of the diviſor : thus, 


DIE IG 
1 7 * 1.7057 
5th, : 709) al — 6 5 or ah 

66.445) a+ > N= 


7th. Y) bo 25 =o for if we make # = 


aa 
D we llhave e = 7 ** "x nel 7. 


G 4 I ſhall 


404 Ox Equations. Book, I, 
I ſhall only give one example more, and _ ſhall 


be of the rule of pere. as follows: If — F gives 


I uber will 5 eiue? Ly 7% for 7 the . 


cond number, multiplied into — = the third, produces 


f 


2 7 and this divided by the firſt — quotes ho 17 


Of „ in Migehra ; ; and particularly of 
_ ſimple equations, together with the manner f 
reſolving them. 


23. Anequation in Algebra is a propoſition wherein 
one quantity is declared equal to another, or where 
one expreſſion of any quantity is declared equal to 
another expreſſion of the ſame quantity; as When we 
ſay 3 = 4; where 3 is ſaid to poſſeſs one ide of the 
equation, and + the other. 

An affected quadratic equation is an equation 
conſiſting of three different ſorts of quantities; one 
wherein the ſquare of the unknown quantity is con- 
cerned, another wherein the unknown uantity is 
ſimply. concerned, and a third wherein it is not con- 
cerned at all: as if xx — 2x = 33 ſoppoling x to be 
an unknown quantity. | 

If either the term wherein _ fimple power of. x | 
is concerned, as — 2 x, or, that which is called the 
abſolute term, to wit, 3, be wanting, the equation 
is ſtill a quadratic equation, though incompleat. 
Some indeed there are, who rank this latter fort of 
equations under the denomination of ſimple equa- 
tions; and ſo ſhall we, upon account of their eaſy 
reſolution 3 . though, properly ſpeaking, a ſimple 
equation is that whetein fone: power of the 

unknown 
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unknown quantity is concerned, all others being ex · 
cluded: a8 H 3 * =61, 2/3 3=4%= 5, Os. 
The uſe of theſe equations is for r repreſenting more 
conveniently and more diſtinctly the conditions of pro- 
blems, when tranſlated out of common language 
into that of Algebra. As for example; let it be 
to find a number wich the following pro- 
„to wit, that 5 of it with 4 over, may amount 
| tothe ſame as 14 of it wich 9 over: here, er in 
x for the unknobn quantity, the condition of t 
problem, : when tranſlated out of common language 
into that of Algebra, * * TO by the 


following equation, to . — 7 * 4 = — = +9: for 


+ of x, chat is, + of - — N therefore —— + 4 


lignifies 3 I : of x with 4 —_— T ſince. this * 
according to the Were amounts to the ſame with 


| the other, to wit, = =+93 en 


nounce them equal: bo one-another. | 
Now ſince, in the foregoing equation, as well. as in 
almoſt all others ariſing immediately from the con- 
ditions of problems themſelves, the unknown quan- 
tity is embarraſſed and entangled with ſuch as are- 
known, the way to diſengage it from ſuch known 
quantities, fo that itſelf alone poſſeſſing one fide of 
the equation, may be found equal to ſuch as are en- 
tirely known on the other, that is, in the preſent caſe, 
to determine the yalue of the unknown quantity x, is 
what is commonly called the reſolution of an equa- 
tion: for the effecting of which, ſeveral axioms and 
proceſſes are required ; ſome whereof, namely ſuch 
as moſt frequently occur, 1 ſhall here put down; the 
reſt I ſhall take notice x occaſionally, as my offer 


themſelves 


V 


7 


14 on Riad o N L. 


4 * — — 


Ws the un 7 finple equations 
of. ln | mp 
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. 1 4 6 frafion is to be. multiplied, by a a 
number, it will be ſufficient to multiply only the! numera- 
tor by that number. retaining the denominator the ſame 
"a befere.... Thus 4 multiplied into 2, gives 3, for 
the ſame reaſon that 4 ſhillings multiplied into 2 gives 
8 Ahillings;,.. thus in the 71 5 el, — 


7 F into 5, ry . 
8 4 15 1 OM 2. 


F * . * 2 ＋ : 
3 $3.3 


But if the . — ker My which: the frafion is 
o be multiplied, be equal to the denominator . of the 
Frattion, © then throw away the deriominator, and the 
aumerator alone will be the, product. Thus the fraction 


ab . 
F or a: Tel in the firſt 


HY 21 : 
exowple, f: "moltipled into 3» gives 2x _ A 


* 
* 


Jr pt into h; gives 


Nn into 12, gives 21. . 


Axiom 3. 


if the” 10 - Bier of an equation be eile or 
divided by the fame number, the two produtts, or quo- 
rients, will feill be oo to each 715 Thus in the 


firſt example, where — 0 == = ＋ T if both 
ſides of the Achten be a into 3, we ſhall | 
have 2 K ＋ 12.= — + 273 and if again this laſt 


equation be multiplied into 12, we hall have 
24 + 144 =23% + 24s 


AX ILO u 
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* 
e OR 2 | 


and placed on the other with. —_— fn, which is 
commonly called tranſpoſition, the two fides* will be equal 
to each other, Thus if 7+ 8 tranſpoſe 4-3, and 
you will have 72=10—3: thus if 7—3==4, tranſpoſe 
—3, and you will have Suns thus ik (as in the, 


. 


firſt example) 24x-F144=21%+324, tranſpoſe 21x, 
and you will have 24x—21x-144=324, that is, 
3x+144==3243 and if again in this laſt equation you 
_ tranſpoſe 144, you will have '3x==£324—144=180. 

Tranſpoſition therefore, as it is here delivered, is 
nothing but a general name for adding or ſubtracting 
equal quantities from the two ſides of an equation 3 
in which caſe it is no wonder, if the ſums or differences 
ſtill continue equal to each other. As for inſtance, in 
this equation abc, tranſpoling —+ we have a=e 
4: and what is this, after all, but adding 5 to both 
ſides of the equation? for if þ be added to a—by the 
ſum will be a; and if 4 be added to c, the ſum will 
be c-{-b; therefore ac ? again in the equation 
a+b=c, tranſpoling - we have a=c—b, which is 
nothing elſe but ſubtracting b from both ſides of the 


equation. 


The 1ſt Proceſs. . 
; * 
, when an equation is lo be reſolved, fractions be 
found on one, or both ſides, it muſt be freed from them by 
multiplying the whole equation into the denominators of 
the fallen ef td 
The 2d Proceſs. 

After tbs equation is thus reduced to integral terms, 
if the unknown quantity be found on both fides the equation, 


let it be brought by tranſpoſition to one and the ſame ſide, 
pie. to that fide which after reduction will exbibit it 


WmMaltve, 4 
45 The 


„ 


- 
$0LUTION, or vous L 
108 . „RR 9 5 . F 100 5 or ? a * * 9 * i 1 
: | 


. | The g Proceſs. be frond 6 

ter. this if am looſe known quantities be foun ont 

ant fide. with the unknown, let them alſo be brought * 
an/pe me. to the other fide of the. equation. 


3 Ons i The 4th Proc. = 77 
4 I quantity has any coę ent before 
5 u all by oy; * and the "—_ will be 
ved. . 


Te sth aa ir 3 
17 the 3 equation 55 be divided by the unknown 
quantity, let ſuch, a diviſion be made, and the equation 


chill be reduced to a more fimple one. Thus in the 16th 
example you have 615x—7xxx=48x; divide the whole 


equation by. x, and you will have 61 5—7xx=48, 
p the t3th example you have 2 — _ 3 divide 
the whole by x, which is Sou by dividing only the 


„ erg of the two 1 and you. _ N. r 


oP" 
2 . 


* 
ꝙͤä4«õ2⁰ - w , 


The 6th "Io g 
7. at laſt the ſquare of the unknown ——_ 5. not 
te unknown quantity itſelf, appears to be equal to ſome 
known quantity on the other ſide. of the equation, then 
the unkiown quantity muſt be made equal to the ſquare 
root of that which is known. Thus in the 14th ex- 
ample we have xx==36; therefore x==6, and not 1 8: 
in the Toth, we have zx=64 3 therefore s, the 


quare root of 64, and not 32, its half, 
Examples of the reſolution of fimple equations. 


24. Tis preparation being made, I ſhall now give 
ſome examples of the reſolution of fimple by anos: ; 
2 - 


4 
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and my firſt example ſhall be the equation given ia 
the laſt article, in order to trace out the number thete 

deſcribed. [41 Sr al die voy ne 


. 1 9 * 0 NY 
* l 4 3 w. 4.3 1 
: a % * 


In this equation it is plain, that there are two frac 
tions, = and , which muſt be taken off at two 
| ſeveral operations, thus: as 3 is the denominator of 
the firſt fraction, multiply the whole equation by 3, 


and you will have 2x 12 =—+ 27: again, as the 


denominator of the remaining fraction is 12, multip'y 
all by 12, and you will have 24x+144==215+324 5 
which is an equation free from fractions. | 
. 2d, It muſt in the next place be conſidered, that 
in this laſt equation 24x-+144==21#+324, the un- 
known quantity is concerned on both ſides, to wit, 
24* on one ſide, and 21x on the other; tranſpoſe 
therefore 21x, and you will have 24#==21x--144 = 
324, that is, 3u- E144 2324. If it be aſked Why 
choſe to tranſpoſe .21x rather than a4; my anſwer 

is, that had 24x been tranſpoſed, the unknown quan- 
tity, or its coefficient-at leaſt, after reduction, would 
have been negative, contrary to the rule in the ſecond 
proceſs; for reſuming the equation 24x-144=2 1x 
324, if 24x be tranſpoſed, we ſhall have 144=21x— 
24x-1-224, that is, 144=—3x-+324 : but even in 
this caſe, another tranſpoſition. will ſet all right; for 
if —3x be tranſpoſed in this laſt equation, we ſhall 
then have 3x 1442324 as before: all that can be 
ſaid then againſt this laſt way is, that it creates unne- 
ceſſary tranſpoſitions, which an artiſt would always 
%%% OH I FOR 25 PG Gs 

3ah, Having now reduced the equation to a much 
greater degree of fimplicity than before, to wit, 3x-þ- 
144 2324; becauſe the unknown quantity 3 * = 


— 


110 RzZSsOLU TIN or Boox J. 
ſtill a looſe quantity, viz. 144 joined with it, tranſpoſe 
that quantity 144 to the other ſide of the equation, 
and you will have 3#==324—144, that is, 3% 180. 
VM. B. By a looſe quantity I mean ſuch a one as is 
joined with the unknown by the ſign + or —, and 
not by way of multiplication, as is the coefficient 3 in 
the laſt equation. A u * 1 47 
_ 4thly, By this time the quantity x is very near be- 
ing diſcovered; for if 3x80, it is but dividing all 
by 3, and we ſhall have x=60: 60 therefore is the 
number deſcribed in the laſt article by this property, 

to wit, that £ of it with 4 over, will amount to the 
ſame as +} of it with g over: and that 60 has this 
property, will now be eaſily made to appear ſynthe- 
tically; for 2 of 60 is 40, and this with 4 over is 44 3 
moreover ;+ of 60 is 35, and this with nine over is 

allo 44. | g 5 
' © IN. B. A demonſtration that proves the connection 
between any number and the property aſcribed to it, 
is either analytical or ſynthetical: if this connexion 
is ſhewn by tracing the number from the property, 
the demonſtration of it is called an analytical demon- 
ſtration; but if it is ſhewn by (tracing the property 
from the number, the demonſtration is then "ſaid to 
be ſynthetical. | 

a” | Example 2. 
: ; —+12=5= +6. 
Here multiply by 3, and you will have 2x4-26= 
iG multiply again by 5, and you will have 
_10x+180==12x-+90 ;. tranſpoſe 10x, and you will 
have 180=12x—10x490, that is, 180=2x-|-q90, or 
rather 2x-|-90==180, tor I generally chooſe to have 
the unknown quantity on the firlt {ide of the equa- 
tion: tranipoſe 90, and you will have 2xz=2180—go, 
that is, -2x==90; divide by 2, and you. will have 


XK 45 · ET 


ws 
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The Probt. 


*The orginal equation hag £4 ord 242 42 7 
now if 3 ebe ee me i 2 12: | 82 [== 


again,'we have my = 36, and = + 6 = _ : there-' 

fore — 7 "+ * 7 1 6, CAS — amount if bar? 
3 

is 42. 


Example * n 


5 = . 2: therefore 1 = 24, 


therefore i My OT 8; therefore 1 985 20x—" 
18K ＋-48, that is, 120= 483 therefore 120—48 
=2x, that is, 2K 723 cherefore aa 


The 177 


3 


* 


The original equation wy 32 . 8 = Tt : now 
if #==36, we ſhall have — = 27, and — 25 * 5 = 32: 5 
we ſhall alſo have == =30, and 5 I 2 2373 there- : 


fore if x==36, we ſhall bes = 2 5 2. — + * 


= 1 
2 2 Ll * 72% 
ET . N 


therefore JOx—400==72#—640 z ; therefore —goo 
724—70x —640, that-is,'=<400==2x—640, or rather 
2 640 4; therefore z 640400, thar is, 
a N and #==120, 7 


* Ihe 


"op |, Rrzobunioy of Book. I. 
The Proof, | | 
weste equation, 25 na 25 By 1 
= 1 therefore Wies; tenor 2—5==100: | 


moreover 2=108; therefore 2 5 100 thee- 


10 
1 9 x 
Example g. 


5 5 6 4 therefore 3.60 
b 86 c —-63 7 therefore "ROM 


 =—=864==7992, that is, 123x—864=7992:3 there- 
fore 123x==7992-+864, what is, 12 3K 88 36 and 


e. 


* 


The Proof. WE 
The origin equation, — 5 . RET APR K 72 3 
therefore 7 — therefore _ — 8 = 32 : again, 
| 2 24 3 therefore 75. 274 —42 2232: there - 
1 | 
fore 7 „ * 


Example ho 


| 55 therefore —2 i there- 


fore 8x—192=1152-—6x therefore gk 92 
1152, that is, 14x 19221132 3 therefore 142 


e that is, 14#==1344 3: and x==96, = ö 
e 
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The Proof. 


The original equation, — —=24— = * 96 ; 


X 


.Q 


o* * - x 
=24—12=12; therefore 8 —4=24— 7 


Example 7. 


3 * 8 * 


56— 5 48 8 : therefore 224 — 3 * = 192 


— = therefore 1792 — 24 # = 1536 — 20x; 


therefore 1792 = 1536 + 24x — 20x, that is, 1792 
= 1536 + 4x; therefore 1792 — 1536 = 4x, that 
is, 4x = 256 z and x = by. 


The Proof. 
The original equation, 56— 5 248 — 2s * = 
64 3 therefore © =48 3 therefore 56— A, = 56 
—48 =8: again, 5 ="403 therefore 48 — = 
— —40 283 therefore AG hs = —48— 4 
rene 8. 


PEAS, 52 =8: therefore 324 — 4x 72; there - 


fore 324 = 72 ++ 4x; therefore 324 — 72 = 4% 
that is, 4x =252; and.x = 63. 1 


i & x | 0" 
had 163——=—4=12: again, 5 12 ; chetefors 7 


114 RRsoluriox or Book I. 
The Proof. 


The original equation, 36 == =8; x = 633 


therefore =28; therefore 36 _— = 36 — 28 


Example 9. 


_ 28— 12K 
— = — therefore 2X = — 5 


3 5 ; 5 
therefore 10x = 528 — 12x; therefore 10x + 12 x 


==528; that is, 22 x=528; and x24. 


The Proof. 
- "26S Ge * | 
The original equation, 7 = 2 — — 


therefore 7 = 16: again, 4 * 96; therefore 


r 2 
= —==16; therefore — = ————. 


Example-10. 


x., 180—;x 
_ — = 29: therefore 3x. A 
= I 16; therefore 18x + 720 — 20x = 696, that 
is, 720 — 2 x = 696; therefore 720 = 2 x ＋ 696; 
therefore 720 — 696 ==2 x, that is, 2x = 24; and 
Xx 12. f ! 


The 


Art. 4. Sits Foyation: © tg 
The dae 


the original equation, wo + 2 — 5 = 293 


* 123 therefore =—— =9gz 5x =6a.z therefore 


180 —5 x = 180 — 60 = 1203 therefore — 


120 Th 180 — 5x 
Cn or mr —  — 0 
- 203 theref 6 2 Aug N _— 


— 
— 


Example 11. 


13 
2 ＋· 3 41-5 
Multiply by 2 x + 3, and you will have 45 = 


44 ut Arup multiply by 4X == 5, and you will 


4*— 5 
have 180 x — 225 = ugy + 171; therefore 180 K 
— 14x — 225 = 171, that is, 66x — 225 = 171 
therefore 66 x = 71 * 225, that is, 66 * 3963 


and x = 6. 


The Proof, 
| Rs > IN 8 57 
Th le uation —— ; x=6 
e original eq . 12 = $ 


therefore 2x = 12 3 tidrefthe 2x +3=15z there- 


45 45 
= — again, 4x = 24; theref 
E ＋ "Res; gain, 4 4; therefore 


45 — 5 22 193 therefore _—_ - == = 3; there- 


H 2 Example 


— es 
— — —— 
— eg 
— —— — 


— — a, 


= 
— — — - 
—— ——I— 
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ä TP” Mg 
— : therefore 128 = . . 
34  5x#—6 5*—6 


therefore 640 & — 768 = 2 648 x = 864; therefore 
— 768 = 648 x — 640 & — 864, that is, —768==8 x 
— 864; therefore | 864 — 768 = 8 x, that is, 8 x 
= = 96; pe X = 12, 


128 216 


The Proof. 

2 2 216 

The original equation, eee e 4 * 12 
therefore 3 . . therefore 3 x — 4 = 32; there- 
fore — 2 = 4: again, 5 * = 60; there- 

6 
oe 5x—6==54 3 therefore — 52 — = 43 
216 

therefore — 2 == 


3 —4 58—6 
| Example 13. 


42 * 33 K 


: divide both numerators by x, and 
x22 K„—3 | 


you will have 5 35. f 8 42== *—70 
X—=2 X—3 —3 


therefore 42 — 126 =35x — 70; therefore 42x — 
35 * — 126 = — 70, that is, 7x — 126 — 70; 
therefore 7 x = 126 — 70, that is, 7x = 56; and 
x =8, 


— 
— 


The Proof 
The original equation, , ; x=8;3 there- 
| eas 
| 336 
fore x =2=6; 42x==336; therefore — == a 


2 56: 


— W C : 
=. & XP 9 => R 
0 Dre * 


therefore — 2 2 8; therefore 
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= 56: again, x—3==5; and 35x=280; therefore 


35% = 2 = = 56; therefore 2 * | 
N 5 X—2 X—Z 
| Example nt . | 
XX —=I2 XX—4 231 


3 4 
therefore 4% — 48 = gx — 123 therefore 4 — 
3 ** — 48 = — 12, that is, ** — 48 = —123 
therefore 5 Xx = 88 48 — art is, a 36 and 
1 Ge + 27 ie 4 hg 


The Proof. 


XX — 12 Xx — 


— 
— 


3 X=6; 


The original equation, 


therefore xx = 36; therefore ** — 12 = 243 there- 


— 3: again, æ * — 4 323 


3 I... 


fore 


& X — 12 


9 


4 —4 
2 
Example 15. 

8 * 


16 
therefore 5 x x = 192 + 128, that is, SEEM 3203 
therefore xx = 64; and x = 8. 


The Proof. 


The original equation, — — 8 2 123 x=8; 


— 8 = 12: therefore g & — 128 = 1923 


therefore xx = 64 ; therefore 5 xx = 320; therefore 


5Xx 320 S * 
2 — = 29; therefore — — 8 = 20 —8 
1 5 16 


= 12. a 
1 H 3 Example 


wo ated rg os) 
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Example 16. 
615 - R = 488; divide the whole by , 
and you will haye-615 — & = 48; therefore 615 
=7xx+ 48; therefore, 615 — 48 = 5xx, that js, 
7Xx==567 z therefore, xx = 81; and xe. 


The original equation, 6I5# — 7xx4 = 48x; 
e D g; therefore xv == 81; therefore xxx = 7293 
2 xxx = 51033 again, 615% = 5535; therefore 
GI 5X — 7xx8 = 5535 — 5103 == 432 : laſtly, 48x 
= 432 z therefore 615# 7 = 48x, - 


© _— 


r 


ELEMENTS or ALGEBRA. 


0. Di A 


Preparations for the ſolution of Algebraic problems. 


Art. 25. N ſolving the following probes I 


ſhall make uſe of a ſort of mixt Alge- 


unknown quantities, and numbers for 
ſuch as are known. This method, as I take it, will 
be the belt to begin with: but afterwards, when my 
young ſcholar has been ſufficiently exerciſed in this 
way, I ſhall then introduce him into pure Algebra, 
which he will find much more extenſive than the for- 
mer, not only as it enables him analytically to find 
out general ſolutions, taking in all the particular 
caſes that can be propoſed in the problem to which . 
the ſolution belongs, but alſo as it enables him after- 
wards to demonſtrate the ſame ſolutions or theorems 
ſyathetically. 
And becauſe I am not yet to ſuppoſe him ſkilled in 
any of the mathematical ſciences, I ſhall draw my 
roblems, generally ſpeaking, fron numbers, either 
conſidered abſtractedly, or elle as they relate to com- 


mon life, i 
wy,” IF 


bra, uling letters only in repreſenting - 
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If a problem be juſtly propoſed, it ought to have 
as many independent conditions comprehended in it, 
expreſsly or implicitly, as there are unknown quan- 
tities to be diſcovered by them; and it muſt be the 
chief buſineſs of an Algebraiſt, to ſearch out, ſift and 
diſtinguiſh theſe conditions one from another, before 
ever he enters upon the ſoluticn of his problem. 

I faid, that ſo many conditions ought to be com- 
prehended in the problem expreſsly or - implicitly, 
| becauſe it may happen, that a condition may not be 
expreſſed in a problem, and yet be implied in the na- 
ture of the thing: thus in the 44th problem, where 
ſeveral rods are to be ſet upright in a ſtreight line, 
at certain intervals one from another, it is implied, 
though not expreſſed, that the number of intervals 
muſt be leſs than the number of rods by unity. 

Sometimes a condition may be introduced into a 
problem, that includes two or more conditions: as 
when we ſay, four numbers are in continual propor- 
tion, we mean, not only that the firſt number is to 
the ſecond as the ſecond is to the third, but alſo, 
that the ſecond number is to the third as the third is 
to the fourth. | | 

Whenever a problem is propoſed to be ſolved alge- 
braically, the Alge braiſt muſt ſubſtitute ſome letter of 
the alphabet for the unknown quantity; and if there 
be more unknown quantities than one, the reſt muſt 
receive their names from ſo many conditions of the 
problem ; and if the problem be juſtly ſtated and ex- 
amined, there will ſtill remain a condition at laſt, 
which, tranſlated into algebraic language, will afford 
him an equation, the refolution whereot will give the 
unknown quantity for which the ſubſtitution wag 
made; and when this unknown quantity is once diſ- 
covered, the reſt will be eaſily diſcovered by their 
names. Suppoſe there are four unknown quantities 
in a problem; then there ought to be four conditions: 
now the firſt unknown quantity receives its name ar- 
bitrarily without any condition; therefore the __ 

ER three 
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three muſt take up three of the conditions of the 
problem for their names; and the fourth condition 
will ſtill be left to furniſh out an equation. | 

The learner muſt here be very careful to make no 
poſitions. but what are ſufficiently: juſtifiable, either 
from the expreſs conditions of the problem, or from 
the nature of the thing; all the liberty he is allowed 
in caſes of this nature is, that he is not obliged to 


draw out the conditions in the ſame order as they are 


given him in the problem, but may make uſe of them 
in ſuch an order as he thinks will be moſt convenient 
for his purpoſe; provided that he does not make uſe 


of the ſame condition twice, except in company with 


others that have not been conſidered. 

My method in the forty four following problems 
will be, to put down the anſwer immediately after 
the problem, and then the ſolution :- for in my opi- 
nion, this way of putting down the anſwer firſt, will 
not only ſerve to illuſtrate the following ſolution, but 
may alſo ſerve to fix the problem more firmly in the 


minds of young beginners, who are but too apt to 


neglect it, and to ſubſtitute chimerical notions of their 
own, that are not to be juſtified, either from the con- 
ditions of the problem, or common ſenſe. 

After the learner has run over ſome of theſe prob- 
| lems, and has got a tolerable inſight into the method 


of their reſolution, it will be very proper for him to 


begin again, and to attempt the ſolution of every 


problem himſelt, and not to have recourſe to the ſolu- 


tions here given, but in caſes of abſolute neceſſity: 
but after the work is over, he may then compare his 
own ſolution with that which is here given, and may 


alter or reform it as he thinks fit. 


equations, 


| PROBLEM I. | 
26. ¶ hat two numbers are thoſe, «whoſe difference is 14, 
and whoſe ſum when added together, is 48 ? 


A415. 
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Anſ. The numbers are 31 and 17: for 31—1 7 
74; and 31+r 7=48. | 


1 1 -Bio 1 rbb * 
In this problem there are two unknown quantities, 
5 wit, the two numbers ſought; and there are two 
conditions; firſt, that the leſs number when ſubtracted 
from the greater muſt leave 14; and ſecondly; that 
the two numbers when added together muſt make 48: 
therefore I pur x for the leſs number; and to find a 
name for the greater, I have recourſe to the firſt con- 
dition of the problem, which informs me, that the 
difference betwixt the two numbers ſought is 143 
therefore, if I call the Jeſs number x, T ought to call 
the greater x--14 : thus then I have got names for 
both my unknown quantities, and have till a condi- 
tion in reſerve for an equation, which is the ſecond: 
now according to this ſecond condition, the two num- 
bers ſought, when added together, muſt make 48; 
therefore x and x 14 when added together muſt make 
48; but x and x4 when added rogether make 2x 
i ; whence J have this equation, 2x+14==48 ; 
therefore 2xz=48—14=z24; therefore x, or the leis 
number i, and x-|-14, or the greater number ==Jr, 
as above. | 
In our ſolution of this problem, the notat ion was 
drawn from the firſt condition, and the equation from 
the ſecond ; but the notation might have been drawn 
from the ſecond condition, and the equation from the 
firſt, thus: put for the leſs number ſought; then 
becauſe the ſum of both the numbers is 48, if you 
ſubtra& the leſs number & from 48, the remainder 
48—x will be the greater number, ſo that the two 
numbers ſought will be *, and 48 -: ſubtract the 
former number from the latter, and the remainder or 
difference will be 48 —2x; but, according to the firſt 
condition of the problem, this difference ought to be 
14 ; therefore 48 — 2K 14: reſolve this equation, 
and you will have #5617) ns 48—x=31, as above. 
| PROBLEM 


27+» Three perſons, A, B and C, make à joint contri- 
_ bution, which in the whale. amounts 10 76 pounds : of 
' this, A contributes a certain ſum unknown ; B con- 
tributes as much as A, and 10 pounds more; and C, 
as much as both A and B together : I demand their 
ſeveral contributions. 60 | | 3 
Anſ. A contributes 14 pounds, B 24, and C 38: 
for 14+195=24, and 14F24=38, and 14424538 
276. N "1516 "4264 SHED 2$..59 ; * 
x7; > SOLUTION. 


TE NF | 8 I 9 
la this problem there are three unknown quantities, 
and there are three conditions for finding them out; 
firſt, that the whole contribution amounts to 76 
pounds; ſecondly, that B contributes as much as A. 
and 10 pounds more; and Jaſtly, that C contributes 
as much as both A and B together. ä 
Theſe things being ſuppoſed, I firſt put x for 4's 
contribution; then ſince, according to the ſecond con- 
dition, B contributes as much as A, and to pounds 
more, I put x+1o for Z*s contribution; laſtly ſince 
C contributes as much as both A and B together, I 
add x and y +10 together, and ſo put down the ſum 
2x10 for C's contribution: thus have I got names 
for all my unknown quantities, and there remains ſtill 
ne condition unconſidered for my equation, which 
is, that all the contributions added together make 76 
pounds; therefore I add x, and & To, and 2x19 
together, and ſuppoſe the ſum 4x4|208=76; there- 
fore 4x=76—20=256 ; therefore x, or 4's contri- 
bution, equals 14; x10, or B's contribution, equals 
243 and 2x-|10, or C's contribution, equals 38, ag 
above, 6 ai EIS. 


28. Suppoſe all things as before, except that now, the 


whole contribution amgunts to 276 pounds; * of 
e h NO Re Tel this 
” 


VF +5 


124 be Solution of Problems Bock II. 
this, A contributes a certain ſum unknoum; that B 
contributes twice as much as A, and 12 pounds more; 
and C three times as much as B, and 12 n more : 
I demand their ſeveral contributions, + 
Anſ. A contributes 24 pounds, B 60, and C 992 

ior 24X212==60; and 60X3-F-1 2281923 and * 

* 1922276. | 


SOLUTION. 


Put x for A's contribution; then becauſe B con- 
res twice as much as A. and 12 pounds more, 
B's contribution will be 2K 12; therefore if C had 
contributed juſt three times as much as B, his contri- 
bution would have amounted to Gx 36; dut, accord- 
ing to the problem, C contributes this, and 12 pounds 
more; therefore C' contribution is 6x--48 ; add theſe 
contributions together, to wit, x, 1. Fir and 6* 
48, and you will have gx-|60==276; therefore 9& 
276-60 2216; and x, or A's contribution, equals 
24; whence 2x12; or Bs contribution, equals 60; 
and 4 or C's contribution, equals 192, as above. | 


AS Cartons tr,” 


I know not whether it may not be thought i imper- 
tinent here to put the learner in mind, that after x 
was found equal to 24, the other two unknown quan- 
tities, 2x12, and een were found, by ſubſtituting 
24 inſtead or K. 


PROBLEM 4. 


29. One begins the world with: a certain ſum of money, 
swhich he improved ſo well by way of traffick, that at 
the years end, be found he had doubled bis firſt flock, 
except an bundred pounds laid oui in common expences; 
and ſo be went on cvery year doubling the laſt year's 
ſack, except a hundred a year expended as before ; and 
at the end of three years, found himſelf juſt three times 
4 rich as at firſt : What was his firſt flock? © 


—— ——— — . , OO ce eos <0. b 


* 
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 Anſ. 140 pounds: for the double of this is 280, 


and 280—100==180 pounds at the end of the firſt 
year; the double of this laſt is 360, and 360-100 


260 pounds at the end of the ſecond year; again, the 
double of this is 520, and 520—100==420 pounds at 


the end of the third year; and 420 pounds is juſt. 
three times as much as 140 pounds, his firſt ſtock.” , 


SOLUTION. 


Put x for his firſt ſtock, that is, let æ be the-num- 
ber of pounds he began with; then the double of this 
is 2x, and therefore he will have 2x—100 at the end 
of the firſt year; the double of this is 4x—200,3 
therefore he will have 4x —200—100, that is, 4x— 
300 at the end of the ſecond year; the double 970055 
is 8x — 600; therefore he will have 8x—600—100, 
that is, 8x—-700 at the end of the third year; but 
according to the problem, he ought to have three 
times his firſt ſtock, that is, 3x, at the end of the 


third year; therefore 8x -/ e RA; therefore 8x 


3X— 70020, that is, 5x—700==0; therefore 5x— 


700; and x, or his firſt ſtock, equals 140, as above. 
To this problem I ſhall add another of a like kind, 


for the learner to ſolve himſelf. 


ne goes with a certain quantity of money about. him to 
à tavern, where be borrows as much as be bad then 


about him, and out of the whole, ſpends à ſhilling ; 
with the remainder he goes to a ſecond tavern, where 
He borrows as much as he had then leſi, and there 
alſo ſpends a ſhilling ; and ſo he goes on to a third, 


and a fourth tavern, borrowing and ſpending as be- 


fore; after which he bad nothing left: I demand how 
much money he had at firſt about him. | 
Anſ. Ag of one ſhilling, that is, 11 pence farthing. 


30. One has ſix ſons, each wheredf is four years older than 
his next younger brother ; and the eldeſt is tbree times 
as old as the youngeſt : What are their ſeveral ages ? 

Anf. 


N. Po 0M Bob ade 
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An. 10, 14, 18, 22, 26, 20: for 30, the age 


of the eldelt, will then be juſt three times 10, that is, 


three times the age of the youngeſt. 
* SOLUTION. 

For their ſeveral ages put &, x4, 4 8, „12, 
K 16, «20; then meh, oh the problem #-20 
the age of the eldeſt, ought to be equal to 3x, that is, 
three times the age of the youngeſt; ſince then zu 


- x20, we ſhall have gx—x2z20, that is, 2K 20, 


and #==10, as above. 


PROBLEM 6. | 
31. There is a certain fiſh whoſe bead is 9g incbes; the 
tail is as long as the bead and half the bac; and the 
back is as long as both the head and the tail together: I 
demand the length of the back, and of the tail. | 
Anſ. The length of the back is 36 inches, and 
that of the tail 27: for 272=94-*+ ; and g6a=9-þ27. 


|  +SoOLUTION.- 

For the length of the back put #z then will x be 
equal to the length of both head and tail together, 
by the ſuppoſition; therefore if from x, the length 
of the head and tail together, you ſubtract 9, the 
length of the head, there will remain #—9 for the 
length of the tail; but according to the problem, the 
rail is as long as the head and half the back; there- 


fore x 9 —++93 therefore 2x—18z=x4-18 there- 


fore 2x—x—18=18, that is, x—18=18; and x, the 
length of the back, equals 1818=36 therefore 
x—9, the length of the tail, equals 27, as above. 


PROBLEM 7. 


32. One bas a leaſe for 99 years; and beirg aſted how 
much of it was already expired, anſwered, that two 
| thirds of the time paſt was equal to four fifths of the 
time to come; I demand the times paſt, and 10 * Fn 

uf. 
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Anſ. The time paſt was 54 years; and the whole 


term of years was 995 therefore the time to the 
expiration. of the leaſe was 48 years: now + of 54 is 
363 and 4 of 4518 36. 


Soho. 44-41 199 


Put & for the time paſt; then ſince the whole term 


of years was 99, if x the time paſt be ſubtracted from 
99 the whole time, there will remain 99 for the 
time to come; but 3 of the time paſt is — ; and + 


* 


fore > fas EDD eters wad 


of the time to come is + of = — = Oe -  there- 


I188—12x. 


| 3 5 
therefore 10x=1 188—1 2x; therefore o , 2x 88, 


that is, 22 211883 and x the time paſt =54 years; 

therefore 99— x the time to come equals 45 years. 
To this problem I ſhall add two others of the ſame 

nature, without any ſolution. Rn = 


_ Firſt, To divide the number 84 into two ſuch parts, that 
three times one part may be equal to four times the other, 
Anſ. The parts are 48 and 36: for in the firſt place, 

48-+-26=84 ; and in the next place, three times 48 

144== four times 36. 


Second, To divide the number 60 into two ſuch parts, 
that a ſeventh part of ont may be equal to an eighth 
part of the other. © e 994, 8 5 
Anſ. The parts are 28 and 32: for in the firſt place, 

28＋32 50 and in the next place, of 28 equals 

421 of zz. | EE | | 


PROBLEM 8, 


33. It is required to divide the number 50 into two'ſuch! 
Parts, that à of one part bring added to of the otlor, 


An. 


may make 40. 
| 329 
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Auſ. The parts are 20 and go: for in the firſt place, 
204-30==50 and in the next place, 3 of 20, which 

is 15, added to g of 30, which is 25, makes 40. 


| SOLUTION. 
Put for one part, arid conſequently 50—+ for the 
other part; then we ſhall have 3 of . and 4 of 


50—4 = mi —, but according to the problem, 
theſe two added together ought to make 40; whence 


2 FO——5x 


6 

tiply by 4, and you will have 3x+ — —. 1603 
multiply again by 6, and you will have 18K 4 1000 
—»20x#==960, that is, I1000=2xﬀ==960 ; therefore 
Io00=2x+-960; and 1000=960=2x, that is, 2y= 
40; and x, which is one of the parts ſought, will be 
20; whence 30— or the other part will be 30, as 
above. 


we have this equation, 7 + = 40: mul- 


Other two problems of the ſame nature. 


Firſt: It is required to divide the number 20 into two 
ſuch parts, that three times one part being added to 
five times the other may make 84. | 


© An. The parts are 8 and 12: for 8-4-1220 z and 
8X3+12X5, that is, 2460==84. . 
Second: It is required to divide the number 100 into 
iwo ſuch parts, that if a third part of one be ſub- 

tracted from a fourth part of the other, the remainder 

be 11. »» | 

Anſ. The parts are 24 and 76: for firſt, 24 added 
to 76 makes 100; and ſecondly, - part of 24, which 
is 8, ſubtracted from + of 76, which is 19, leaves 11. 


PROBLEM 
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PROBLEM 9. 


34. Two perſons A and B engage at play; A has 72 
guineas and B 52 before they begin; and after a cer- 
tain number of games won and leſt between them, A 
riſes with three times as many guineas as B: I de- 
mand how many guineas A won of B. 


Anſ. 21: for 52 4-21 =93; and 52 —21=313 


and 93=31X3. 


SOLUTION. 
Put x for the number of guineas A won of B, and 


conſequently that B loſt; then will 4's laſt ſum be 


72-|-x, and B*s laſt ſum 52—x: now according to 
the problem, 4's laſt ſum is three times as much as 
B's laſt ſum; that is, three times 52—x, or 156— 


3x; therefore 72--x=1 56—3x; therefore 72 +x+3* 


2156, that is, 72|-4x=156 ; therefore 4x==156— 


72 284 therefore x, the money A won of B, equals 


21 guineas, as above. 


PROBLEM 10. 


35. One meeting a company of beggars, gives to each 1 


four pence, and has ſixteen pence ver; but if be 
would have given them ſix pence apiece, he would 
have wanted twelve pence for that purpoſe: I demand 
the number of perſons, 2 
Anſ. 14: for 14X4+16=72=14X6—12, 


| SOLUTION. 

Put æ for the number of perſons; then if he gives 
them four pence apiece, the number of pence given 
will be four times as many as the number of perſons, 
that is, 4 *ñ therefore 4 x + 16 will expreſs all the 
money he had about him; and ſo alſo will 6 x — 12 
by a like way of reaſoning; therefore 4x + 16= 6x 
-— 12; therefore 16=6x—4x—12==2x—12 z there- 
fore 2x=1 612==28 ; and x, the number of perſons 
equal 14, as above. 1 4 
: I PROBLEM 
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| PROBLEM 1 


36. What two numbers are thoſe, whoſe difference is 4, 
and the difference of whoſe ſquares is 112 ? 

Anſ. 12 and 16: for 16—12=4, and 16X16— 
I2X12, that is, 256—144z=112, | 


SOLUTION. 


The leſs number, x. 44 
The greater, K* 44. K ＋4 
| xx+4x4-16 
2 
The ſquare of the greater, x* SX ＋16 
The ſquare of the leſs, ; * * 


The difference of their ſquares, * 8x16; 
whence 8x+16=112; therefore 8#=112—16=96; 
therefore x the leſs number equals 12, and x4 the 
greater equals 16, as above. 


PROBLEM 12. 


37. What two numbers are thoſe, whereof the greater 
is three times the leſs, and the ſum of whoſe ſquares 
is five times the ſum of the numbers? 

Anſ. The numbers are 6 and 2, whoſe ſum is 8: 

now 6 = 3 times 2; and 6x6-2x2==40=5 times 8. 


SOLUTION. 


The leſs number x. 
The greater, 3x. 
Their ſum, 4%. 
The ſquare of the leſs, r. 
The ſquare of the greater, gxx. 
The ſum of their — loæx. 


But, according to the problem, the ſum of their 
ſquares is 5 times the ſum of their numbers, that is, 
5 times 4x or 20x; therefore oπτ e ο and 10 

| ' ; —20 


* 
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=20; and x the leſs number = 2; whence 3 * the 
greater equals 6, as above. | 


PROBLEM 13. 


38. What two numbers are thoſe, whereof the leſs is to 
the greater as 2 to 3, and the product of whoſe mul- 
tiplication is 6 times the ſum of the numbers ? 

Anſ. The numbers are 10 and 15, whoſe ſum is 
25: for 10 is to 15 as 2 to 3. This will be plain by 
putting the queſtion thus; if 2 gives 3, what will 10 
give? for the anſwer will be 15: theſe numbers will 
alſo anſwer the ſecond condition of the problem; for 


IO0XI5=150==25X6. 
SOLUTION, 


Put for the leſs number; then to find the greater 
number ſay, if 2 gives 3, what will x give? and the 


anſwer is — ; therefore if x ſtands for the leſs num- 


ber, the greater number will be ef their ſum will 


be —+2>, or , or 2; and the product 


of their multiplication x X 5 or = but accord- 
ing to the problem, the product of their multiplica- 
tion ought to be ſix times the ſum of their numbers, 


i * Ox | xx 
that is, ſix times =, or _ therefore _ == 


==; and 3 * = zor; and 3 22303 and x the leſs 
number equals 10; therefore 5 the greater number 


equals 15, as above, | 
I 2 PrxoBLEM 


* 


- 
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'Þ - PxoBLEM 14. 


39. Two perſons A and B were talking of their money; 
727 A to B, Give me five ſhillings of your money, and 
1 Hall have juſt as much as you will have left: ſays 
B 4% A, Rather give me five ſhillings of your money, 
and I ſhall then bave juſt three times as much as you 
will have left: How much money had each? 
Anſ. A had 15 ſhillings, and B 25: for then, if 
A borrows 5 ſhillings of B, they will have 20 ſhil- 
lings each; on the other hand, if A lends B 5 ſhil- 
lings, then will 4 have 10 ſhillings left, and B will 
have 30, which is three times as much. 


SOLUTION. 


Put x for A's money; then if 4 borrows five ſhil- 
lings of B, 4 will have x--5, and B by the ſuppoſi- 
tion, will have the ſame left, to wit, x + 5; but if 
Z, after having lent A five ſhillings, has * ,; left, he 
muſt have had x-10 before; therefore if x repreſents 
Ass money, x10 will repreſent Bs: let us now ſup- 
poſe B to borrow 5 ſhillings of A; then will B have 
* Ei g, and A will have x—5 ; but, according to the 
problem, B in this caſe ought to have three times as 
much as A has left, that is, three times x — 5, or 
316; therefore 3x—15=x-15; therefore 3x—x 
—L5=15, that is, 24—15==15 ; therefore 2x==15- 
15 30; therefore x, or A's money, equals 15 ſhil- 
lings, and x10, or B's, = 25, as above. 


PROKLEM 15. 


40. What two numbers are thoſe, the produft of whoſe 
multiplication is 108, and whoſe ſum is equal to twice 
tbeir difference? © 

Anſ. 18 and 6: for the product of their multiplica- 


tion is 108; and their ſum 24.7 is equal to twice their 
4 difference 12. 


. 8 SOLUTION, 


1 


Art. 40, 41. producing Simple Equations, + = 
SOLUTION, : 


For the greater number I put x; then, had their 
ſum been 108, I ſhould for the other number have 
put 108—x; but it is not the ſum of their addition. 
but the product of their multiplication, that is equal 
to 108; therefore if one number be called x, the 


other will be 0 which I thus demonſtrate: let y be 


the other number; then will xxy or xy=108 by the 
ſuppoſition z divide both ſides of the equation by x, 


| | 108 | 
and you will have y = =_ ; As was to be demon- 


ſtrated. This being admitted, the difference between 


* 
the greater number x, and the leſs — is —. 


. 8 
and their ſum is & ＋ —: but, by the condition of 


the problem, this ſum ought to be equal to twice the 


1 5 108 216 
difference, that is, to twice x — nn, 


216 108 
therefore 2*— . =x = = therefore 2àð*ð ͤ 216 


=xx--108 ; therefore 2#x—xx—216==108, that is, 
xx—216==708 therefore xx=108-216==324; there- 


fore x the greater number equals 18, and 22 the leſs 


equals 6, as above. 


PROBLEM 16, 


41. It is required to divide the number 48 into two ſuch 
parts, that one part may be three times as much above 
20, as the other wants of 20. 

Anj. The two parts are 32 and 16: for 32-+16=48; 
moreover 32 is 12 above 20, and 16 wants 4 of 20 
and 12 is three times 4. | 

L2 SOLUTION. 
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| SOLUTION, 


Put x for the leſs number ſought; then will 48—x 
be the greater, and the exceſs of this. greater above 
20 will be 28—x, as is evident by ſubtracting 20 
from 48—x : again, the exceſs of 20 above the leſs 
number (which is, what the leſs number wants of 20) 
is 20—x; and according to the problem, the former 
exceſs is chree times the latter, that is, three times 


— 


- 20x; or 60-3; whence we have this equation, 
28—x=60—3x; therefore 28—x--3x==60, that is, 
28+2x=60; therefore 2x=60—28=32 ; therefore 
x the leſs part = 16, and 48—-x the greater = 32, as 
above. ; 


Another ſolution of the foregoing problem. 

Put « for what the Jeſs number wants of 20; then 
will the leſs number be 20—sx, the greater 20 + 3x, 
and their ſum 40-2x; but by the problem, their 
ſum is 48; therefore 40-j-2x=48 ; therefore 2x=48 
—40==8; therefore x=4z whence 20—x the leſs 
number = 16, and 20-+3x the greater = 32. 


PROBLEM 17. 


42: One has three debtors, A, B and C, whoſe parti- 
cular debts he has forgot; but thus much he could re- 
member from his account, that A's and B's debts to- 

' gether amounted to 60 pounds; A's and C's to 80 

pounds; and B's and C's to 92 pounds: I demand the 
particulars. | | 
Anſ. 4's debt was 24 pounds, B*s 36, and C's 56: 

for 244-36 60, 24456=80, and 36-|-56=92. 


SOLUTION. 


Put æ for A's debt; then, becauſe As and BY” to- 
. gether made 60 pounds, B's debt will be 60—x; 
again, becauſe A's and C's together made 80 pounds, 


C's debt muſt be 8&—x: now ſince, according to the 
| | problem, 
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problem, B's and C's debts when added together 
make 92 pounds, I add 6o=x, and 80— together, 
and ſuppoſe the ſum 140—2x=92 z3 whence 2x92 
=140; and 2#=140—92=48; and x, that is, 4's 
debt, 24 pounds: whence 60=x, or B's debt, 36 
pounds; and 80—x, or Ci, is 56 pounds, as above. 


PROBLEM 18. 
43. One being aſked how many teeth he bad remaining 
in bis head, anſwered, three times as many as he bad 
bot ; and being aſked how many be had left, anſwered, 
as many as, being multiplied into ; part of the number 
left, would give all he ever had at firſt: I demand 
how many he had loſt; and how many be had left? © 
Anſ. He had loſt 8, and had 24 left: for then 24 
the number left, will be equal to 3 times 8, the 
number loſt; and moreover 8 the number loſt, mul- 
tiplied into 4, that is, into + part of 24 the number 
left, will give 32=24-þ8, all he ever had at firſt, 


SOLUTION, 


2 Teeth loſt, d K.. 
left, 3x. 
In all, Ax. 


5 part of the number left 5 | or — this, multi- 


plied into the number loſt, makes —X x or — but, 
according to the problem, this product is equal to all 
he ever had at firſt; whence Dear, and xx=8x ; 


and x, the number loſt, =8 ; whence 3x, the number 
left, =24, as above. f 


| PROBLEM 19. 
44. One rents 25 acres of land at 7 pounds 12. ſpilling; 
per annum; which conſiſts of two ſarts, ihe bet. 
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ter ſort be rents at 8 ſhillings per acre, and the worſe 
at 5: I demand the number of acres of each ſort. 

Anſ. He had g acres of the better ſort, and 16 of 
the worſe: for 9g times 8 ſhillings = 72 ſhillings; and 
16 times 5 ſhillings =80 ſhillings; and 72/80 152 
ſhillings = 7 pounds 12 ſhillings, 5 


SOLUTION, | 
Put x for the number of acres of the better ſort z 
then will 25—x be the number of acres of the worſe 
ſort, becauſe both together make 25 acres: moreover, 
| fince he paid 8 ſhillings an acre for the better ſort, he 
muſt pay 8 times as many ſhillings as he had acres, 
that is, 8x: and fince he paid 5 ſhillings an acre for 


the worſe ſort, he muſt pay 5 times as many ſhillings 


as he had acres of this fort, that is, 25 —xX 5, or 
125—5x: put both theſe rents together, and they 
will amount to 8x-125—5x, or ks geen ſhillings; 
but they amount to 152 ſhillings by the ſuppoſition ; 
therefore 3x--125=152; therefore 3x=152—125= 
27; therefore x, the number of acres of the better 
fort, = 9, and 25-—x, the number of the worſe fort, 
Z= 16, as above, * ; 


PROBLEM 20. 

45. One hires a labourer into his gas den for 36 days upon 
the following conditions; to wit, that for every day be 
Jaboured, be was to receive two ſhillings and fixpence; 
and for every day he was abſent, he was to forfeit one 
ſhilling and ſixpence : now at the end of the 36 days, 
after due deduttions made for his forfeilures, be received 
clear 2 pounds 18 ſhillings: [ demand how many days 
be laboured, and how many he was abſent. 

Anſ. He laboured 28 days, and loitered 8: for 
28 half-crowns amount to 3 pounds 10 ſhillings due 
to him for wages; and 8 eighteenpences amount to 
12 ſhillings due from him in forfeitures; and this lat- 
ter ſum ſubtracted from the former, leaves 2 pounds 
18 ſhillings to be received clear, | 
| SOL UTION, 
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SOLUTION. ch | 
Put x for the number of days he laboured; then 
will 36—x repreſent the number of days he was ab- 
ſent: again, ſince he was to receive 30 pence for 
every day he laboured, the pence due to him in wages 
will be zoxx, or 30x; and ſince he was to forfeit 18 
pence for every day he was abſent, the pence due 
from him in forfeitures will be 18X 36 — x, or 648 
—18x: ſubtract now 648—18x, the pence due from 
him in forfeitures, from gox, the pence due to him 
for wages; or, which is all one, add 18x — 648 to 
30x, and there arites 48x—0648, the pence to be re- 
ceived clear: but he received clear 2 pounds 18 ſhil- 
lings, or 696 pence, by the ſuppoſition z therefore 
48x—648==696 ; therefore 48x=648+696=1344z 
therefore x, the number of days he laboured, 228; 


and 36—x, the number of days he loitered, =8, as 
above. | 


PROBLEM 22. 


47. One lets out a certain ſum of money at 6 per cent. 
ſimple intereſt ; which intereſt in 10 years time wanted 
but 12 pounds of the principal: What was the prin- 
cipal? | | 

Anſ. The principal was 30 pounds, and the intereſt 
18 pounds =30—12: for as 100 pounds principal 

is to its annual intereſt 6 pounds, ſo is 30 pounds 

principal to its annual intereſt 1.8 pounds; and 
therefore its 10 years intereſt will be 18 pounds. 


SOLUTION. 


Put x for the number of pounds in the principal; 
then to find its intereſt for one year, ſay, if 100 
pound principal give 6 pounds intereſt, what will x 


principal give? and the anſwer will be _ ; this will 


be the intereſt of x for one year, and therefore its 
1 , | intereſt . 
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intereſt for ten years will be 25 or 8 or 3-: but, 

according to the problem, this intereſt is to be x — 12; 

for it is to want juſt 12 pounds of the principal, by 
3 * 


the ſuppoſition; therefore x — 12 = =—; therefore 


5%—bo= 3x ; therefore gu—3x—b60=0, that is, 2x 
—60=0; therefore 2x== 60, and x the principal=3o 


and 3” the 10 years intereſt = 18 pounds, as above. 


PROBLEM 23. 


48. One lets out 98 pounds in two differents parcels ;, one 
at 5, the other at 6 per cent. /imple intereſt ; and the 
intereſt of the whole in 15, years amounted to 81 
pounds: What were the two parcels? | 
Anſ. The parcel at 5 per cent. was 48 pounds, and 
the other at 6 per cent. was go pounds: for in the 
firſt place, 48-;0==98 ; and moreover, the annual 
intereſt of 48 pounds at 5 per cent. amounts to 2 pounds 
8 ſhillings; and the annual intereſt of 50 pounds at 
6 per cent. is 3 pounds; therefore the whole intereſt 
amounts to 5 pounds 8 ſhillings. in one year; and 
conſequently ro 81 pounds in 15 years. ; 


SOLUTION. 

Put x for the number of pounds in the parcel at 5 
per cent. and conſequently 98 — x for the number 
of pounds in the other parcel at 6 per cent.; then, to 
find the annual intereſt of x, ſay, if 100 pounds 
principal give 5 pounds intereſt, what will x give? 


and the anſwer will be __ again, for the other par- 


cel, ſay, if 100 pounds principal give 6 pounds in- 
tereſt, what will 98— give? and the anſwer will be 
G88Gx 


100 


: add theſe two intereſts together, to wit, 


5 * 
100 
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ud ee Fain l e —4888—85 


e e ER 
100 


100 100 
that is, 


2 — this is the intereſt of the two par- 
cels for one year; and therefore, in 15 years time 
88 20m I 5 * N 


this intereſt muſt amount to IIS þ but it a- 
mounts to 81 pounds, by the ſuppoſition 3 therefore 


5 — = 813 therefore 8820 — 15 x 8100 
therefore 8820=15x-|8 100; therefore 15x=8820— 


8100=720; therefore x, the parcel at 5 per cent.==48 
pounds; and 98 — x, the parcel at 6 per cent. = 50 
pounds, as above. 8 | 


ProBLEM 24. 


49. A gentleman hires a ſervant for a year, or 12 months, - 
and was to allow him for his wages fix pounds in mo- 
ney, together with a livery cloak of a certain value agreed 
upon: but after ſeven months, upon ſome miſde- 
meanour of the ſervant, he turns him off, with the 
aforeſaid cloak and 50 ſhillings in money; which was 
all that was due to him for that time: I demand the 
value of the cloak. 

Anſ. The value of the cloak was 48 ſhillings : for 

then his whole wages for 12 months would be 168 


ſhillings; and by the rule of proportion, his wages 


for 7 months would be 98 ſhillings; whence ſub- 
tracting 48 ſhillings, the value of the cloak, there 


would remain 50 ſhillings due to him in money. 
SOLUTION. 


Put x for the value of the cloak in ſhillings; then 

will his whole wages for 12 months be x120; and 
his wages for 7 months, may be found by the golden 
rule, ſaying, as 12 is to 7, ſo is 120 % , 


but, 
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but, according to the problem, his wages for 7 months 
was the cloak and 50 ſhillings in money, that is, 
#--50; therefore #+50= e therefore I 2% 
. 600=7x4-840; therefore 12x—7xÞ-600=840, that 
is, 5x 600=840 therefore 5x==840—600=240; 
therefore x, the value of the cloak in ſhillings, is 48, 
as above. 


PROBLEM 25, 


30. One diſtributes 20 ſhillings among 20 people, giving 
6 pence apiece to ſome, and 16 pence apiece to the 
reſt : I demand the number of perſons of each deno- 
mination. | 5 os 
Anſ. There were 8. perſons who received 6 pence 

apiece; and 12 who received 16 pence apiece : for 

in the firſt place, 812=20 perſons; and ſince 8 

ſixpences are equivalent to 4 ſhillings, and 12 ſixteen- 

pences to 16 ſhillings, we ſhall have in the next place, 
4+16=20 ſhillings. = 


SOLUTION. 


Put for the number of perſons who received 6 pence 
apiece; then, ſince there were 20 perſons in all, 20—x 
will be the number of thoſe who received A 1 
apiece: the number of pence received by the former 
company will be 6x; and the number of pence re- 


ceived by the latter will be 20 — xX 16, that is, 320 
—16x; and therefore the whole number of pence 
received will be 6x--320—16x, or 320—10x; but, 
according to the problem, there was received in the 
whole, 20 ſhillings, or 240 pence; therefore, 320— 
IoX==240; therefore 10x--240==320,; therefore Lox 
=320—240=80; therefore x, the number of per- 
{ons who received ſixpence apiece, is 8, and conſe- 
' quently 20 — x, the number of the reſt is 12, as 
above. es 1 ; 4 

| PROBLEM 
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PROBLEM 26. 4 


51, It is required to divide 24. ſhillings into 24 pieces, 
conſiſting only of ninepences and thirteenpencebalf- 
pennies. 8 15 . 

Anſ. There muſt be 8 ninepences and 16 thirteen- 
pencehalfpennies; for in the firſt place, 8-16==24. 
pieces; and ſince 8 ninepences are equivalent to 6 
ſhillings, and 16 thirteenpencehalfpennies to 18 ſhil- 


lings, we have in the next place 618 24 ſhillings. 
Hy SOLUTION. 


Put x for the number of ninepences, and conſe- 
quently 24 — x for the number of thirteenpencehalf- 
pennies : now the number of halfpence equivalent to 
the former is 18x, becauſe there are 18-halfpence in 

every ninepence; and the number of halfpence equiva- 
lent to the latter is 24 —x X27, or 648 — 27x, be- 
cauſe there are 27 halfpence in every thirteenpence- 
halfpenny piece: therefore the number of halfpence 
equivalent to the whole will be 18 x + 648 — 27 x, 
that is, 648—9x; but, according to the problem, the 
whole amounts to 24 ſhillings, or 576 halpence; there- 
fore 648—9 r 22 576; therefore gx+5376=648; there- 
fore gy=648—576=72; therefore x, the number of 
ninepences, is 8; and 24—+x, the number of thirteen- 
pencehalfpennies, is 16, as above. 
oy PROBLEM 27. 3 
52. Two perſons, A and B, travelling together, A with 
100, and B with 48 pounds about him, met à com- 
pany of robbers, who took twice as much from A as 

from B, and left A thrice as much as they left B: 1 
demand how mich they took from each. Airy 
Anſ. They took 44 pounds from B, and twice as 
much, that is, 88 pounds from 4, ſo they left B 4 
pounds, and A 12 pounds, which is 3 times 4. 


* SOLUTION. 


j 
3 
x 


travel in x hours? and the anſwer is _ then for 
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SOLUTION. 


Taken from B, x. 
from A, 2x. 
Left B, 48—x. 
Left A, 100 — 2x, 


But, according to the problem, they left 4 three 


times as much as they left B, that is, three times 


48—x, or 144—3x; therefore 100—24==144—3x ; 


therefore 100—2x-|-3x= 144, that is, oo == 144; 
therefore x, the ſum taken from B, =144—100=44 ; 
and 2x, or 88, is the ſum taken from A, as above, 


PROBLEM 30. 


55. There are tuo places 154 miles diſtant from each 
other ; from whence two perſons ſet out at the ſame 
lime with a deſign to meet, one travelling at the rate 
of 3 miles in two hours, and the other at the rate of 
5 miles in 4 hours : 1 demand how long and how far 
each travelled before they met. 
Anſ. As our travellers were ſuppoſed both to ſet 


out at the ſame time, and they muſt both meet at the 


ſame time, it follows, that each muſt perform his 
Journey in the ſame time; I ſay then, that each per- 
formed his journey in 56 hours: for if in 2 hours 


the firſt travelled 3 miles, in 56 hours he muſt travel 
84 miles, by the rule of proportion; in like manner, 


if in 4 hours the ſecond travels 5 miles, in 56 hours 
he muſt travel 70 miles; and 84 + 70 = 154 miles, 


the whole diſtance. 


:S0LUTIO N. 


Put x for the number of hours each travelled ; 
then, to find how many miles the firſt travelled, ſay, 
if in 2 hours he travelled 3 miles, how far did he 


the 
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the other ſay, if in 4 hours he travelled 5 miles, how 


8 far did he travel in x hours? and the anſwer is — 


therefore both their journies put together make — 
+ ; but they both travelled the whole diſtance, 
4 | 


154 miles; therefore RET 21543 therefore 3x 


= — = 308 therefore 12 50 rox, that is, 22 * 


1232; therefore x, 1 oumber of hours each 


travelled, = 2 561 therefore © = the number of miles 


the firſt travelled, = 84; and = the number of 


miles the ſecond travelled, = as above, 


PROBLEM 31. 


56. One ſets out from a certain place, and travels at the 
rate of 7 miles in 5 hours; and 8 hours after, another 
ſets out from the ſame place, and travels the ſame 
road at the rate of 5 miles in 3 bours ; I demand how 
long and how far the firſt muſt travel before be is over- 
taken by the ſecond. 
Anſ. The firſt muſt travel 50 hours, and conſe- 
quently 70 miles; the ſecond muſt travel 50 —8, or 
42 hours, and conſequently alſo 70. miles : ince 
then they both ſet out from the ſame place, and the 
| ſecond traveller has now travelled as far as the firſt, 
he muſt have overtaken the firſt. 


SOLUTION. 


Put x for the number of hours the firſt Cara, 
and conſequently x— 8 for the number of hours 
wherein the ſecond travelled ; then, to find the milles 


travelled 


3 
ö 


61. A ſhepherd driving a flock of ſheep in time — 
| a 
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travelled by the firſt, ſay, if in 5 hours he travels 
7 miles, how far will he travel in x hours? and the 


_ anſwer is 7, then for the other ſay, if in 3 hours 


he travelled g miles, how far will he travel in x — 8 


5 X—40 


hours, and the anſwer is 5 but as theſe two 


travellers both ſet out from the ſame place, and muſt 
come together at the ſame place, it follows, that they 


muſt both travel the ſame length of. ſpace; therefore 
Se 


| 21x 
=; therefore 5X — 40 = ——; there- 


3 1 
fore 284 — 200 21 *; therefore 23 — 21x — 200 
So, that is, 4 — 200 ro; therefore 4x=200; and 


„, the hours travelled by the firſt, = 50; whence 
* 8, the hours travelled by the ſecond, = 42 3 


5 the miles travelled | by the firſt, = 703 and 


—, the miles travelled by the ſecond. = 70, at 
above. dp : 
Saks PROBLEM 36. 


meets a company of ſoldiers who plunder him of half his 
flock, and half a ſheep over; the ſame treatment be meets 
with. from a ſecond, a third, and a fourth company, 
every ſucceeding company plundering him of half the 
flock the. laſt had left, and half a ſheep over; inſomuch 
that at laſt be had but 7 ſheep left : I demand how many 
be bad at firſt. 3 : 

*Anſ. His flock at firſt conſiſted of 127 ſheep 
and if the firſt company had only robbed him of half 
his flock, they would have left him 634 ſheep ; bur 
as they plundered him of half his flock, and half a 
ſheep over, they left him only 63 ſheep; in like 


manner the ſecond company left him 31, the third 
15, and the fourth 7. | 


N. B. 


Art. 6, ba. producing Simple Equations. 145 
N. B. Before I enter upon the ſolution of this 
roblem, I muſt put the learner in mind of what he 
2 been told before, (introduction, art. 13.) to wit, 
that a fraction may be halved two ways, either by 
halving the eons or OT 2 dedemi- 


. nator. 19 W275. dnn 


ov * 
2 4 . 7 4 4 f 1 SLY H 
nz jt; | 


FE, $oLv Tax, ein 


Pot x for the number al his firſt flock; then bad 
Ke firſt company only taken half his 1 they 


would have left him the other half, viz. —; but they 


| took half his flock and half a ſheep over; therefore 


I 


they ef him. Juſt ſo much leſs, to wit, Em 
3 


or _ again, had the ſecond company only taken 
half _ at remained, they would have left him half, 


to wit, 3 but by raking half a ſheep more, they 
int, ta Eo Ee 


=; in like manner the third company left 
K—2 1 24K —6—8 2X——I4 Kenny 
TR Rel ew. pu 
the laſt company left bim — —=, or — — but 
they left him 7 ſheep, by the ſuppoſition 3 therefore 
„156 
16 


* 127, as above. 


=7; and —15 r 12; and x his ficlt num 


uri 35. 


4 One * a certain 3 — 
He bis in a 2 a * the other half. at 3 6 


pemy , 


one penny; therefore — 
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gene theſe be ers, vm auf again ut the rate 
of 5 for twopence, and, contrary to bis expectation, 
It à penny by the hargaiw : what was the number 


of his.eggs 8 1 > 

An The uwber — his eggs was wal half 
whereof at two a penny coſt him 15 pence; and the 
other half at three a penny, ten pence; and the 
whole 25 pence : but 60 eggs ſold out at 5 for two 
pe ace, would only bring him in 24 pence, as appears 

y the rule of proportion; therefore we loft a penny 
by the bargain. Ih CT ig 


SOLUTION. 


Put x for the number of 6885 ; then ay, 12 eggs 
colt one penny, what will — — one half of his eggs 


coſt ? and the ks will El ; and for the ſame. 
Nye the other half at three a penny * will coſt him 
—; ſo that for the whole he muſt pay ; or — 5 


12 


wb if five eggs were ſold for two pence, what 


were x 885 fold for? ? and the anſwer will be = 


cherefoce an = will be __ number of my he received 
for his eggs; ſubtract this * Tb ”, the pence he 


* far- them, ad the remainder =— cogent or 


- = will be his loſs; but by the ernte, he loſt 


© and n of 


eg. vill be 60 as above, * | 
TEM 


I r ak and as 4 
Art. 64, 66. | Producing Simple Equations 147 


PRO L EM 39. 
64. 1. is required. to divide the 55 g * To fath 
parts, that one part may be ta the ot 4 2.to . 
A. the numbers are 36 and 54: for in th e firſt 
place, 36+54=90z and in the next place, i both 
36 and 54 be divided by 18, the quorients will be 2 
and 3, whence 1 infer; that 36 is to 54 as 2 to 3; 
for a common diviſion by the ſame number can no 
alter the proportion of the numbers divided; = 
therefore if, after this common diviſion, the quotients 
be to one another as 2 to 35 the e muſt be 
a0 in the Hoe, proportion. | 
| Solty T1 0 CT. 
put x for the leſs part, and go & for FA other 1 
then will x be to go as 2 to 3, by the ſuppoſition; 
but by art, 15, whenever there are four proportionals, 
the produtt. of the extremes will .be;;equal, to the 
product of the middle terms; here the extremes are 
x and 3, Whoſe ptoduct is 3*3 and the middle terms 
are go and 2, whoſe, product is 1. 89-24 there 
fore 3#==180—2x ;. therefore, 3a 1805 and æ, ts 
leſs part. 200 and Nen the eee 54 a8 | 
above. 0 ” fy 
| PAO A N 41. S 5 
66. What number is that, which being Raa 42 
fo 36 one's 52, will make the former Jum to the latter 
210.4 wo — en A 85 
Af The number is 12 for 364-1 2 is to 52+ 2, 
as 48 1 is ba. 64, as 47 18 M 7 5 as E to 4. aus 


* N 
3 111 « . 


Dae 80 10 W. 

Put & for the dende Baie and 5 you "Sit bare 

this proportion; 36 is to ge- as 3 to 4. Whence 

by multiplying extremes means you, 1 will haye 

144+4x=156+3x; the: refor 144-F-x=1 553 ; there- 
fore x the number dagk SS = 12, as above. 

K 2 PROBLEM 
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PROBLEM 42. 


67. A bookbinder ſells me two paper books, one contain- 
' ing 48 ſheets for 3 ſhillings and 4 pence, and another 
containing 75 ſheets for 4 ſhillings and 10 pence, both 
bound at the ſame price, and both of the ſame ſort of 
paper: I demand what be allows bimſelf for bind- 


ing. 

455 He reckoned 8 pence for binding; ſo that the 
price of the paper of the firſt book was 32 pence, and 
the price of the paper of the latter 30 pence: now 
if this anſwer be juſt, the two prices ought to bear 
the ſame proportion to one another as the two quanti- 
ties of paper; and ſo we ſhall find them: for 32 pence 
are to 30 pence as : are to 2, that is, as 16 to 25; 
and 48 ſheets are to 75 ſheets as are to 4, that is 
alſo, as 16 to 25. ke 


4597, NS OL UTTON As 1 
Pur for the number of pence reckoned for bind- 
ing; then we ſhall have 40—x for the price of the 
paper in the firſt book, and 58—+x for the price of the 
paper in the ſecond book; and 40— will be to 58—x 
as 48 to 75; multiply extremes and means, and you 
will have this equation, 2784—48x=3000=7 5x5 
therefore 2784-27x=3000 ; therefore 27x=216 ; 
and x the number of pence reckoned for binding 
=8, as above. I. | | 


% AV an P:n0 BL B00 43» N =P 
68. What number is that, which being ſeverally added to 
13, 27, and 45, will give three numbers in continual 
proportion. e 8 0 
N. B, Three numbers are ſaid to be in continual 
proportion, when the firſt is to the ſecond as the ſe - 
cond is to the third. IH 
Anſ. The number ſought is 9: for 154-9=24; and 
' 27+9==36; and 45+-9==54; and 24 is to 36 as 36 
is to 54: for 24 is to 36 as 3+ is to 17, that is, as 
| | 2 0 


Art. 68, 26 producing Simple Equaiions: 145 


2 to 33 and 36 is to 54 as IT 18 to 44, that is alſo, as' 


2 to 3. 
| SOLUTION. WS: | 
Put x for the number ſought; then we ſhall have 


this proportion, x+15 is to x 27, as x27 is to 


453 where the two middle terms are x27 and 


* 
EI multiply extremes and means, and you will 


have this equation, xx 60x+675=xxÞ54x-+729 z 
therefore 60x67 = 54x+729z therefore 6x+675= 


729 3 therefore 6x==54; and x the number fought 


=9, As above. 


Of the method of reſolving problems wherein more 


unknown quantities than one are concerned, ana 


repreſented by different letters. 


70. Hitherto we have uſed but one ſingle letter in 
every problem for ſome one unknown quantity in it; 


and if there were more, the reſt received their names 


from the conditions of the problem; but in caſes of 
a more complicated nature, where many unknown 
quantities are linked and entangled in one another, 


ju 
chi method will be found very difficult; and there- 
fore, in ſuch caſes, the Algebraiſt is allowed to uſe as 


many different letters as he has unknown quantities, 


provided he finds out as many independent equations 


for diſcovering their values; ſee art. 92: for though 
in every equation wherein more unknown quantities 


than one are concerned, they hinder one another from 


. being found out, yet if as many fundamental equa- 


tions at firſt be given as there, are unknown quan- 
tities, it will not be difficult, in many caſes, from 
theſe to derive others that are more ſimple, till at 
laſt you come to an equation wherein but one only 
unknown quantity is concerned, in which caſe all the 
reſt are ſaid to be exterminatce. 


Whenever two or more equations are propoſed, 


involving as many unknown quantities, theſe equa- 
2 K 3 tions 
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tions muſt. firſt be prepared by freeipg them from frac: 
tions where-ever there are any, and by ordering every 
particular equation ſo, that all the unknown quanti- 
ties may poſſeſs one ſide of the equation, and ſuch as 
are Nee the other; or elſe, that all the quantities 
ce nr £4 24 rn f 1 %*; 
may poſſeſs one fide of the equation, and a cypher 
the other; it will be alſo convenient, that in every 
particular equation, the unknown quantities be placed 
r a os no Fo 
In laying down rules for exterminating unknow 
quantities, I ſhalf begin with the ſimpleſt caſe firſt, 
which is that of two equations and two unknown 
quantities; and when I have given as many examples 
as ſhall. be thought proper in this caſe, I ſhall. then 
Proceed to others where more unknown quantities are 
CT TEES 
But here I muſt not forget to advertiſe the reader, 
that as I am, now treating of, ſimple equations, and 
problems produciug ſuch equations. I ſhall.nor, med- 
dle with any caſes of. extermination, which lead to 
equations of higher forms: when I come to treat of 
quadratic equations, I may then perhaps add ſome- 
thing further upon this ſubject; but to undertake to 
explain all the various methods of exterminating un- 
known quantities would be, an, endleſs, raſk, and a 
moſt intolerably laborious and tedious one both to 
the writer and the reader, whom I cannot yet ſuppoſe 
to be ſo far gone in Analytics, as to be willing to pur- 
chaſe this ſort of knowledge at any rate. 

Let then x and y be two unknown quantities to be 
found out by the help of the two following equations, 
4 2, 30d 6x—7y2=4 or the queltion may be 
ſtated thus; if 4x—5y=2,, and 6x—7y=4, What are 
x andy? now as thele equations want og preparation, 
put them down one under another; then upon a bye 
picce of paper multiply che ff equation (4 ea) 
by 6 the coefficient of æ in the ſecond equation, — 
2 Nr: 


gain, multiply the ſecond, equation (Sr d by 
2 * — 


the product will give this. equation, 


Art. 50. 1 - 
4, the coefficient of * in the firſt equation, and the 
product gives 24 2 15 ſubtract now either of 
theſe two laſt equations from the other, and & will be 
exterminated: 1 chooſe in the preſent caſe” to ſubtract 
the former equation from the latter, that the coeffi- 
center, 7 after . may be affirmative, 255 


$7 43 & 


3 Loy 4 

From this ſubtraction you have che allein equa- 

tion, 2y=4, which put down under the two firſt equa- 

tions to make a third; then reſolve this third equa- 

tion 2y==4,..and you will have v a, which put doyn 
under the reſt for a fourth equation. 

Having thus found the value of y, put this va- 
los inſtead of y in the more ſimple of the two firſt 
equations, ſuppoſe in the equation 4x—5y=2, and 
you will have 4x—10=2 ; whence 4X==12,'and =, 
which put down for a fifth equation, and the work 
is done; for x is now found equal to 3, and y equal 
to 2, and theſe numbers three and two being ſubſti- 
ruted for & and y reſpectively, will anſwer both the 
conditions of the queſtion, that is, you will have 
4X—5)=12—10==2, and eee 


1ſt Equ. 4 2. 


3d, FP2Y=4. 
„, NO 00h bit 
Sth, F 


The coefficients of x, the quantity to beg 
nated. in the two firſt equations, were 4 and 6: now as 
theſe numbers admit of a common diviſor without 
any remainder, namely 2, divide them both by 2, 
and the quotients will be 2 and 3; uſe nom theſe 
numbers 2 and 3 inſtead of 4 and 6, and the opera- 
tion, as well as the equation reſulting from it, will 
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become more ſimple : for the firſt equation multiplied 
by 3 inſtead of 6, gives 12x—1 r; and the ſe- 
cond equation multiplied by 2 inſtead of 4, gives 
12X—14y9=8 ; and the difference of theſe two equa- 
Another way of exterminating the unknown quan- 
tity x, is as follows: find out the value of x in reſpect 
of y, in the more ſimple of the two firſt equations; 
then ſubſtituting this value inſtead of * in the other 
equation, you will have an equation, wherein y alone 
is concerned: thus in the foregoing example, the 
firſt equation was 4x—zy=2, therefore 4#==5 y-2, 
55 ＋2 552 ) 


and x = — ; ſubſtitute now this value ( 


inſtead of x in the ſecond equation, 6x—7y=4, by 
309-12 of | 


making 6 * and you will have this equa- 


tion, —.— 2 therefore 3091 2—285= 
16; therefore 25 T 12 16; whence 2 y=4, and 
. 


y=23 and x, or ==3, as before. 


N. B. 1%, What dae been ſaid concerning the 
extermination of the quantity x, may as well be ap- 
plied to the other quantity y, except that its coeffi- 
cients 5 and 7 will not admit of a common diviſor, 
as did the numbers 4 and 6, 0 

2aly, Of the two different ways of extermination 
here laid down, ſometimes one will be found more 
expeditious, and ſometimes the other, as will appear 
by the following problems. | 


za, In the cate of two unknown quantities, if the 


value of either of them can be had in integral terms 
in both equations, equate the two values one to the 
other, and you will have the other unknown quantity, 
by means whereof the firſt will alſo be known; and 
this makes a third way of extermination, whereof 

„ ISLES O19 DOTS - AG 315 5 there 


* 


Art. 71. producing Simple Equations. 153 
there are ſo many examples in the following problems, 
that nothing more needs here to be ſaid of it. 

Whenever two quantities, as & and y, are multi- 
plied together to produce a third x y, the two multi- 
plicants æ and y are called factors, or efficients, in 
which caſe, each is ſaid to be the other's coefficient: 
thus, in the quantity xy, & is ſaid to be the coefficient 
of y, and y the coefficient of x; therefore if in any 
quantity wherein x is concerned as an efficient, its co- 
efficient be deſired; divide that quantity by x, and 

the quotient will be the coefficient: thus if the quan- 
tity 12x—yx be divided by x, the quotient is 129 
therefore in the quantity 12#—x, the coefficient of 
& is 12—9. n V 

ADVERTISEMENT. | 

The reader muſt now no longer expect to have all 
ſimple equations reſolved to his hand, as' hitherto has 
been done, If after ſixteen examples of ſimple 'equa- 
tions reſolved, and the ſolution of forty four Alge- 
braic problems, he be till at a loſs how to reduce a 


ſimple equation, it muſt proceed from a weakneſs 
that either admits of no cure or deſerves none. 


PROBLEM 45: 


71. What two numbers are thoſe, the produ? of whoſe 


multiplication is 144, and the quotient of the greater 
divided by the leſs b 16? * 


SOLUTION. 


Put for the greater number, and y for the leſs; 
and the queſtion when abſtrafted from words will 


ſtand thus; if xy==144, and L = 16, what are x 
de e de eg bo 
The firſt of theſe equations wants no preparation, 
and therefore may be put down thus; P 3 
a 
| The 
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ſecond equation, when prepared accord to 
the laſt art. will ſtand thus; _ 
Equ, Ad, x—1 6yz=0.- - 

\Mukip the firſt equation 65 0 cher een 
efficiepr'of x in the ſecond, and the quotient not be- 
ms , by ſuch. a multiplication, wild be ay*= 
144-3: multiply, alſo the ſecond: equation by y, which 

according to the foregoing art. is the coefficient. of. x 
in Tour firſt, and you will have x y — 1695 S; ſub- 
tract this latter product from the former, and _ will 
have, Equ., 3d, 165% 1443; whence-+ 

Equ, 4th, * + yargs. ; 

- Subſticute, now 3. inſtead — v. ON 34 inſtead akin 1 
in the firſt equation, and you will have 3144. 
and conſequently, | 

Equ. 5th, x #*=48. ' 

So that the numbers at laſt are found to be 48 and 

33 and they will anſwer the e of 1 


tion; for 483 144. 0 = 
Ee. i wy PETTY 


2d, X— 16 y=0. 
3d, * 1609 144. 
Atb, 9883. 


5th, x — 
Auutber ſolution of _ the foregoing problem, by a the 


laſt article. 

Having found from the ſecond equation that æ 
165, put 16y for x, or 169 for xy in the firlt 
equation, and you will have 16yy= 1443. ce 
7 and x may be found as before. 


PROBLEM _ 


72. It is 5 required to find two numbers with the fallow: 
ing properties, to wit, that the firſt" with; half the 
ſecond may make 20; and. moreover, that the ſecond 


with a third part of the firſt may make 20. 


I SOLUTION. 


Art. 22, 73. Producing. Simple Fangen. 


800 ruν⁰ιõ,j,Edu. Ai ub. 


Put x for the fiſt number, and. 3; for the. ſecond, 
and the furdumental equations will be * 20, and 


3+ ee; ; which being berate. 
70, will ſtand thus; FFF 
Equ. 1ſt, 264340; .. 
| Equ. 2d, x-+3y=60. 
Sobtra t the firſt equation from twice EY cond, 


| ej zd, * 2 vbence 
Ege. W. * 8216. 


8. cis x Arge l 2. 
Therefore the numbers ſought are 12 and 16, and 
not 16 and 12, though 16 was found firſt; becauſe 
x=12 was put for the firſt number. That theſe num- 
bers will anf wer the conditions of the, queſtion i is plain: 


2 2 . or 12+8=20} and 167 or * 


ag; " ingrher. folutibie: FIN 70. 
"Having found from the ſecond equation that x 
60—3, put: 60—3y for x, or, 120—6y for 2» in the 


firſt equation, and you will have 120—6 * v == 40; 
whence Y=16, as before. : 


PROBLEM 47. 


73. One exchanges 6 french crowns and two french dol- 
lars for 45, ſhillings; and at OP time ,9. crowns 
and 5 dollars of the ſame coin for 76 billings : I des 
mand ns EY ues of a frown, dollar. 


3 1 


80 20 2 FG 


Put x and y for the number of ilings a crown and 


a dollar are reſpectiyely worth, and the equations will 
ſtand thus; ; _ 
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 Equ. iſt, 6x-þ2y=45. 
Equ. 2d, 9x+5y==76. 


Subtract 3 times the fi equation from twice the 


ſecond, and you will have 
Equ. 3d, * 4y=275; whence 

» Equ. 4th, * 544 ſhillings; 
that is, 4 thillinge and 3 pence ; put now 44 for y 
or 84 for 2 y in the firſt equation, and you will have 
6x+8i=45, and 6x=364, and 

| Equ. gth, x 26 ; | 
that is, 6 7 ſhilli or 6 ſhillings and a penny; 
therefore the value of a crown was 6 ſhillings and a 
penny, and that of a dollar 4 ſhillings and 3 pence ; 
*and theſe values will anſwer the conditions of the queſ- 
tion; for at this rate, 6 crowns will amount to 36 
ſhillings and 6 pence, 2 dollars to 8 ſhillings and 6 
pence, and the whole to 45 ſhillings; moreover, g 
crowns will amount to 54 ſhillings and 9 pence, 5 


dollars to 21 ſhillings and 3 pence, and the whole 


ſum to 76 ſhillings. 


PrRoBLEM 48. 


74. lt is required to find two ſuch numbers, that half 
the firſt together with a third part of the ſecond may 

mate 323 and moreover, that a fourth part of the firſt 

p oy we a fifth part of the. ſecond may make 18. 


SOLU T ion. | 
Put x and y for the Os numbers, and the de- 


mental equations will be 7 ＋A—. 32, and : +2 = 


18; which equations, 5 duly prepared, wil ſtand 
thus; Equ. iſt, 3x-2y=192. 
Equ. 2d, 5x-+4y=360. | 
Subtract 5 times the firſt equation from 3 times the 
ſecond, and you will have | 
| 3 3 * , 2921203 whence - 


- ... whence, 


Art. 74, 74, 76. producing Simple Equations 157 
whence, and from the firſt equation, vou will have 
3 Ta. or 3 20 92, which gives , 
_ Equ. 5th, « AS. | 

So the numbers are 24 and 60; and OY will an- 
ſwer the conditions of the queſtion: 5 923... 02, that 
is, 12+20==32 ; and moreover, * $5, i, that i =. 
6F1 2218. | | 4 | 


. PaoBLEM 49. 


76: Two perſons A and B were ralting f their. 2 
ſays A to B, 7 years,ago 1 was juſt t "ee. times as 
old as you' were, and 7 years bence I. ſhall be juſt twice 
as 2a r will be : I demand their "TOY ages. 


SOLUTION. 


Let a add 3 repreſent the preſent ages of A and B 
reſpectively then their ages 7 years ago were a—7 
and 5—7, and their ages 7 years hence will be a7 
and b4-7 ; whence, and om the conditions of the 
problem, may be derived the two following funda- 
mental equation ; | Winch 

5 = 7 =3b—21,, and "pe 

X 2824-14. DO 
From the —— of —— two equations, to wit, 2—7 
=36—21, we have — hate from the ſecond 
equation, to wit, a- 2 -＋-14, we have a==2þ-7 
therefore 2b—14=244+7, ſince. both are equal to a; 


whence þ=21, and 2577, or 4249. 

A therefore was 49 years old, and B ar years old 
which is true: for then, 7 years before, As age 
would be 42, and B's 143 and 42 is three times 14: 
on the other hand, 7 years after, L's. age yore be 
56, and 8˙4128 and 56 is twice 28. 


PROBLEM 30. 


76. A jectey bas two horſes, - A and B, whoſe values are 
ſought; he bas alſo two ſaddles, one valued at 12 
* the otber at 2; now if e 


e eln of Problaig Bob If. 


f | | I 8 


1 upon A, and the worft ſaddle upon B. A will 
then be worth fvice as mich as B but on the other 
Hand, if ſets. the bet 6 7 ſaddle upon B, and. the 


X n= (ay Ie 
v eee 4 
— 


| 
4 woe Jadale upon A, B will then be worth thre 
| niet as mill as A: T * the values of ti the ' borſes. 


8 OLUTION. L IT 4 


| Let à and 51 re reſent the p prices of the two horſes 
i A and B reſpeEtively in pounds; then if the bettet 
4 > FHiddle be ſet upon 4; and the Worſe upon B, A will 
| be worth #-4-12, and B will be worth -Z; and the 
| 


firſt fundam bal Equation will be a EI x i= 
if 26 ＋4; on the other hand, if the better ſaddle be 
1 ſet upon B, and the worſe upon 4, then B will be 
| i worth 5412, and A will be worth 24-2, anf the ſecond 


1 fundamental Zquation willbeþ-1: =a-|- 3J5=34= 6: 
| | inthe 2 85 nta a e ere a- e 45 
4 we have.« am=2 55 ub Ru ſoefetore 268 ſecond 


AXE 


A TOO 


of a, of rather —24 inſtead of 3a, iy the ſecon 
fundamental equation (which is-ga+b=bF12), an 
you will have 69. :24Þ+6; that i 18. 65—18 1 2 3 
whence b==6, and 2587 or a4: Athen was va- 
lied" at 4 Povtids; and Bar 64 and they il afiſwet 
the conditions of the . wy oe may eaſily 


os 15d I'7 wu 
* * OB 1 E 1 351. 


77. There is 8teriain fraction, which if an mit be added 
io the numerator, will be equal to 1; but if on the 
_contraty an unit be added to. the denominator, the 

frattion will then be equivalent to 4 I demand the 
numerator and denominator of the * {1 | 


sor. 
> Call the, fraction * and you will lere theſe two 


Fdumental defthribing; A aid Fr a E the 


former 


of on r 1 gz 
mung co nds 8 * 


Art. 77778, 79. Producing Simple Equations, 139 
former of theſe equations when reduced, gives y=3x 
3, and the latter gives J=4X—1 ; therefore 41—1 
=3x-+3, becauſe both are equal to yz whence x the 
numerator of the fraction is 43 and-igx43;- or y, the 
denominator, is 133 and the fraction itſelf is, 44 5 
which if an unit be added to the numerator, will be 
++, or 4; but if an unit be added to the denomina- 
tor, it will be 44, or +. ; | 


2 * enn 4 
4+ 2232 — „ 
. 


ET MA Wb 
PP „ 2 od bd ec; 


T 


the whole rod, and fihce & is to as f tO 7 er bypo- 
theſs; by mukriphying extremes arid tneans according 
k 


C 


x 
© 


The upper part therefore was 45 inches, and the 


„ 4. Ada 
79. One lays out 2 ſhillings and Res i apples and 
 peat's, buying his apples at four, and his pears at five 
a periny'; and afterwards accommodates his neighbour 
with" half his apples and one-third part of his 5 


the length of 


1 


9 — 2 7 2 * _ 4 2 — 9 
, e CR ng — — 3 e 
5 VP en r We? a * 
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' for thirteenpence, which was the price be 3 them 
at: .T demand how many be bought ef each . 


SOLUTION. 
5 for the number of apples, and y for the nder 
of pears then if 4 apples coſt one penny, 11 coſt 


— pence 3 and for the ſame reaſon vil eo f pence, 


* 


2 i 


and you will have = —+= = 30 * a firſt — 


tal equation: again, the price of — half of his apples, 


will og F and the Tra of 8 a third yet of his 


pears, will be 2, and you will ber-. L, > 


for a ſecond x WET equation. Henee, 
Equ. iſt, Se. 
'* Equ. ad, 15x+8y=1560. 
Subtract the ſecond equation from three times the firſt, 
according to art. 70, and you will have 
E qu. 3d, * 4y==240; whence - 
Equ, 4th, * y==60, 
Subſtitute now 60 for 5, that is, 240 for 4 y i in the 


_ firſt equation 5x--4y=600, and you will have $8 


240:=600 ; whence 
Equ. 5th, x *==72. 
Therefore the number of apples was 72, and the 


number of pears 60, as will appear upon trial. 


PROBLEM 57. 

83. A certain company at 4 tavern found, when * 
came to pay their reckoning, that if they had been 
three more in company io the ſame reckoning, they 
might have paid one ſhilling apiece leſs than they did; 

© and that, bad they been two fewer in company, they 

1 TANG ſhilling apiece more than they did 

1 RY number of perſons, and their quota. 

| S OLUTION;, 


d Ans tee Simple Equation. 61 


Sonne, 

Put u ſor the number of perſans, and. y for the 
of. ſhillings every ene actually paid: now if 

4 . ah 19 pay 5 ſhillings apiece, the whole 
regkoning mult be 4 X gar a0 thillings; 4herefore if 
x perſons are to pay y ſhillings apierer: the whole 
reckoning mult be yxx or n ſhillings : this being laid 
down, ſuppoſe them nom te be three: more in com- 
Pany; then will che pumber of gerſons be x 33 and | 


ad What every particular perſon ought to pay in 
Aon the whole reckqning xy muſt be divided 


by Ig. he number of perians, - and me quotiant 


2 will be every one's particular * but 


according to the problem, exe e rec- 
koning im this caſe would have been ſhilling leſs 


then it afgally. Was, that i 1, 3-1 3 therefore; WL 


Seni like manner the ſecong congiziqn 4 
problem furniſhes this equation, _ abs * cb 


x 
firſt of theſe equations,” to wit, 22, 2 being . 
reduced, gives #=3)—3 3 and the ſecond. equation, | 
v0 vit, 2 =y 1 being? reduced gives x=27 2 5 


W W and y=5; whence 2y-ſ-2, 
or 12. 

So there were 12 perſons in company, their reckon- 
ing 5 ſhillings apiece, and their whole reckoning 3 
pounds, or 50 ſhillings ; which anſwers 0524 conu- 
tions ot the queſtion : for $$==4, and 4 486 


PrxOBLEM 61. 
88. What two numbers are thoſe, whoſe ſum is twice, 
and the produt? of whoſe mulliplication i is rely; times 


their difference? 
SQL UTION, 


ä — —— — 


» 
„ „ 


_ 
u F R Hep de 
: 
* 


— 
mug 


F ond Rt 


Sor u T ron. 
Put x for the greater number, and y for the 1s; 


then will their difference be x , their ſum x . 
and the product of their multiplication xy or:yx and 
the equations will be 26, and A 1 26— 


Hires whence : 6 Ct! 
ted Equ. iſt, . | 
Eu. ad, 12x—yx—12y==0. 


aan the firſt equation by 12—y, which, by art. 
: 70, 18 . 


e coefficient of x in the ſecond, and the pro- 
duct will be 12x— 5136. o; ſubtract this 


equation from the ſecond, and you will have 


Equ. 3d, 20-2 0 3 whence 
Eq. Ah, 58; and 
Equ.. sth, & 224. a 
And the numbers 24 and 8 wil anſwer the —. — 
Otherwiſe thus: by the firſt equation x=3y, and 


4x=12y fubſtitute 4x for 12 in the ſecond equa- 
tion, and you will have 12#—yx —4x=0; divide by x, 
and you will have 12 —4=0, and , and. x or 
24, as . r 


PROBLEM "= 


89. What two numbers are thoſe, oboſe 8 * 
and produdt are to each other as are the numbers two, 
three and five reſpectively; that is, whoſe difference 
is to their ſum as two 10 three, and whoſe Jum is to 
4 heir produtt as three to five? 


SOLUTION. 


Put » for the greater number, and y for the leſs; 
then will their difference be x —y, their ſum x-, 
and their product yx;z and we ſhall have theſe two 
proportions productive of two equations, 1ſt, x—y is 


to x-|-yas 2 to 3, whence 30 — zA - 2d, æ 


is to yx as 3 to 5, Whence. aS 3 : the reſolu- 


: tion follows ; 


3 e Equ. 


Art. 89, 9g © producing Simple Eruation. 163 
5 Equ. iſ, * o. 8 
| Equ. ad, 2yx—=5X=—5y2=0. 
Multiply the firſt equation by 3:y — 5, the coefficient 
of x in the ſecond, and the product will be 35 — 34 
ig 2g s; ſubtract this from the ſecond 15h 
tion, and you will have. 

Eau 3, 1 geo, +: whence 
Equ. 4th, „ a, ane bs 
qu. b, , 

And the numbers 10 and 2 will anſwer the condition 
of the problem. 

Otherwiſe thus: by the firſt equation Pere ſub- 
ſtitute therefore x inſtead of 50 in the ſecond, and 
you will have 2yz—5x—x2=0; divide by x, and you 
will have -3y—5— 120, and y==2, as before. 


PrRoBLEM 63. 

90. It js required to find two numbers ſuch, 40 if 
their difference be multiplied into their ſum, the pro- 
duct will be five; but if the difference of their ſquares 

be multiplied into the ſum of i their ſquares, the product 
will be fixty- Hue. | 


5 $0LÞ TION. 

Put x for the greater number, and y for the leſs ; 
then will their difference be x =, their ſum. #+, 
and the product of their ſum and difference multiplied 
together will be *, by art, 11; then will x*—»* 
=5 by the ſuppoſition, and x g- Hy; ſquare both 
Tides, and you will have x*==225-þ109*+9*: again, 
the difference of the ſquares of the two numbers 
fought is *—F?, and the ſam of their ſquares « - 
and the product of theſe two x*—y*; therefore xm 
=65 by the ſuppoſition, and x*=65-|-y* ; but x* was 
before found equal to 2 54-1097 +y*; therefore 25 
105 i. ; whence y*==4, and y=2 ; ſubſti- 
tute now 4 for * in the firſt fundamental equation, 
which was «-g, and you will have **—qz==5, 
and x==3 ; therefore the numbers ſought are 3 and 2, 


which will anſwer the conditions. 
ö 1 PROBLEM 


1 m aue bb. Boon II. 


P 65. 


93. Thr perſons, fi B Cove pally» of ther none 
| I A to B and C, Give me buff ef your toney, and 
" Tall bave d; yt B to A and C, Give me u third 
part of 8 money, and I Null bave d; ſeh C1 A 
and B, Give me a fut part of your money,” and I. ſhall 
have d. How much monty bad each? 
N. B. The letter d is here ſuppoſed to ſuppl the 
Place of ſome known quantity, which is left un 
' mined till the calculation i i er. 


| = Sol UT Ion. 8 
* Let a, 3 and c repreſent the money of A, B and C 
reſpectively, and we ſhall have theſe three funda- 


mental equations; 


a+ 2 "tus 


4 
Theſe equations, after due preparations ns 
10 art. 70, will ſtand thus; | 
— * iſt, 2abb+c=24. 
Equ. zd, aþ+3b+c=34. 
4.3 Nu. 4d, ab . 
Subtract the firſt equation from twice the ſecond, and 
you will have 
qu. 4th, is 50e Ad. 
Subtract the third equation from the ſecond, and _ 


Awillhave 
Equ. 5th, 2b—3e=—4. 


Subtract five times the "ut equation from twice the 
fourth, and you will have 5 
Equ. Gh, 1134. 
7 


Put 


/ 


Art 3. e e eee ' 16g. 
* Put this value for c in the fourth 7 e and you 
will have 57 ＋ c, that i is, 5b = 1 40 therefore 


85h 34=684, N 8 91 5 5d, and =. . d 


114 therefore 
E 


Equ.'8th, 3 ee. 


1 
Put now the two values of h and c already found; in- 


ſtead of b and c in the firſt I and you —_— 
244 


have zac, that i is rabo e 2 r 24 I. 

=24; whence 340 C244 34d. and m_ and 
104 5d ; 

a = — therefore 
34 17 


* 


Equ. gth, @ * — 45 
So that the _— are at Iſt found 0. beans. 


50 — b= = ande = 2 3 whence it follows, that if 


1 
any number be put for d, that will admit of the num- 


ber 17 for a diviſor, the 8 a, b and e will 
come out in whale numbers : as if d be made equal to 
17, the quantities a, 5 and c will be 5, 11 and 13 
reſpectively; and the numbers will anfwer the condi- 


tions of the oem for 54 . or un ; 
11+ 5 or 1 4 825 1 N | 


217. 


Ae 1 hope the reader does not need to 
be told, that the numbers a, 4 and c muſt always be 
underſtaod to be of the ſame denomination with the 
number d; as if the E d ſignifies fo many * 
775 ad How „ e 5d 10d : 


6 * 


— . 
n — 
„— —— . 0790 —— - — — _ — — — 
— , « 4 . 8 — $4 — — —_— — A — — 
- * . 8 
er al c © WIE * N 


8 


— 


— 


4 1 
4 
1 
I 
* 
4 
95 
1 


AIR > 2 
— — 


_ Jae r 


3 © rondbang 


a — — 
* 2 rene 


. 
— rr 


) 
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the numbers a, b and c muſt alſo ſignify guineas; if 
ſhillings, ſhillings ; if pence, pence; 


Equ. iſt, 2a4-b4-c=24. Equ. &th, * 67 int, 
| _ 6-0 
ad, a+3t--c=3d. 7th, c 7 
| SK: 11 
3d, e - 8th, * b * = 5 
Ab, „ 5B Led. ch, @ * A 
sth, 26—3 =-- d. 1 | x 


* x 


A $:CHOLIUM. 


94. Of the foregoing equations, the firſt, ſecond 
and third, wherein the quantity 4 is concerned, may 
be called equations of the firſt rank; the fourth and 
fifth, wherein the quantity 4 is concerned, and out 

of which the quantity is excluded, may be called 
equations of the ſecond rank; the ſixth, wherein c is 
concerned, and out of which both à and & are exclu- 
ded, may be called an equation of the third rank; and 
ſo on, were there ever ſo many unknown quantities. 
Whenever the equations of any particular rank are 
given or found, in order to derive from thence equa- 
tions of an inferior rank, the Analyſt is at liberty to 
combine theſe firſt equations by pairs as he pleaſes, 
provided he does but obſerve theſe two things; firſt, 
that every equation of the given rank be ſome time 
or other coupled with ſome other equation of the ſame 
ſet, ſo as that no equation be left out of the account; 
ſecondly, that in every particular combination, one of 
the equations be ſuch as was never made uſe of in any 

combination before, and the other ſuch as hath been 
concerned in ſome combination before, excepting the 
firſt pair. It is not to be denied but that the artiſt 
may, if he pleaſes, vary ſometimes from his laſt pre- 
cept; but if he always obſerves it, it will be altoge- 
ther as well, THE 


95 the Jp and EY f a ſur rat 5 


from a binomial root, 


ITHERTO we have been chiefly 
concerned in fimple equations: 
it is now high time to apply our- 

| ſelves to the reſolution of qua- 
dratics; in order to which, ſomething mult be ſaid 
concerning the nature of -a binomial, upon which 


that reſolution entirely depends. | 
Now a binomial (at leaſt as it is here uſed) is a 


quantity. conſiſting of two parts or members, con- 
need 9 by the ſign + or —, as xa, #— ay 


* * LA [JR = and a ſquare raiſed from a binomial 
root is ; norhing! elſe but 2 5 ſquare of ſuch a quantity: 
chus the ſquare of += _ r* * = 9d that 


4 5 eg 
ee eee * 8 Sg 2 


- 


© 
E 4 U 4 £ - - 
= aa ST £4 3 i 8 * ; 4 * 


— hes _ : 
I 1 I * fe ANOBII 1 6s 4 


2 * 
r torts : 


e 


PDD 


nn „ : 
--— 246480 Won „ * — — F—; that i 
OSS - , that — 1 4 > mat Is 


mto the coefficient .; for the root of x & is x, and 


thi ſjdare öf 4 . "tk is, the quit Half the 
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3 


bb 3 
The difference betwixt theſe two ſquares ariſes from 
the different. ſign of &; and that only affects the ſe. 


| 33 | 
cond member ; for the third member — will be the 


| = 
ſame, whether the quantity be affirmatiye or nega- ; 
tive; therefore if thoſe caſes be thrown into one, it 


will Nan ths; The fer, of © in ax 4broÞ+ 4. 


| | DA 9a TIL vt oat ANTE 
to wit, + Ii when the toot is * + ——, and— bs when 


the root is X 7 Now of the three members that 
chmpoſe this ſquare, the firft & * is the ſquare of x; 
the lecotid bæ is the root of that ſquare multiplied 


' . * 5 b *s 
* b 46x; the third and laſt member 7 * 


coefficient of the ſecond member; whence may de 


* 


deduced the two following obſervations. 


n | OBSERVATION 


Art, 101. 5 169 


N . 


Whew we meer with a quantity 6 ati of 1 is 
members, as xx+b . r one, as xx, is a ſquare, 
tind the other + bk. is the ZE ie 
into ſome given 1 corflicient b; whenever I ſay 


with ſu oh ho antity, it Way be AGAIN af an erfet? 
ſquare 2 „ e binomial root, and may 2595 


e e that is, by adding the ſquarti 


tht coefficient n in the fecond term + thug 
2 when compleated becomes x#w# 6x + 93 
xx — 8x when eated becomes x — B, 163 
xx | 3x when compleated becomes x +73 for 
here the coefficient being 3, its half will be 2, and 


the ſquare of this will be $ : again, * ＋ "en 


| compleated becomes. xx & $208 +> 7 for Di the 6 


cond term is ==, 2 the cocfficient of vi is 
3 by art, p03 bat de half of ; l. 3, and the ſquare 
of this is 2: again, 7 1 when compleated be- 
comes xx — 5p 7 for here the coefficient is 
—b whoſe half is — +4, and the ſquare of this is + 
laſtly, e, when compleated becomes. 


ph bs 2 


ee eee 


n . 


176 The Reſolution of affefed Book III. 
OBSERVATION 2. 


In the ſecond place it may be obſerved, that the root 
of Juch a ſquare when compleated, that is, the root of 
ba = will always be x+— that is, it will 
always be the ſquare root of the firſt member, together 
with half the coefficient of the ſecond: thus the ſquare 


root of xx-6x--9 will be x3 that of xx—8x--16 
will be x — 43. that of x Th + & will be x + 


2; thatof «x+ oy Vary will be w+ that of xx— 


"ol vill be — .; and laſtly, that of xx 
„ 14. . D053 15710 7 f 


CCC 
— — | — will b x — —. 
„ * - 


at NES. 
The common form to which all quadratic equations 
ought to be reduced in order to be reſolved. 


102. Since an affected quadratic equation, as we 
have elſewhere defined it (art. 23,) is an equation 
conſiſting of three different ſorts of quantities; one 
ſort wherein the ſquare of the unknown quantity is 
concerned, another ſort wherein the unknown quan- 
tity is ſimply concerned, and a third ſort wherein it 
is not concerned at all; it follows, that all quadratic 
equations whatever may be reduced to this form, 
viz. Axx—=Bx1-C; wherein 4, B and C denote 
known integral quantities whether affirmative or 
negative, and x the quantity unknown, the ſign 
on the latter ſide of the equation Bx + C, ſignitying 
no more than that the two quantities By and C are to 
be added together according to the common rules of 
addition, whether they be both affirmative or both ne- 
gative, or one affirmative and the other negative: this 
Will eaſily be allowed, if it be conſidered, that quadra- 
tio 


1 


Art, 102, 103. Quadratic" Equations. \ 1711 
tic equations, like all others, may be freed from fractions 
after the ſame manner as ſimple equations; and when 
that is done, there needs no more at moſt, than a bare 
tranſpoſition of the terms to reduce them to the form 
above deſcribed : we ſhall however give ſome examples 
of the reduction of quadratic equations to this form, 


"| F 


amongſt thoſe that follow, 


A general theorem for reſolving all quadratic 


equa 10. 


103. This preparation being made, let now ſoms 
general quadratic equation be propoſed to be reſolved, 
with which all particular equations may afterwards be 
compared, and by means whereof thoſe equations 
may be more readily. reſolved; as for example, let 
the general equation in, the laſt article be propoſed, 
to wit, Ax = Bx C; and let it be propoſed to find 
the value or values of & in this equation; here, tranſ- 
poſing Bx, I have Axx—Bx==C; and then dividing 
by A in order to free xx the higheſt power of x from 


p — * + EO", -G& 2 
its coefficient, I have aw — : this done, I 


conſider the firſt ſide xx _— as an imperfect ſquare 


| raiſed from a binomial root; and accordingly I com- 
Pn that ſquare by art. 101, to wit, by adding 


— chat is, by adding the ſquare of half the 


coefficient. of the ſecond term; but if — muſt be 
added to the firſt fide of the 8 to compleat 
the ſquare, it muſt alſa be added ta the other ſide to 
preſerve the equality; otherwiſe, by an unequal addi- 
tion, the equation would be deſtroyed: this equal 
addition then being made, the equation will ſtand 

| thus, 


— — 4 
„ or et WI e == axe - 


« wt e . Boss ll. 
6 but the 
1 6-0 thrawo.inco one, 


ove ABD 4446 - which, NY by 4 gives 


BB-j-44C Bx BB. 
— therefore XxX — 7 7.7 hu 


— debe the ſquare root of * one fide 


will be * to the ſquare root of the other; but the 
ſquare root of the fraction e at leaft as it 
here ſtands in letters, eannot be extracted, becauſe, 
though the denominator 4 44 be a ſquare, yet there 


zs no literal quantity whatever which being multiphed 


into irfelf will produce BB-j-4.4C; therefore, to put 
this numerator" into the form of a ſquare, let us 
ſuppoſe BB-j-4 ACz=gs ; jd. then the equation wile 


„ BB" *. 
ſtand thus, * — TT WS” 3. but the 
ſquare root 1 Eq + ED he „ art. 
1013 and the ſquare root of 7 * — — for A reaſon 
formerly ene to wit becauſe — 4 "ay TOI 
SO e TY 
plied into irſelf will prodjite 5 as well as 72 and 


therefore, by the very definition of the ſquare root, 
the, former quantity . 28 good. 2 right to be ſtiled 


the ſquare root of 4s the latter; therefore this 


2745 


den will now be logos 40 8-Geple ones „ 
r fer 80:53 


A 1 * . 
| 03. 5 * - | o f £4 * * 4% : 8 3 
K 75 „ & JM 5 ' - Lo 12 4 5 
- * 


2 e ws 273 
wil amt thus, & +444 chere * == 
; a4 2 A 2 F-13113 {547 a Fro om. = 


. fat: F= 1991725 * 7 2 E. 5 


Thus we-ſee that every quadratic equation rtecolly- 
Tily -admits of two numbers or roots ( as. they are 


called) which withequally anſwer the condition of the 
equation, chat is, either of which. being put equal to 


to the other; and theſe two roots in afl arts and 


* - 2 


ences where quadratic equations are concerned, are of 


equal eſtimation, whether they be affirmative or nega- 
tive, or one be affirmative and the other negative: 3 


for example, in Geometry, if a line drawn from any 


point cowards the right hand be conlidered, as affirma- 
tive, a line drawn from the ſame point to the 


hand ought to be conſidered as negative: for let 4B 
be any line drawn from the fixt paige. A to the point 
B on che right hand, and then imagine the point g; 1a 


move towards A; here then it is plain that the nearer 
B approaches towards A, the leſs will be the affirma- 


tive lige IB; when che point B coincides-with 4, the 


line AB muſt be looked upon as nothing, and there- 
fore, when the point B by a continuation, of its mo- 
tion has paſſed through 4, ſo as to lie on the left 


hand of 4, the line 4 Bought now to be looked upon 


as negative, having paſſad from ſomething through 
nothing into negation; and yet a line of this nega- 
tive *kind is as true a line as any of the alfirmatitve 
'Kitid'; and therefore the negative roots of quadratic 
equations Which exhibit negative lines, ought to be 
of equal eſtimation with the affirmative roots that ex- 
hibit affirmative lines; and the ſame will be the caſe 
( ſay) of all other arts and ſciences where quadratic 

equations are concerned: but in common life, where 
negative quantities have no place, the affirmative ruats 
of quadratic equations are only allowed of in the reſo- 


— 


— ——— — 8 
— ] ʒLL1uœ— — 


Iution of problems, * negative ones being for he 
moſt part excluded. . 

N. B. , The root of 255 quantity whether in 
numbers or letters, that cannot be expreſſed, is called 


a ſurd: thus 4/3 is a ſurd, and ſo alſo is DNA ; 


and it was for this reaſon” that I made 9 2 
, or, which is all one, RB. CAAC EU. 
© ah. The quantity C and conſequently 440 will 
ſometimes be negative; in which caſe the quantity r, 
or BBJ-44C muſt be looked upon as the ſum of the 
affirmative quantity BBH and the negative one 44 
when added gether SEEUrng to = common rules 
of adlditio ion. 9 0 c 
"2dly, In many of the following examples, the 
leafner muſt be very careful to form a right eſtima- 
tion of negative quantities: thus for inſtance, if x, 
that is, x==—3, he muſt make qx, or TA 3 
12; but he muſt make —4x, or -A = iz; 
Ho like wiſe — , or or —1x, or SY 7 — unde 


equal to . EM Se. Wk 7: ode. 
ee demonfrrat ation of yh foregoing theorem. 


104. In the laſt adh it was Riad analy- 
"Realty, that if Axx be jad to Bx-+-C, then *_ muſt 


neceſſarily JED both r and to e ſup- 


poſing 5s to be equal to BB-E4AC. Now it may 
not be improbable but that the learner, eſpeclally if 
he has any taſte or genius, may have a curioſity to 
ſee the ſame demonſtrated again ſynthetically, that is, 
to ſee it ee that if x: be made equal to 
„ 
2 
| — it 1 therefore to gratify the learner i in this 
r that I have added the following demon- 
| ON, 


„ then Arx moſt neceſſarily be equal to 


CASE 


3 by: - ” 
f 1 $7 34 K 7 
Art. 104. 2 Equation: „ 


: 
5 * 


c 482 "Iſt, „ 


3 
5333 5 


ue TAR you "will Ded. PP * | 


eke, multiply both ndes by 4, — you 


will have gar (or one fide of. the general equation) 


equal to Renner ny for a fraction may. be multi- 


plied by divkdng the denominator, ' as well as by 
mulciphſing the numerator : again, ſince x = —— 3 


» 2A 
you. will have PW double both the nume- 


rator and denominator of this laſt. fraction, which 
will not affect the value of the fraction, and you will 


5 the refore POPE g 
be oBBb Bra de ben 
＋ 2 4b! + or ret 44 * 


1 becauſe BBb-4 AC=5s by the ſuppoli- | 
tion; therefore Arn Br -C, ſince each fide is is * 


to | the ame ee 2 


C AS E ad. 


+ + Y - »þ 
: oy 4 


. 


6 | M44» 


Rs om" jere.oed mw. 7 
Let now # = , and you will have xx = 


2 A 
2 and rx (or the firſt ſide of the general 
2 BB —2B5b-os BB—Bs © 
r 
| 2BB—2Bs 


Py 


17 6 The Reſolution alte! K III. : 


BB—2B 2BB—2B 177 4 
= 558 cherefore Br-þ = oy 1 55 Ee 
ene 5 | 
E W Ain, becauſe each 
fide is equal to kd 9 e 
POR F353 $ * FE oy i et vS \ i» 


L I% 
4+ . 


> 7 rx f1 ho ks 


Var 22 as examples y ibe 3 9 1 of afeed quo- 
atic equations, both with: 5 4vithot 'the 
ws — * 37 21 D. 54% — N 14 ; 


. ha 3 4 ai i 
| Wy TT *. ; | 


124 +] 1 A 


W Li che equation propoſed to de refuted be 
ebe This particular equation, as well as 
all thoſe that fallow, may be reſolved the ſame 
manner as the general one in art. 403: but as theſe 
often anended with — — very 

r to the youn . — and as theſe par- 
ar e ons are ne e particular caſes 

"of the === one, it 2 that the reſolution of 
theſe equations muſt neceſſarily be included in the re- 
-folytion-of che general one; and conſequently, that 
theſe equations will be much more eaſily and readily 
reſolved by referring them to the general one: how- 
ever, for the ſarlefaction of che learner, I hall reſolve 
ſome of theſe equations both with and without the 
general theorem: and firſt I ſhall. reſolve the equa- 
tion propoſed by the help of the general theorem thus; 
in the general equation, art. 103, we have Axx=By 
IC; in the particular one already propoſed, we have 
S *I therefore Ain.the.general equation an- 
ſwers to 6 in the particular one, 2 to g, and 
Cro—15 therefore, if the particular equation be re- 
ferred to the general one, its reſolution will be as 
follows: A6, B==5, C=—1, BB=25, A243 
therefore 46 or BB+4 AC, will be the ſum of 25 and 
—24 


* 
* 9 


An veg. —— . a 


al! therefore = 541 1 Bos 


= e = therefore the two roots of ibis eguaton 


Grssag—1 are 4 and + The reſolution of this equa- 


tion in numbers, without the generall theorem, is as 


follows: Equation, e therefore Gy 


balk 5 _ 58 
i, and 4 . . * where r —. F. may 


be conſidered as the two firſt members of a'*{quare 


.. raiſed from a binomial root ; the coefficient of the ſe- 
cond term * its half —2; —, ; and the ſquare of this 


haps — hoc mk nk fe | 


222X712 
ther than Wear an reaſon that will preſently be ſeen. 


ade — to both ſides, that is, to obe 
ſide to complet the ſquare, and to the other tor 
_ preſerve the equality, and' you will have 9 7 * 


4 


* = 8 5 
I2X 12 12 0 12 X 12 
the fractions = and > ber 1 mof be reduced to the 


. ſame dane e in oder to be added together into 
one ſum; but if. this be done the common way, it 


will be impoſſible to obtain the ſquare root of chat 5 


ſum withoùt à further reduction; therefore, to avoid 
this, I enquire what number che denominator 6 muſt 


be multiplied- by to make it 12X12 the ſame with the 
other denominator, and the anſwer in —— 


well as in all others of this kind, will be very xaly; for 


 2X6=T72; and therefore 12&2X6, or 24X6=12X12; 


+ I multiply both the numerator. and denomi- 
| M 2M 'nator 


"2. = =, TOE 


| 
| 


b 


Mg AL, 


r * 
* 


Dy We, ETA; 


S 
* 


1 2 = : - — — —_ 1 
* - 
PP —  — ͤ kk e A Q rm, 7. 
. 
* ; 
” 
” ” * 4 - Fn b 


— 


E32 „„. 


. ² A VET HA Peas 


. er 


178 en eue feu 


| 2 and Gr | or v: on the other = ou will 
E 


* A3, will be as4 


o 


webe . 5 
— | of the radtion Lined 24; and ſo have — . 1 


and this added, to the other Fraftion EI gives: 


:, 


1182 
7 


55 the cquation ll be 7 + 


2 e =- ; ; extraft the root of both des, and | 


1274 27 


vou will have * — pon eder . 
9 4% Fo * 99 1 0 # Saks 
. by Fo” 1 —1 1 * x 
; 13 T* ad —3 "| chereforex=",6 or— 
tf 12 * ; a 


This may alſo be 3 ſynthetieally ods. —_ 
, then you wilh have xx==3, and Gνπτ] = or 3 
again, S* 2 2243. therefore Sie We. 

„ Gm v1, ſince each equals 114. 
Lex us now ſuppoſe * =, arid you! will have. as 


have 5% = ör 13 1 5*— 121; therefore 
1 thete roſa feditiohs therefore will an- 
ſwer the condition of the equation and there are no 8 
other numbers beſide theſe, whether whole numbers : 
ot Nee that wilt do Mn a 3 


. „ bp £4 24 4 PN 


* 


r EN l E * 


E He: bb be Gl be 2a Eer. 
4s. Here tranſpoſing —axx we have g EAS. 
24, whence 3 2.45 and thus we have fe- 
duced the equation propoſed · to the orm of the ge- 
neral one in art. 1025 Where fore applying that gene- 
ral equation to this ac one, the reſolution, by . 

lows: A3; Bt=ags C=—45, 
BB=579s 44C==—=540% ae eee, 2, 


See 4 2 — 5 13 there fore #=53 "35, 4nd? "his 


will funeral appr * ws, 2 


Ard reg 19! * Fo | Sb Im 


7 5 . . ; Apia, | let X=3s 3, dens bal? Raves 248=" : 
5 7 and xx==09, a 


9 FEE 105 ee N when ee tothe form A « 
8. =. 


"248; 
* A more «op one of the ſame form ho by 


: have * er thus, —— Irs in Which Caſe we 1 . 


ſhould” have had Amr, _ 5 W 
2— „ 


| 55 446==<60," $=24, s, . 11 == 3. 28 


| before; the ſolution of the foregoing 9 in the. 2 
common way. is this; ** — 042 —153 erefore com- 
pleating the ſquare, xx—8x#16=1 ; therefore ex- 10 + : 
rating the ſquare” root, wn therefore » was . 5 
Keri b.. 7 ˙¹01A 


». oh 


1 "4h ENA EE . 2 


Let ihe equation to ba reſolved be N 

= -- FAA. Hence by tranſpoſitions we- have e 
- paxiga=yxx—8x-444,and80#-144=5;mrþ-444, 
and 5xx==80x—300,'and, ** I=; which equa- 

tion being teſolyed. lixe that in the laſt example, gives 
 #==10,..0r 6z which may. allo be cafily ſeen by ſub-- . 
: — 10 or 6 for & in the original IS . 


„ 1 EA 4. 2 2 
«es 2 2 . . ex . 
2 JL Nene, Io to. * gd 3 ö 16. 4 
HR have w- fl Sade, and xx=288—[153 
- which, equation being reſolved like that in the'ſecond ' -- 
"1 — amply goes gor 53 Megs * whereof: 1 8 


. .  caly, = 6 
TY „ M " 20 Ex h 
* 0 | . 6 * 
R - hl 2 Ws PX » og G ” 
* 0 - - 
9 p * To * 
* - * Ih 4 * . P 4 


** 
* * 
|" Pp *\ 


o * 
A. 
” . 
by . 


%% The Rei e. Boos ll. | 


13 2111 d {4 ; 


1 relalped be E * 


: 1 5 
8 therefore 1009—= ben. 


480= 120 therefore * A 120 = lr 4-480 ; 
=—20x--480; therefore (dividing by-5) 
. therefore in this caſe, AI, B=—4,. 
| C96; BB=16, 4ACt=384, Si 64 3 84 400, 5= 
+ —4-+20 - B—s —4—20 


„ bro ad oor writngd 
| therefore in this equation, æ 8, or — I 22 the proof 


is s Gay let * the ei 5s ad- — 510: : 


120 


again, Lait, ard dens tht ene =; 


Ke 120 | 20%: 5 
. ' Again, 18, then mom a 775 


120 


„ i, 2 p10 gummrs? on the other | 


* 
* 


bad. Ku. fas=s, therefor 2 === F 


6 abs, therefore: 22s —5 82 = The reſolution 


in che ommoh way is this; & 9s; there 
fore #x4-4x=96; therefore e there 


eee EFT; LEE ata yr * 
* 4s | . x 


"Ss 


. Ex eg B bs 


Let the equation to be refolved be 21 37 865. 3 
therefore _ 24*.— 35 4655 therefore In e. 
35 — p ; 


- 


. 
} 


Art, 10. "Quant abi,” Is Fo 151 | 
= 6—: cherefors in this equation, s, or —643 


char 1 ds will” eaſil be ſeen ; and that 61. 


or that 2 ng ſubſti uted for * r will _ 2xx 
* n 


— OS 0 
a = , therefore 2 — gem 


== ="E = 65. The rſoluion in numbers 
ane Lars 3 therefore, Far + = = =S. 
9. 8. 529 1 23. 
— — the e T ＋ + — 
D 9X4. = no +2 e 
"therefore * 2 — N =+5% 0. —6— 1 bh 8 


2 


"EXAMPLE . 


= the Gs to be reſolved be 6 . 
therefore g 0. 2 4=9, B= * C=140, 


n, 4 AC=3040, goa, Ain „ 


e eee ee e 
ter caſe T thus demonſtrate z x $== —3 = = =D, . 


bee E 125, weren d. again, 


eee therefore 9. | 


1260 "a 5 
e e = * | In numbers thus; = 
— + 4 „* M 3 ; 4 . = . = . gx. 


im, thari 1 


0 


Cw 


— 
. 4 
o 
FFT = 2 * — Wu $47.9 x 
. * 


2 


N 


. EE ane ae re dries No LE 


* 


WS: 140 
EC Gr IR there 
17 3 


. 
. 


f grins 14 1 werten b | 


Soso Ei 


8 „ 


8 1 $97” 


3 1 * 
ie . 


18818 SETS 


chat ie, eg ed en e 44. = LY 


3041 1 
ee ö 


be n. = = ae. oa 37. 5 5 — x 2 — 8 


95 


A tb 5 _ : 2 X — 0 
0 Seo Yo i. <5 N 
Let hes equation. to be reſaved be = * 
, 


116 :248 


- tz ck I So- 22 77 421 mw 56xx+1 54% 
+105 ; that is, 412%+573=56x*4154xþ105 3 
therefore 258,473 et 1053 therefore 56x%= 
258x-|-468; therefore (dividing by 2) ybu have 28xx 


© 1298234 3 which equation being compared with 
the ders! one exhibited: in art. to3, gives rs, 8 


eg, C234," BB=166415- 44C=26208, i= 
'B Bo _ 11 
42849, $=207, 7. = =6,— — 


fore. in this equation e or —1 15 Pd which 
I thus . firſt *=6z therefore anEq=rs; . 


| thrdfore 55 moreorer, ess, — 


e Ht, ls TH 


58 


boss lll. 


» 


ZE Mu 1-006 ente: the cove of atk her. 


, went 5 N ere, 


1 


. eee, _ 
SO; = ae i therefore 2 4 | 


= 22 therefore n+ 3: =—=2 +5 Lad, 


45 522 5 
therefore <——— 1s the votient of 25 dees by 
— 8 3 qt oy 


1 


£ 75) bot this quotient, accorging to the rules 5 frac- 


| 630 8 
. * diviſion is — 2 2103 | therefore 45 | 
op. Fi 7725 3* | _—_ TEE 3 | 


= 210: ag again, 44D = gy We 3 whe 4an+ 5: = 


J To 3 | wherefore| 11 in the den 


1 
ae . 


HO 
or —2033. rherefor e 5 therefore 2. 3 


* abs 1 Cat} "1% 


280 116. 5 
f — IE — 8 0 5 : 
ES eee i oaths 3g. ret 


The reſolution of this routes in dhe 3 
way is as follows; 5 ag 46 therefore 


e 6 here de cache: of we ſecond 


= will have aw — = 5 + = 


56 


term 1 i «half — == 17 and the core . 


"this | SFU A this dure to both fades, and you | 


56X56* = 
258 2662. — 468; + = 26642 

WELLS 21 & 42849. 77 
"50x56. 7 56x56 . whe > | 
5 
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184 8 Reſolution of affefied 8 in. 


„ 284 ' 8 
on one tide, and of = 42 5 5 on che other, and you 


207 e | 
will fave . = — 55 wie = 4. 6, or 


* 


g 8 y * 
p * . 1 * £ 
89 oO OTE —— . | 8 S127 : 1 2 N 9 
% 7 1 Y 8 „ , 8 's 2 „ 2 . 
2 * : # & v | 2 
* 
: * 
8 . LY 
9 193 9 E X 'A 1 p L * 9. my ws 17 
4 | SA 


Lt the Fquarion be 15x— 565 then this equa- 
tion being reſolved by the general theorem gives 
, or 7; and in the common way it is thus re- 


ſolvedz T* = g; change all the ſigns to make 


Xx er, and _— will have XX—1 5* 2 —56 3 


22 of + 
whence * — I gx = 3 = 5 z there- 


TE 


free LL S 2 45 and & 2 6, or 7: . 


I chiefly. — by this example i is, to 'ſhew, that in 
reſolving a quadratic equation by the general theorem 


there is no neceſſity of making any tranſpoſition to 


exhibit xx affirmative when it would otherwiſe have 
been negative; as for inſtance, in the + REY here 
propoſed we had 15x—xx2=56 z tranſpoſe 1 5*, and 
you will have —xx, that is, —»1yxX===1 5x56; let 
this equation be referred to the general one in art. 10a, 
and reſolved by the general theorem in art. 103, and 


you will have Az, B==—15, C= 6, BB=225, 


ae n 3 


3 i, —1 22 — 
24 p n —2 


0 ——1 5 


Hiw 135 * is 70 LEES when 2 roots 1 of 9 | 
quadratic equation are inexpreſſible. | 


106% As, there are but fe ſquare numbers in 


compariſon of the reſt, and * all quadratic equations 
| | are 


> 


8 * en yy 27 N a. Tx N 

Lua eie Ea ,, OY 

5 are reſol Fc — extracting; t ;the + ſquare root, it 
that there ate but few- quadratic equgtions capable * 

an exact numeral ſolution in oats of thoſe that 
are not; but as the ſquare: ot may be extracted to 


2 degree of exactneſs we. pleaſe, the reſolution of a 


quadratic equation, which depends upom it, may 
be performed to any degree of accuracy what · 


1 nr 
4 70 Wy (+. — * s $1 * : n 
1 G3 , lr 15 


l * Er N r 0 
2 . het > oh 315 2 nps. 2 A. 0 * 


111 adi 53 or #x= rx, - 
Here 4=1, B=4, Ci, 2516, 4AC==—4 . 
BÞ5 4TV12  B—3 3 

4 2 2 e 2 5 N 2 5 . 
, therefore it BE bor e 7 2 | 


let us enquire in the e place, whether theſe two 
fractions are not capable of being nl to more 


ſimple terms; rd then it is plain that 2 = 1 


1 12, . 


] N e " * ” 
ds * 2 8 0 


fag further that Lp for 1! N ; 
- fore 12 = of S N N , 5 
* ag , whence i it follows, that g. or 


DE but * 3 extracted to three decimal = 
1 732: therefore n and 29% 
2 2683; therefore x= (near 

will be further evident from hs proof following: 
firſt x==3\.7 2 ; therefore x 3 9278243 and 4x= 
14.928 . 4 — . 000176; therefore 
#X—4x=—1 .000176; therefore LOT E- 
0176 S very nearly; ſecondly, let x . 268 and 


exerz i en, by th W i 


y) 3.732, or. 268, as may 


you will have xx==.071824.and 44=1 „0%, and 43% 5 * | 


XX==1.000176; therefore xx 4 2 —1 oo 176 
* * I hate act very nearly: 
therefore 
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Boo II. | 
| therefore in both caſes, the condition of the.equ lation 


_ The Reflutin of « e 


.- 1s anſwered to as many figures or cyphers, as is Wege. 
to the number of — places” to which: the Thoare 
root of 3 was extracted. * Roi „aneh 7; b 
A may ſeem to ſome perhaps a paradox WITH; tb | 
- thougbithe two ſurd values of the — — ä 
found in. this and the like caſes, are not to be 7 
in numbers, yer they may be demonſtrated- be. 
juſt: Fhus 1 ſhall demonſtrate; that'if either of the 
two values of « found in the laſt caſe, | to wit, 
2+4/3, or 2-4/3, be ſubſtituted; for x, we ſhall 
. have- this .equation xx—4x-1=0, which was the 


1 equation there propoſed; in order d this, make 


5 and firſt, jet „SLV, .or.2þ5.3\ and we | 
hall have 2 2 et brug and —4x=—8—45;. and 
ERA A= 4; but if V3, 
z, and ==; therefore, æ —4x=—4, and 
m4 t=0; ſecondly, let x -N, or dens, | 
Aid we ſhall Fire a 24-1, and —4 2 844.5, _— 
r hence * — 
: 1. b 211190 40. Mn 2 en in ngen . 3 : 


. * * 


* ö 2 f 5 "' 2 
60 . "8. - 4 14 2 $4 < T5 N » ut 22 „ 1 0 7 '* 3 i, 
8 


edn 345: 5 5 1 4 94 ; 5 GHEL AIG 


«s 3 of ee. roots in 4. | uadeatic he ie and ws 
. . ob of * hence Ar 1571 


„ 4 
=, 


i 10. The roots of quatiritic equations are 8 . 
. 2 very often zen but ſometimes even 


. as will appear by the following example. 


# 4 s - * . 
1 + 


EA l 11. e e 


. * ** * 
n \£ ; jp Ids: ' 41375 


| FLY the equation be ent; adi. 
Here Ari, B==q, =, BB=16, 440-24, 8 


2 ge e Tees ITE 


Jt S 


* 


=—ax+43 where 


* . 
4 
2 1 
„2 n S107 
4 by 0 ONS... f . 
es * . « Ee” 1 1 # % —_ ? 8 4 * 6 doe 
N .* x * 5 « 2 4 f . - þ 4 | 
4 ©, o * 8 * „ * n * * 3 aw f 5 ; 1 
—— * P » * 1 
* . * — * 
N 8 2 - « * A 
* 143 — * 8 , * * 
. . . 6 * 5 . 4 — 
1 
8 z 
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i thereftein this equation n 
„ . or 2=—=2 3 but as no. quantity. whatever, 
either affirmative pr negative, being mvltiplied into 


4 Itſelf will l produce a negative, it follows, that . . 
.*. :is nor. ol wy an inexpreſſible quantity, but Alo an im- 


polſible e.; and conſequently, that che two valu les 
o x ih this equation 2+v/—2, and 2 — 2 will both 


E be impoſſible. 


N.. Though the roots of this laſt equation be 
impoffble! in their own*naxores; yet they may be ab- 
Ny demonſtrated to. be juſt, as in the laſt ar- 

ricle, by making. , and conſequentlyss=—2, - 


From what has been ſaid concerning impoſſib 
roots, it appears tha one root of 2 quadratic equation 


can never be ible alone, but that they muſt 
5 8 either be hoe ible or: both impoſhble ; for it as. . 


ars from the re{olution af the laſt equation, that 


7 impoſlibility of the roots, flows from the impoſſi- 


. roots of the equation — 2 


# 


bility of che quantity v, or of the ſquare root of & 


2 A 


roots mult neceſſarily be impoſſible. 3 
Since the poſũbility or impoſſibility of the two bels 


| of a quadratic equation depends upon the quantity 35 


being affirmative or negative, it follows, that when 


55. and conſequently s equals nothing, the roots will 
be in dhe limit Win _ — — 1 1 


2 — T 
2 ” 
A; thi two o unequal whe r Static equas 


they grown nearer and nearer * a fate e 


"F434 8... 2 1 % 4 
* . . on - = 5 $* 1 14 * 9 © 4 %* + * . » ”: & F 
- . 8 * pe * 


: when it 18 negatives. now 9 Ss is poſſible, both the i 2 
” and = will be poſſible; Ms 
on the other hand, when 5 is impoſſi wie, boch dhe 5 


tion grow nearer and nearer to a ſtate of equality as 7 


>» 


- BBs 


256 The Relating e 022M Book itt: 
but Wh not come to be equal till they come to che hwit . 
| tween e and py. 3 


ae; to find the FR it's adac "if 0 volt 
13 guadratic equation 1 8 reſolving a . 
25 how. to generate a quadratic equation that. 
all have any 7200 given numbers whatever for 
its roots. < at Fig Sb pokes ae iA 10 


2 1 
4 1 


8 r08. In a adrabic equation — 957 this We? FRY 1 
10 doit, A C, the ſum of the roots will always 


5 be . 47 and oy: e 7 * multiplication 2. * wor 
7 the roots of wen. an equation were EL Et? 00 2 


24 
11 35 
| the for: whereof j is — — or — 


4 
"oi 4 * 


* Sg 2 or two. roots 
ef multiplied together, their product will amount to 


* but BB CA as was formerly ſup- 


444 


5 poſed, art, 1 1033 therefore. 5 — BB = 8440 and 


: 8 4.4: ; therefore 5 FL 5 the product : 
| of the two roots equals — = g 75 | 
© + Therefore if 1 = 1, chat is, if the rien be 
0 the ſum of the roots will be B, and their 
product — C; that is, as the equation now ſtands, 
the ſum of the roots will be the coefficient of the 
unknown quantity « on the ſecond ſide of the equation, 
and their product, what we. call the abſolute term, 
with its ſign changed. _ 
+. Hence "we haut an eaſy way t form a quadratic egua- 
ion whoſe roots ſhall be * given numbers whatever : 
as for inftance, ſuppoſe I would have a quadratic 
5 equation whoſe roots 2 be the two numbers 3 and 


8 


0 * 
* 


4, 


o 


and the product of whoſe; multiplication is pg: and 


Art. 108. - Quadratic Equations. _, 189 
43 here it is plain that the ſum of the two numbers 
3 and. 4 is 7, and that the product of their muſtipi ..  * -- 

cation is 12; therefore I form an equation whereof - ©... ..: 

one ſide is , and the other fide is 212, to wit, % . 
Di; and the roots of this equation will be che 

ziven numbers 3 and 4, as will appear. from the re- | 
lution: if 1 — two roots to be 3 a may © © * 
their ſum will be 1, and the product of their mul- 
tiplication 12, and the equation æπ] ? - -i: 
if the roots are to be - and -A, their ſum will be 
＋ i, the product of their multiplication — la, and 
the equation xx : laſtly, if the roots are to 

be —3 and —4, their ſum will be —7, the product 

of their multiplication f la, and. the equation xx = - 
 —7x—+12,. I ſhall demonſtrate one general. caſe ac- 

cording to the reſolution given in art. 103, which will 

be ſufficient to ſhew the way to all the reſt : let then 


* 


the roots propaſed be ꝙ and g, whoſe ſum is p.-þ g, 


2 


the equation will be xx =pIJ-qxx—99; now if this 5 
equation be referted to the general one, we ſhall have 
Ee de e eee 


* 
K 
w 


885 NERD 


% «* 


1 
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f A ne e, et an im ble one may, that bein the 
x . Aa e Eing 
SLY I have 2 A and fo the tw two roots 
© "of the equation will now be 2 5; and 2 — ; the 
ſum of thefs-crwo roots is 4, and the product of their 
multiplication 4-45; but if $9====3, IN and 
| . 4—s5==4Þ3=7 3 therefore the equation wit theſe 
* __ roots will be * A4 : and this will be further 
1 evident by the reſolution; for if u A --, that is, 
| +4 3 8 we ſhall have *r —4- -A. = 

A. and . or =. 


"Hin! 10 e the e ſigns 22 the 720 ble-roots if a 
25 '. quadratic 2 Wi ut tr ſolving 1 „ 


o If all the terms of a quadratic. equation be 
* on one fide of the equation, 16 as to be made 


=; = rt — — roll 4 ** 
91 2 * — _— 2 


ol a 
4 a — SAGE es 
— — . 


IP — , 
= 
e 22 
- 


— 2 


— A 


— . AA A ðͤ Ion Ar ERICA RA 


ſquare af the unknown quantity is concerned, be 
made 8 that wherein x, the ſimple power is 


term, as it is called, be made the third; the number 
pf affirmative and negative roots in ſuch an * 
may be found by the following rule, to wit, As often 
1 243 the ent are changed in _paſſmg. through all the terms © 
1 5 from the firſt to the loft, F ſo many affirmative roots 
dal the equation confi; "bet as often as the fights are 
' _ - the ſame, jo ſo many negative roors will be found in the . 
equation.” This” is true in all equations Whatever, 
though at preſent we ſhall only demonſtrate it in the . 
caſe 21 quad ratic equation: but firſt we ſhall give 
l. #777. 4 E An 35 Fa Na 


| * WH id. *; 308: ; 95 
1 * we vation. 'be 1 O. ON ie 
are two co pa in paſſing ra the terms from 
5 * to * laſt, to * from axx to [IN 


WL. 
- 


* 9 


1 ” * 
. ” ; 
*+% e 4 A. 


equal to nothing; and if the term wherein , the 251 
4 


ZE Sk concerned, be wade the ſecond, and” che abſolute 


the following De K vos — by . 
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0 Ne 
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9— A 10. | 
tion ire both Wa 128 e . 
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> ef 
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* 


Let the equaridh Ul G ; WES: iv al 
to —bx is one change, and from — * 0 == 
is, none; · therefore this equation conſiſts of an affir- . 


- tative and = negative-aogt, = det URI fo9 Wl), 1. | 


24 n om 1 81 ao n x] His S BISEY 
| E48 7 
54 anche e equatlon beru- Tc Here in 


fog from _—_ ro bx, there is no change of 


_ 


but in paſſing from -bx..to»—<: there is a4 change; | 


therefore this equation: allo conſiſts of an affirmati 


and a negative foot. ee eee 


. 9 290. * CLE! * 1. 2254 9g (Ft 


Pa; 4, 4 bon vi 


* 


<a 


4 > A 0 the equation N Here 


there are no changes, and conſequently the roots of 
this equation are both negative. Nl theſe PS: 


ſhall e ig the eee 5 


. . 1 * 


1 
11 


* Ph. 


5 o + * 5 N * o * 
F : #4 TLE? I 2992 2 139 0 £4, 1 Inde * 478.1 
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us 
100 112 


Lerthe equation be axe—bx-þ<e=0, 0 or axx=bx—c; 


45 An 1 3 N 


663 


Here the product of the two roots is — — by the iſt 


i that is, . product of the 85 roots is an 
affir ative quantity and. therefore thoſe \rooty'/muſt 
either be both. affirmative or both negative 3 but they 
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ſuently thoſe roots. mult be of Sifferent Aich. 6 
affirmative and the other hiegative; © and | becaule' their £ 


i 3 
6 bun. Fa is an affirmative quantity, iis an argy- 


* 
as. + 18 . 1 a 
+ g | F =. 
. S 3 7. 4A 2. 4 #' # 4% 3 1 Ht „ * 3. A- I's ** 1 "hn 


"Lot: the equation be axx- — | 


- * 4 . : 5 
* © 4 1 

* 4-4 7 1 MPa q A * f. W 2 — 3 8. 
« * . 5 


p IS. Here again the product — the two roots is 
. which . one root io be affirmative and be 


other begadivey: 50 becauſe their ſum — 5 a noge- 


LS, 


tive quantity, it is an indication W of theſe two 


a 
i*s 


* e 
3 Here the ne the two roots is 


. + - — an affirmative quantity p therefore the r roots are ; 
| either both. affirmative or both. negative; but they 


cannot be both affitmative, becauſe their um =! is 
negative; therefor they. muſt both be negative. 5 


raus rout excluded out of the foregoing l. 


The rule here given for determining the number « 
of affirmative and negative roots relates only to poſ- 
ſible roots; for; impoſſible ones cannot be ſaid to * . 
Jong to any claſs,” either of afflrmatives or negatives; 
nay, ſo capricious are they in this reſpect, that in one 
and the ſame equation, the very ſame impoſſible roots 
hall ſometimes appear under one form, and ſome- 


times under the other: as for example, this equation 


W filled up e 188 without affect- ; 


Ing, 


| Art. tog, 116. Quadratic Equations, 19 

| Ing either the equation or its roots; to wit, either 
thus, xx—0x+3=0; the roots of which equation 
according to the foregoing rule are both affirmative; 


or thus, xx4-0x4-32=0, the roots of which equation, 


though it be the ſame with the other, and differs only 
in form, are both negative: the reafon of this abſur- 
dity is, that the two roots of the equation ##4-2z20 
are impoſſible, and occalioned this confuſion by put- 
ting on one ſhape in one equation, and another ſhape 
in che other: this will ſurther appear from the reſo- 
lution; for if #x4+3250, we have æ* 3, and = 
23. or z. which ate both impoſſible quan- 
tities. Again, the equation & 3 may be filled ur 
various ways; as thus, * -o f. 3 2, in hic 
equation, according to the foregoing rule, there are 
three affirmative roots; or thus, x*—o0x*—o0x—3=0, 
in which equation there is but one affirmative root 
and two negative ones: hence an experienced Analyſt 
would immediately conclude (as is really the caſe) 
that two of the roots of the equation -g were 
impoſſible, and that they ſtood for affirmative quan- 
tities in the former way of putting the equation, and 
for negative ones in the latter. This will further ap - 
pear, when we come to treat of cubic equations. 
Of biquadratics, and other equations in the form of 
WWW e 
110. Thus much for the reſolution, nature, and 
properties of a quadratic equation: I ſhall only add 
an example or two more of other equations that ſome- 
times put on the form of quadratics, and have done. 
+ EXAMPLE 12. 
4 5 „ 
Let the equation to be reſolved be, 77 ＋ A* = 
116; therefore 16004+x*=11 6xx ;- therefore & 
416xx—{ 600. * This * is, properly 1 


. 
- 


194 De Reſolution of ather Equations Book III. 
a biquadratic, that is, an equation wherein the fourth 
power of the unknown quantity is concerned: now 
as every poſſible quadratic equation has two roots, 
which will equally anſwer the condition thereof, ſo 
a cubic equation, that is, an equation that riſes to the 
third power of the unknown quantity, may have three 
ſuch. roots, a biquadratic tour, Sc.: but the equa- 
tion #*=116xx—1600, though it be a biquadratic, 
and admits of four roots, yet it is in the form of a 
quadratic, if we conſider xx as the unknown quan- 
tity; in which caſe x*.muſt be looked upon as the 
ſquare of the unknown quantity, and the equation 
mult be referred to the general one in art. 103, thus; 
Al, Þ=116, C=—1600, BB=1 3456, 44 
7 «TH 2 
6400, , 9 * = n 5 163 
therefore in this equation, xx=190, or 16 : now if 
XX==100, we ſhall have s==+ or —10, if „ 16, 
we ſhall have x= or —4 therefore the four roots 
of this biquadratic equation are, 10, — 10, +4 
and —4: but though in this equation x has four 
ſignifications, xx has but two, viz. 100 and 16, 
either of which being ſubſlituted inſtead of xx in the 
original equation, will anſwer. that equality, as may 
eaſily be tried. | 
VN. B. Whenever of the four roots of a biquadratic 
equation any two are equal and contrary to the other 
two, the equation will be in form of a quadratic, and 
may be refolved accordingly. | 
5 EXAMPLE 13. 


f n be . here We have 
* 


Let the « va 
$76—x*=55xx, and - AS 57 , and x*=—55x" 
+576; therefore, according to the general equation 
in art. 10g, AI, B= 83, £576! Ds. 

8 s 63—5 | 


_, 
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64 ; therefore in this equation, xx=+9 or —64.: if 
&x==—+9, = or —=3; If ##==—64, * will be equal 
to , or —/—64, both which values are im- 

poſſible; fo that in this equation x has but t Wo values: 
+ or g, the other two being impoſſible ; and xx 
has two values, to wit, -g and — 64, which are 
both poſſible, and which being ſubſtituted inſtead of 
xx into the original equation, will anſwer'that equa- 
hey. - From this example it is eaſy to ſee, that a bi- 
quadratic equation may have four roots, and never 
can have more; yet it may ſometimes have fewer, 
upon the account of ſome of its roots becoming im- 
poſſible; nay inſtances might eaſily be given wherein 
all the roots of a biquadratic equation are impoſſible. - 
If any one qiſapproves of the reſolutions here given, 
he may perhaps. reliſh the following better: let the 
equation be Ax*=Bx*-C; here putting 2 for xx, 
and conſequently 22 for , the equation will be 
changed into this common quadratic, Azz=Bz+C ; 
which being reſolved, z or xx, and conſequently x it-- 
ſelf will be known : ſuppoſe the equation to be A 
BAC; here putting 2 for x, the equation will be 
changed into a quadratic, as before, to wit, Azz=. 
B2-+C, the reſolution whereof will give à for , and 
confequently x by an extraction of the cube root: 
laſtly, let the equation be Ar NVA C; here put- 
ting z2 for x, and 2 for Vu, the equation will be 
AzZ=Bz-1-C, as before; whence , and conſequently 
zz or x will be known, _ | Sts 
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117. It is required to divide the number 60 ino two 
ach parts, that the produit of their multiplication 
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1 SOLUTION. 4 
Put x for one of the parts; then will the other 
rt be 60—x, and the product of their multiplica- 


tion will be GOM — xXx; whence the equation will be 


60x—xx=864; therefore xx4-864==60x, and xx = 
6ox—864 : this equation compared with the general 
one in art. 103, gives AI, Bo, ee 
BB==3600,, 4AC=—3456, 1 = 144, $=12, 1 


= 36, = = 24; therefore the parts ſought are 


24 and 36; which upon trial will anſwer the condi- 
tions of the problem, _ WO, 
Obſervations upon the foregoing problem. 
 OBsERvVaATION iſt, 

In this problem we may clearly ſee the neceſſity of 
the unknown quantity's having ſometimes two diſtinct 
values in one and the ſame equation: for here, if 1 
put * for the greater part of 60, the leſs will be 60 
—x, and the equation will be 60x—xx==864 : ſup- 
poſe now I put x for the leſs part; then the greater 
will be 60—x, and the equation will ſtill be 60x==xx 
==864 3 therefore, whether x be put for the greater 
or the leſs part, -we ſtil] fall into the ſame equation 

 Cox—xx==864 ; whence I infer, that this equation 
muſt either give us both the parts ſought, or neither; 


ſince no reaſon can be ſhewn why it ſhould give us 
one part rather than the other. | | 


' OBsERvVaTION ad. 


Hence alſo we ſee the neceſſity ſometimes of im- 
poſſible roots, to wit, when the caſes of problems to 
be ſolved by them become impoſſible: as for inſtance, 
if any number, as 60, be divided into two parts, the 
nearer the two parts approach towards an * 
. | the 
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the greater will be the product of their multiplica- 
tion; and therefore if the parts be equal, the product 


| will be the greateſt poſſible : thus if the parts be 24 


and 36, the product will be 864; if they be 25 and 
35, the product will be 875; if 30 and 30, the 
product will be goo, which will be the greateſt poſ- 
ſible : let us now for once put an impoſlible caſe, and 
let it be required to divide the number 60 into two 
ſuch parts that the product of their multiplication may 
amount to 901; here the equation will be 60x—xx _ 
Sor; which being reſolved according to art. 103, 
gives x EY Z, or —_ 221 


lues of x may be reduced to more ſimple terms thus; 
—4 = — iN 4 therefore ASN -N ANV 


X2 3 therefore ==; but = 30; there- 
fore the two parts ſought are 30 4/ —1, and 30— 
t, both which are impoſſible upon the account of 
the impoſſibility of Y; and yet theſe two parts 
abſtractedly conſidered will anſwer the conditions of 
the problem; for if /—1 be made equal to 5, the 
two parts will be 30s and 30—s whoſe ſum is 60, 
and the product of whoſe mwltiplication is 900 —; 
but if r, we ſhall have n= —1, and — 
+1, and goo -r gol; therefore the product of 
the two parts, 30+/—1, and 30 i, amount 


to 9ot, as was required, 


OnstRvA T10n 3d. 


Laſtly, we here alſo ſee the neceſſity of both the 
roots of a quadratic equation becoming impoſſible at 
once. Two impoſſible quantities added together, 
may ſometimes make a poſſible one, becauſe one 
quantity may be as much impoſſible one way as the 
- | N 3 bother 


but theſe va- 
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other is the contrary way: thus the two. impoſſible 
quantities 30+/—1 and 30—y/—1 being added to- 
gether make Co, the impoſſible ſurds btv/—1 and 
Ii deſtroying one another; but a poſſible and 
an impoſſible quantity when added together can never 
make a poſſible one; and therefore the two parts of 
NP in this N muſt exther both poſſible, or 
PO 8 p 
x 5 R O BL E M 5o. 


11 2. There are three numbers in continual proportion, 
whereof the middle term is fixty, and the ſum of the 
extremes one hundred Fwentyfive : : What are the ex- 
Wnt ? 


— 


s8oOolurTTOox. 


For the extremes put æ and 12 5. and you | will 


have this proportion; is to 69 as 60 is to 125—xz 


whence, by -mukiplying extremes and means, you 
have this equation, 125x#—xx==36co, or x» 3600 
Z=125x, Or x*==125%—3600 : here then 4=1, B= 


125 C=—3600, BB=15625, 44 =- 14400, 55= 
1 


5 
1225, $3<35, —— 2 * . 


equation, x43, or 80; but x repreſents either ex- 
treme, becauſe, which extreme ſoever x is pur for 
tae other will be .125—x, and the ſame equation will 
ariſe, to wit, 125x—xx==3600; therefore the two ex- 
tremes are 45 and 80; and they will . the con- 


=80, 2 5 therefore in this 
2.4 


ditions of the problem; for 45 is to 60 as 7 rat $34 


that is, as 3 to 43 and 60 is to 0 as 23 "is to 28, 
which is alſo 28 3 to 4. 


0 n 


1 L 3. * is mike having given ihe Jam or tbe di Her- 


ence of 14 numbers, togetber with the ſum of their 


* 7⁰ find the numbers. "WW, 


"SorurTION: 
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SoLUT IO. 


Caſe 1. Let the ſum of the numbers ſought be | 


28, and the ſum of their ſquares 4oo z then puttin 
„ and 28—x for the two numbers ſought, the ſquar 
of rhe former will be xx, the ſquare of rhe latter 
984—56x-+xx, and the ſum of their ſquares 2K 
56x-]-784==400; and the ſame equation will ariſe, 
Whether x be made to ſtand for one number or the 


other; therefore the two values of x in this equation 
will be the two numbers ſought ; but if 2#4—; 6x4 - 


784==400, we ſhall have 2&x—5;6x=— 3843 divide 
the whole by 2 for a more ſimple equation, and you 
will have xx—28#==—1923; and xx=28x#—192 3 
which equation being reſolved according to art. 10g, 


gives X—12, Or 16; therefore 12 and 16 are the two 


numbers fought. ; 

_ Caſe 2d. Let now the difference of two numbers 
be given, ſuppoſe 4, and let the ſum of their ſquares 
be 400, as before; then putting x for the leſs num- 
ber, and x-]-4 for the greater, the ſum of their ſquares 
will be 2xx--8x-16==400 ;/ whence 2xx+8x==384, 
** -A Zia, #X-]-4X--4 5196, a CA AA, 2 
or — 16; now it cannot be ſuppoſed that 4-12 and 
—16 are the two numbers required in the problem, 
for their difference is 30, not 4; neither ought it to 
be expected; for when x was put for the leſs num- 
ber, and x-+-4 for the greater, the equation was 2xx-- 
8x--16==400 ; but if » be put for the greater num- 
ber, and conſequently x—4 for the leſs, the equation 
will be 2#x—8x--16=400, different from the for- 
mer; ſince then a different equation ariſes. according 
as x is put for the greater or lefs number, it cannot 
be expected that one and the ſame equation ſhould 


give both: the true ſtate of the caſe is this; there are 


two pairs af numbers which , will equally ſolve this 


queſtion, and the equation 2#x-1-8x--16==400 gives 


the leſſer number of each pair; for if we make x=12, 
* 1013293 1 4 and 
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and x#+-4=16, the numbers 12 and 16 will ſolve 
Mie problem; on the other hand, if we make x=—16, 
we ſhall have x+-4——1 2, and the numbers — 16 and 
—12 will equally ſolve the problem; for their dif- 
ference is -A, and the ſum of their ſquares 400: 
here then we may obſerve, that affirmative and nega- 
tive ſolutions of problems are of equal eſtimation 
in the nature of things, though perhaps not amongſt 
men, the narrowneſs of our minds contracting our 
views; but truth does juſtice alike to all: certainly 
negative numbers differ no more from affirmative ones, 
than affirmative ones do from one another, which is 
in degree, not in kind; and therefore, in the nature 
of things, negative quantities ought no more to be 
excluded out of the ſcale of number than affirmative 


ones, though in common life they are {et aſide. 


PROBLEM 72. 


114. What two numbers are thoſe, whoſe ſum is ſeven- 


teen, and the ſum of their cubes one thouſand three 
 bundred forty three ? | 


SOLUTION. 


For the two numbers ſought put x and 19—x, and 
the cube of the former will be xxx, and the cube of 
the latter 4913—867x4-51xx—xxx, as appears from 
the following compuration ; 

17— K* 
17— * 


289—1 7xJ-xx 

—17* | 

289—34*-þxx 
T/ OM 


* 491 3—578x+1 7a 


—289x+34xx - 


491 -E S -x. bel 2 
| . Therefore 
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Therefore the ſum of theſe two cubes will be 51xx-# 
867x-1-4913==1343, and the equations will be the 
ſame, whichſoever of the two numbers ſought x. is 
made to ſtand for; but if 51xx—867x+-4913z=1343, 
we ſhall have 51xx — $67x = 3570; divide the 
whole by 51, which, though not neceſſary, is how- 
ever convenient, to render the equation more ſimple, 
fince it may be done without fractions, and you will 
have, xx—17xZ—70; Which being reduced as in 
art. 102, gives x=7, or 10; therefore 7 and 10 are 
the two numbers ſought. | 


PxoBLEM 73. i 
115. Let there be a ſquare whoſe fide is a hundred and 


ten inches ; it is required 10 aſſign the length and 
breadth of a refangled parallelogram or lang ſquare, 


whoſe perimeter ſhall be greater than that of the ſquare 

by four inches, but whoſe area ſhall be leſs than the 

area of the ſquare by four ſquare inches. 5 

N. B. By the perimeter of a plain figure is meant 
the length of a line that will encompaſs it round; ſo 
that the perimeter of a ſquare is equal to four times 
its ſide; and the perimeter of a rectangled paralle- 
logram is equal to twice its length and twice its 
breadth added together. 


SOLUTION. 


Since the ſide of the given ſquare is 110 inches, 
its area will be 12100 ſquare inches; therefore the 
area of the parallelogram ſought will be 12096 ſquare 
inches: again, the perimeter of the given ſquare is 
440 inches; therefore the perimeter of the parallelo- 
gram ſought muſt be 444 inches; therefore half its 
perimeter, or its length and breadth added together, 


muſt be 222 inches; therefore, if either the length _ 


or breadth be called x, the other will be 222—x, and 
the area will be 222x—xx=12096; which equation 
reſolved according to art. 103, will give x==96, or 
126; thexefore the breadth of the parallelogram 


ſought 


— 2 : ——- . ¾ 


> — 


* ——— 
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Sught muſt be 96 inches, and the length 126 inches: 


and theſe numbers will anſwer the conditions of the 
queſtion ; for twice the length will be 252, twice the 
breadth 192, and the whole perimeter 444; more- 
over 126 x 96, or the area will be 12096, as the 
problem requires. FE | Ba: 


8c noli vu. 


 * This problem ſhews how groſely they are miſtaken 


who think to eſtimate the areas or magnitudes of plain 
figures by their perimeters, as if ſuch figures were 
greater or leſs in proportion as their perimeters were 
ſo; whereas here we ſee, that the perimeter of one 
figure may be greater than that of another by four 
inches, and at the ſame time its area may be lets than 
the arca of that other by four ſquare inches. This 
error, it is true, does not obtain but in low and vul- 


gar minds, nor there neither any longer than whilſt 


it continues to be a matter of mere ſpeculation, and 
truth and falſhood are equally indifferent ro them : 
for whenever men come to apply their notions, and 
find it their intereſt not to be miſtaken, then it is, and 


frequently not till then, that they begin to look about 


them, correct their errors, and entertain more juſt 
and accurate notions of things. The greateſt part of 


mankind have a natural ayerfion to abſtract think - 


ing, and, where their intereſt is not concerned, will 
rather ſubmit their opinions to humour, caprice and 
cuſtom, or be content to be without any opinions at 
all, than they will examine ſtrictly into the nature of 
things. 
PROBLEM 74. 


116. Ong buys @ certain number of oxen for eighty 


guineas; where it muſt be obſerved, that if he bad 
bought four more for the ſame money, they would have 
came to him @ guinea apiece cheaper; Hhat was the 
„„ , - oy i I RY HY 
r Sort uro 


* 


A. Hs . Sqn 203 
S$orvrion. FEEDS S0EN 0 WH 


For the number of oxen put & then to nd the 
price of a ſingle ox,, ſay, if x oxen 9 80 guineas, 
| what will one ox cot? and the anſwers S and for 


the ſame reaſon, if he had bought 4 on that i is, 
* H- for the fame money, the price of an OX would 


Ky but, according tothe problem, the 


have been lb 
Jatter price is leſs than the former by one guinea 


18 8 R 80 „ 80 
whence we have this pcs — I = Iz , 12 


.; therefore Rx % 75 or 320 


. ; therefds xx + 80x= 76x-3203 
# he xx=—4x-320. Here then A=1, B==—4g, 
C==320, BB=16,, Fe I 296, 182 


4 | — 
e — =—20; therefore x= + 16, or 


2 4 A 
—203 therefore the number of oxen was 16, the ne- 
gative root —20 having no place in this roblem 
and this number 16 anſwers the condition of the pro- 
blem; for if 16 oxen coſt 80 guineas, one will coſt 
5 guineas :; but if 20 oxen coft 80 guineas, one will 


colt 4 guineas. | 


fore. 80—1 8 — 


* ö 

N. B. The equation D — gave 4 = + 
16 or 20, not ad the 3 —20 would | 
ſolve the problem, but becauſe it would folve the 
equation; for 4 we make #=z—20, we ſhall have 


- _ en ee, ve 


n ere and — —— 8. therefor | 
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vo 


becauſe both ſides are equal to g; and ſo in 


iN 9 caſes we ſhall always find, that the ſeveral 
roots of an equation will be ſuch as will equally ſolve 
that equation, though perhaps they may not be 
equally proper to ſolve the problem from whence the 
equation was deduced: but of this more in another 
place. ä 


- * „ 
„ 


r 7 * 
1 we -d 
N „ = _ 2 A - 2 4 * 
— —— II __ — 
Fry * - * 


5 33 nennt 78. 


117. 4 certain company at a tavern bad à reckoning of ' 
' ſeven pounds four ſhillings to pay; upon which two of 
i B : the company ſneaking of obliged the reſt to pay one 
ol - ſhilling apiece more than they ſhould have done : What 
das the number of perſons ? 


14 | 
14 2 
14 4 SOLUTION. 


, — ¹—— Yarn 42 CIC IS. uf 


19 | For the number of perſons put xz wen to find the 
1 number of ſhillings every man ſhould have paid, ſay, 
| | if perſons were to have paid 144 ſhillings, what muſt 


144 


| 5 one man have paid? and the anſwer is I. there- 

| } . | fore 25 Tis the number of ſhillings every i man ſhould 

_ have 11 and for the ſame reaſon _ is the num- 

n ber of ſhillings every man did pay; but, according to 
_ | the problem, this latter reckoning is greater than the 

1 former by one ſhilling; whence the 3 will be 

| [ = = TI=> 25 therefore 4 L z therefore 


1 a 7 2 or den therefore 
1 ** —288=2x3 therefore xx==2x4-288. Here then 
D .=, Ba, 288, BB=g, A4 1152, 45 1156, 

| 1 | 34. 
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$==345 Ans, =. therefore — 


or —16; but negative roots have no place in this ſort 
of problems; therefore the number of . was 


18, which anſwers the condition; for © =8, and 


PROBLEM oh he 
118. What number is that, which being added #0 its 
Auer root will make rwo bundred and ten? # 


$SoLivuTION. | 
For the number ſought put xx; then =} its * 
root be x, and the equation will be xzx--x==210, or 


& \. © 


xx = —x + 2193 where At, B=—1, C=210, 
BB=1, 4 AC= 840, $5=841, 5329), | = =14s 


= —153 dene bes x=Þ+14, or —155 there- 


fore xx or the number ＋ 1 equals 196 or 225, 
ſuppoſing the ſquare root of 225 to be —15; and 
either of theſe two numbers will anſwer the condition; 
for 19614=210, and 225—1 5=210. | 


PROBLEM 77. 


119. What two numbers are thoſe, the produ of whoſe 
multiplication is one hundred ninety two, and tbe ſum 


of whoſe ſquares is fix hundred and forty ? 
SOLUTION, | 
For the two numbers ſought put x and 97, then will 
the ſquare of the former be xx, and that of the latter 
2 — and the ſum of their *. will be RS I 


=640 , 


# 
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=6403 "which equation will bh the ſame, r 
of the two - 7772 rs. fought x is made to Rand, for y 

bark fan nn 24 =640, we ſhall: 'have 18686 


640xx; "and p EI —368 64: here then A=1, 
64. = 36864 B 40960 4 # C'== — 


B= Bs 
147456, $5=262 144, S=512, —_ = 570, 22 


==64 ; therefore xx=576, or 64; therefore ũ 2. 
or —24, or + or —8; therefore the two numbers 


fought dne 9 and 2. 


PROBLEM 78. 

120. One lays out à certain fum of money in goods, 
toe be» fold again for twenty four ound. we 
gained as much per cent, as the goods « C0, T him - I &e-. 
- mand what they coſt bim. 

N. B. "One's. ae gains“ 
every hundred p — he lays out; or if he does not 
lay out ſo och as a bundred pounds, his gain per 
cent. however, is ſo much as he ould have gained if 
he had laid out a hundred pounds with; the tame ad- 
vantage: thus if he lays cut 20 pounds and gains 2 
par he is ſaid to make 10 per. cent. of his money, 

cauſe 20 pounds is to 2 pounds as 100 pounds is 
to 10 pounds. 


F 


ene en ine 


24x; ſay then, by the golden rule, if in laying out 


x he gained 24—, what would he have gained if he 
had laid out 100 pounds to the ſame advantage? and 


2400 — IOO 2400 loo 
* —; therefore 


the anſwer will be — 


will be his gain per cent. ; LEES according to the pro- 
blem, this gain is equal to x, the money laid out; 
9 2 —— and xx 2400 — 100 : 


here 
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bern then been, R=m—1995 C==2499, BB=10000, 


4AC=9600;" 552219600, = 140, e, 1 
=—120; therefore the money laid out was 20 poundsy 
therefore his gain per 20 was 4 pounds: therefore his 
gain per cent. was 20 pounds, equal to the money laid 


} 
iss 6o PROBLEM T0! 5:21 MICS) 
121. Ous lays out thirty three pounds 1 ſoillings in 
| clath, which be fold again for fart) ſoillings per 
Piece, and gained as' much in the whole: as. a ſingla 
Biece voſt : I demand lem be boughs in bis cloth: per 
Piece. N i Haine OELEIAS 


| Sol ur ion. 8 

Put x for the number of ſhillings every ſingle piece 
was bought for, and the gain per piece will be 48—x; 
ſay then by the rule of proportion, if in laying out x 
he gained 48x, what did he gain in laying out 33 
pounds 15 ſhillings, or 675 fbillings? and the anſwer 
be ORE, entre ELL will te 
his whole gain; but, according to the problem, the 
whole gain was equal to x, the money given for a ſingle 

a | 32400—0675% ; 

piece; therefore x== : 5 -; therefore xx 
32400—675x; therefore A=1, B=—675, C==32400, 
BB==455025, 4AC==129600, 1585225, $3765, 


203 therefore the money every ſingle piece was baught 
or, was 45 ſhillings, and the gain per piece was 3 
ſhillings; but if 45 ſhillings gains 3 ſhillings, 33 
pounds 13 ſhillings, or 675 fillings, will gain 45 
ſhillings; therefore the whole gain was. 45 ſhillings, 
equal to the money given for a ſingle piece. _ A 
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N. B. It is not impoſſible but that ſometimes two 
different problems may produce one and the fame 

equation; and then the equation muſt provide equally 

for both: therefore, in ſuch a caſe, though the equa- 

tion has two roots, and both affirmative, yet it muſt 

not be expected that both roots ſhould equally ſerve 

for the ſolution of one problem, and that there ſhould 
be no ſolution left for the other; we ought rather to 

conclude, whenever an equation gives two roots, and 
both affirmative, whereof one only will ſolve the 
problem that produced the equation, we ought, I 

ſay, rather to conclude, that the other root is for the 
ſolution of ſome other problem producing the fame 
equation; a curious inſtance whereof we have in the 

two following problems. 


PROBLEM 80. 


122. Two travellers, A and B, ſet out from two places 

Ca D at the fame time, A from C bound for D, 

and B from D bound for C; when they met and had 
computed their travels, it was found, that A bad 

'  fravelled thirty miles more than B, and that at their 
rate of travelling, A expekted to reach D in four days, 
and B to reach C in nine days: I demand the diſtance 
between the two places C and D. 


SOLUTION. 


Put x for the number of miles between C and D; 
then it is plain that A and I both together had travel- 
led x miles when they met; therefore as much as the 


miles travelled by 4 exceeded _ juſt ſo much did the 


miles travelled by B come ſhort of =; but, by the ſup- 
poſition, A8 miles exceeded thoſe of B by 30; there- 
fore 4 muſt have travelled —+1 5 * 


2 


miles; 


and 
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| 230 

miles : 
2 


and B muſt have travelled - — — I; or = 
therefore the remaining part of ts Journey is 
ger —3? miles, which he expects to perform in four 
e and the remaining part of B's journey is 
— miles, which he expects to perform in 9 


days: : theſe things being allowed, let us now. enquire 
into the number of days each hath travelled N 'S 


and firſt for fay, if & expects to travel - _ 
f miles in 4 . in how many days did he — 


| x-1-30 
0 
* * miles? and the anſwer is — 7 
_— .— 
8 


| 2 hy B ; oy, if B expects to travel +39 miles in. 


— 0 1 


9 days, in how many days did he travel A 


wiles? and the anſwer is Lots of therefore 4 
* 30 . | 
hath art axe E50 days, and B e | 
2 x30 


days from the time of their firſt ſetting out; but as | 
they both ſer out at the ſame time, and are now met, 1 
they muſt both have travelled the ſame number of 
days; theres, wa 2 multiply 
X—3O #+30 - 
both ſides of the equation into x 30, and you will 
— Xxx ox Xx 30 

have 4 X x30 = — 22 ; again mul 
tiply by — 30, and you will have 4 X * +30 EO N 
O * +30 


PEAK mW 4 
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| ZO = 9 X x—30 X Zo; extract the ſquare 
root of both ſides, and you will have + 2 * #130 
SAN Nie: this genetal equation reſolves itlelf 
into four particular ones, viz. 9 10 


. „ Mae? 
| 2d, + 2X x+30=—3 Xx 30. 
» — 2% * +30 =<+3 X x — 30. 
Ach, —2Xx+go=—3Xx—30. 
But as the two laſt of thefe' equations give but 
the ſame values as the two former, I ſhall only make 
ny of the two former, thus; 
il, Suppoſe + A N #F 36 = $X5756, then 
we ſhall have 2x4-60=3x-—90, and x=150, 
_ 2dly, Su 2 Xx + J0=— 3X# — x — 3o, then 
we Thall e +90, and 5 there- 
fore the diſtance between the two places C and D muſt 
either be 150 miles, or 6 miles; but 6 miles it can- 
not be, becaufe when A came tp to B, be. had tra- 
2 5 30 miles more than B, and had not yet reached 
therefore the diſtance between the two places C 
= D muſt be 1530 miles; which will ſatisfy the 
problem; for then 4 muſt have travelled 4000 r 5s 
or g90 miles, and B 75-13, or 60 miles, | 
time of their ſetting out; therefore 4 has 60 — 
and B go to travel; but if A could travel 60 miles 
in 4 days, he mult, at the ſame rate, have travelled 
90 miles in 6 days, and if B could travel go miles in 
9 days, he muſt have travelled 60 miles alſo in 6 
days; thereſore they both travelled the ſame number 
of days from the time of their firſt ſetting out to 
the time of their meeting, as the problem — 


PROBLEM 81. 


123. Th Wo 3 A and B ſet out * two places 
C and D at the ſame time; A from C with a deſign to 


Paſs 
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paſs through D, and B from D with a deſign is. 


the + after A queriak 
f 2 doe gy uf A. dud it CR 


ry Dad laub together travelled thirty miles, that: 

W 
3 2 . — the — the 
e Net © wid Dh... li 10 ne 


S OEHUY To. 


Put x for the number of miles from C to D; it 
it is plain, that 4 muſt have travelled more miles 
than B by x; but they both together Gare 30 
miles, by the ſuppaſition; therefore as much as A's 
miles exceeded 15, juſt ſo. much B's miles come ſhort 

of 15: but the whole difference wee be 2 


therefore 4A muſt have travelled 15 rs or S — 


2 and B muſt have mace 15507 0s . 


miles; therefore 't diſtance from D, 3 a -- 


overtaken R was B miles, which, he had tra- 
velled in 4 days, and. B's diſtance from G was 
2 miles, which by the probletn | he could travel 


2 
in 9 days; therefore to find how many days each 
had travelled already, ſay, if 4 hath travelled 


—.— miles from D in 4 days, in how * 2 


did he trayel 8 miles ſince his Sebanure from 
1 2260] ps « 
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ay, if B could travel wy miles, the whole diſtance 
from C, in 9 days, in 158. many days did he travel 


re miles ſince bs ane out from D? and the 
fb is —— 16S but as they both ſet out at the | 


ſame time, and . has now overtaken B, they muſt 
both have travelled the ſame number of days; there- 


4X 30+x — 9X30=*, 
r goÞx * 


tmuliply boch ſides into 3, and you will have 


ax = 2 X — — again, multiply 
by 30 5 Ir. a and you will have 4 x 3o+x X 30+ * 
=9 X Jo—x * zo - but the product of 30— x 
30 differs nothing from the product of x — x 30 X 


x—30, as will appear upon tryal, and will be fur- 
ther evident from hence, that 30—x and X—30 differ 
no more from one another than an affirmative 
quantity does from an equal negative one, and there- 
tore each multiplied into itſelf muſt give the'ſame 
product, therefore the equation as it now ſtands is, 


4X x F-30X +30 =9 Xx — J0Xt— o; but this 

equation is the ſame with the equation deduced from 
the laſt problem, which juſtifies what I obſerved be- 
fore, art. 121, that different problems may produce 
the ſame equation; therefore the two roots of this equa- 
tion will be 6and 130, as in the laſt article; therefore the 
diſtance between the two places C and D muſt either 
be 6 miles, or 159 miles; but 150 miles it cannot be, 
becauſe, after 4 had paſſed froin C beyond D, and ar 
laſt had overtaken B, _y had both travelled but 30 
. miles; 


| fore we have this equation, 
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miles; therefore thediſtancefrom Cto D muſtbe 6 miles; 
and this number will anſwer the conditions of the pro · 
blem; for then 4, when he had overtaken B, had 
travelled 15 + 3 or 18 miles, and B T5 — 3 or 12 
miles ; therefore A had got 12 miles beyond D in 2 
days time, and was 18 miles diſtant from C, which 
he could travel in 9 days; but at the rate of 12 miles 
in 4 days, 4 muſt have performed his 18 miles jour- 
ney in 6 days; and at the rate of 18 miles in 9 days, 
B muſt have performed his 12 miles journey alſo in 
6 days; therefore from the time of their firſt ſetting 
out to the time of- Ag overtaking B, they had both 
travelled the ſame number of days, as the problem 
requires; therefore the ſuppolition whereupon this cal- 
culation was founded, to wit, that the diſtance of C 
from D was 6 miles, is juſt. S 
N. B. The ſolutions here given of the two laſt 
problems are, in my opinion, the moſt natural, 
though ſomewhat different from the reſt. Wt.” 


A LEMMA. 


124. The ſum of a ſeries of quantities in arithmetical 
progreſſion may be had by adding the greateſt and leaſt 
terms together, and then multiplying eitber half that 
ſum by the whole number of terms, or the whole ſum by 
half the number of terms, or laſtly, by multiplying - the 
whole ſum into the whole number of terms and then 
taking half the product: thus in the ſeries 2, 4, 6, 
8, 10, 12, where the leaſt term is 2, the greateſt 1 2, 
their ſum 14, and the number of terms 6; the ſum 
of all the terms taken together will be 7X66, or 14X3, 


or = = 42. This will beſt appear by writing 


down the ſeries. 2, 4, 6, 8, 10, 12, and then by 
writing down over it the ſame ſeries inverted, 12, 10, 
8, 6, 4, 2: for if this be done, 2, the firſt term of 
the lower ſeries, added = 12, the firſt term of the up- 


48/3, the greatelt term 3, and the leaſt term 1; in 


per ſeries. (which is the ſame as the greateſt and leaſt 
terms of the ſame ſeries added together) will make 
143 in like manner every term of the lower ſeries 
added to the next above it will make 143 therefore 


both the ſerieſes together will be equal to 14 as often 


taken as there are terms in either feries, that is, 6 
times 14» or 84; therefore either ſeries. taken alone 
will de equal to 42. . 


Pf -< 2 

2. 4. 6. 8. 10. 12, 

14. 14. 14. 14. 14. 14. 

The deſign of this lemma is, to add the terms of 
a ſeries together, where only the greateſt and leaft 
terms and the number of terms are known, or ſup- 
poſed to be known; the intermediate terms being 
either not aſſigned, or too many to be ſummed up 


2 


by a continual addition. 


ProBLEM 82. 


128. 4 traveller, as A, ets out from a certain Place, 
and travels one mile the firſt day, two miles the ſecond 
day, three the third, four the fourth, &c; and five 
+ days after, angther, as B, ſets out from the ſame 
| place, and travels the ſame read at the rate of twelve 
miles every ay: I demand bow ng ang bow far A 
n travel before-be-is overtaken by B. | 
x64 10... 4 DSP IIQN TH 
Put + for the number of days 4 travelled before he 
was overtaken by B; then to find ap expreſſion for 
the number of miles travelled. by him in that time, 
L edſerve chat in three days A travelicd over 12-3 
miles, that is, he travels over a ſeries of miles in 
arithmeticaþ progreſſion, whereof the number of terms 


four 


— 
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four days he travels over a ſeries whereof the number 
of terms is 4, the greateſt term 4, and the leaſt 13 
therefore univerſally, in any number x of days; he 
muſt travel over a ſeries of miles in arithmetical pro- 
greſſion, whereof the number of terms is x, the 
e term x, and the leaſt term 1 but the ſum ar 
extremes of this ſeries ig -E. which multiplied 
by x the number of terms, gives x- Cx, the half 


whereof is c 805 z therefore by the lemma foregoing, 


Ei be the ſum of chis ſeries, and conſequently 


the miles travelled by 4 before he was overtaken : 
again, if 4 travels x days, B muſt have trayelled 
x—5 days, which at the rate of 12 miles a day, gives 
12x—60 for the miles travelled by B when he qver- 
took A; but as they both ſet our from the fame 
place, and are now got together, they mult have 
travelled the ſame number of miles; whence we have 


this equation, Ein se z therefore xx+x= 


2411203 therffore xx=23x —1203 compare this 
equation with The general one in art. 103, and you 
will have A=, B=23, 1 BB==529, 4 AC 


s wi 
=—=480, 555249, q, 2725, = there- 


fore x==8, or 15: now, for the better application of 
theſe roots to. the ſolution of this problem, it muſt be 
obſerved, that the problem is more limited than the 
equation deduced from it; juſt as if, in tranſlating 
out of one language into another, the terms of the 
latter, inſtead of being adequate to thoſe of che for- 
mer, ſhould be found to be of a more extenſive figni- 
fication: in the problem it is only ſuppoſed that B 
overtakes A, whereas in the equation it is ſuppoſed 
that A and Þ are got both together by having travelled 
the ſame number of miles from their firſt ſetting out, 
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_ without ſpecifying whether this ariſes from B's over- 
taking 4, or from A, overtaking B; both which 
in this caſe muſt neceſſarily happen in the courſe of 
their travels, provided they be but continued long 
enough for that purpoſe : for ſince at firſt, B is the 
ſwifter traveller, whenever they come together, it 
muſt ariſe from B's overtaking A, which happens 
after A has travelled 8 days; then if we ſuppoſe them 
ſtill to continue their travels, B paſſes by A, and con- 
tinues before him for ſome time; but after 12 days, 
A becomes the ſwifter traveller, and muſt neceſſarily 
come up to B again after he has travelled 15 days: 
therefore though the two roots, 8 and 15, will both 
anſwer the condition of the equation, yet but one of 
em, to wit, 8, will anſwer the condition of the pro- 
blem; and that both of them will anſwer the condi- 
tion of the equation, will be evident as follows. 
In 8 days A travels over a ſeries of miles whereof 
the number of terms is 8, the greateſt 8, and the 
Jeaſt 1; the ſum of which ſeries is 36 miles; but 
when A has travelled 8 days, B muſt have travelled 
3 days, during which time, at the rate of 12 miles a 
day, he alſo muſt have travelled 3& miles; therefore 
after A hath travelled 8 days, A and N Muſt neceſſarily 
find themſelves together: again, in 15 days, A muſt 
have travelled over a ſeries of miles, whereof the 
number of terms is 15, the greateſt 15, the leaſt 1, and 
the ſum 120 miles; but when A had travelled 15 
days, B muſt have travelled 10 days, which at 12 
miles a day gives alſo 120 miles; therefore now again 
A and B muſt find themſelves together; and conſe- 
quently 8 and 15 equally anſwer the ſuppoſition con- 
tained in the equation. 1 5 r 
N. B. If we ſuppoſe B after 5 days to have begun 
to follow d, and to have travelled only 10 miles a 
day, he could never have overtaken A, nar 4 him, 
ſo that in this caſe both the roots would have be- 
come impoſſihle, as will be found by the reſolution 
of an equation founded upon this ſuppoſition. | 
| | PROBLEM 


3 
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PROBLEM 63. 


126. It is required ts divide the number ten into two 
ſuch parts, that the produ of their multiplication 
_ being. added to the ſum of ** ars, may make 
Laa f. api 


Solution 


The two parts ſought, x and 10==x. 
The product of their multiplication, 10x—xx. 
- The ſum of their ſquares, 2XX—20x--100. 
The product of their multi- 
plication added to the ſum 8 —I0x4-I008= 760 
of their ſquares, 
Whence x==4, or 6; but this equation will be the 
ſame, which part ſoever x is put for; therefore the 
two parts ſought are 4 and 6. : 


PROBLEM 34. | 

12 7. It is required to find two numbers with the follow- 
ing properties, to wit, that twice the firſt with three 

times the ſecond may make ſixty, and moreover, that 
twice the ſquare of the firſt with three times the nee 
of the ſecond may make eight hundred and forty. 


Sol vr ton. 
For the two Wee ſought put x and 7. an. we 


ſhall have 
F+ 7:1 + WW iſt 9 and 
Equ. 2d, 24 ＋- 32840. 
Fand the firſt equation, e we „ 
Equ. 3d, 
both ſides we have | 55 
Equ. 4th, ae. | 


From the ſecond equation, a Lap dle. we hare 
Equ. 


5 
Equ. Sth, x5 . = 


Compare the two values of xx. 1 the fourth and 
Hfth equations, which muſt neceſſarily be equal one 


the ether, and you wil have 2 DIY TYY — 
5 Boas, 


840— | 3 
— multiply both ſides into 2, by halving the 


denominators, and you will have 36 ras 5 22 


=840—2yy ; therefore 3600—36094-93 y=1680— 
6yyz therefore 868 y9=1680; there- 
fore 15yy—-360y=—1920; therefore 1 xyy==360y— 
#920; divide by 15 for a more ſimple equation, and 
you will have yy=243—128z whence y=8, or 16: 
ſuppoſe 3=8, then ſince by the third equation x = 


| =Y, we ſhall have x==18; ſuppoſe F=16, then 


we ſhall have æ or 2 s, therefore there are two 


pair of numbers that will equally anſwer the condi- 
tions of this problem, to wit, 18 and 8, and allo 6 
and 16: for a proof, let us firſt ſuppoſe the numbers 
to be 18 and 8; and we ſhall have twice the firſt 
number with three times the ſecond =36+24=60 ; 
and twice the ſquare of the firſt together with three 
times the ſquare of the ſecond equul to 648-192= 
840: ſecondly, let us ſuppoſe the numbers to be 6 
and 16; and we ſhall have twice the firſt with three 
times the ſecond equal to 124-48==60; and twice 
the ſquare of the firtt with three times the ſquare of 
the ſecond equal to 724-7685=849, no 


PROBLEM 85. 


128. To find Four numbers in continual propartian, and 
ſuch, that the ſum of the uo middle terms may be 


eighteen, aud hat of ibe extremes twenty-ſeven. 
1 


1 


Note, 
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Note, Four numbers are ſaid to be in continual 
proportion, when the firſt is to the ſecond as the ſe- 
cond is to the third, and the ſecond is to the third as 


SOLUTION. 2 
without 


For the two middle terms put s and 
intending which is tp be the greater ; then the ex- 


eme next to x wf de found Þy ſaying, as i 0 
fo is * to 5 nd the extreme next to y may be 


* 
5 „and their ſum — ; 
therefore the fundamental equations are 1ſt, * Y 


| Fg 42 
18, or x 18 —y; and 2dly, 2 = 27, or 
x*Syz=2 7x9; inſtead of x in this equation put 18—y, 
its value in the laſt, and you will have x'=5832. + 
97235y+545%—97 3 therefore x*+y*'=5 8329723 
54% you will alſo have 27x Y or 27 3Xi8—95==486y 
2575; therefore 5832-—9729g4y=48G—279; 
tranſpoſe \486'y—275;y, and you will have 8 155 
14585 3832; divide all by 8x, which may be 
done without a fraction, and you will have y—1 834-72 _ 
So; which equation being reſolved, either by the 
| theorem or any other way, gives y=6, or 12; 
and ſince the equation will be the ſame, whichſoever 
of the two middle terms y ſtands for, it follows, that 
the two middle terms are 6 and 12; whence the ex- 
treme next to 6 is 3, and that next to 12 is 24; and 
the numbers are either 3,. 6, 12 and 24, or 24, 12, 
b and 3, for either way they will anſwer the condi- 
tions of the problem, 5 | 


found by faying, as x is to y b y to 22 3 rherefore 


N 


5 | 4 
the extremes are — and 


PROBLEM: 


* v £48 
4 ag 
i 
4 g * 


* "4 4 
2 
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129. There are three numbers in continual proportion, 
whoſe ſum is nineteen, and the ſum of their ſquares 
one hundred thirty-three What are the numbers ? 


| SOLUTION. 


For the three numbers ſought. put x, y and 25 then 
ſince, by the firſt condition, x is to y as y is to z, by 
multiplying extremes and means we have yy=xz; 


again, by the ſecond condition of the problem, we 


have x+y+z=19, and 19—y==x+2, and (ſquarin 
both ſides) 361 30h. T r- Las- Laa; ſubtrad 
from one ſide of the equation, and its equal xz 
from the other, and you will have 361—38 y=x*+ 
K -E MN Y Zz 133 by the third condition of 
the problem: having thus expunged both x and z at 
once, reſolve the equation 361—38z==133, and you 
will have y the middle term equal to 6, and 19—y, 
or the ſum of the extremes = 13; therefore the pro- 
blem propoſed is now reduced to this, viz. Of three 
numbers in continual proportion, whereof fix the middle 
term, and thirteen the ſum of the extremes are given, 
to find the extremes: this problem is of the ſame na- 
ture with that in art. 112, and being reſolved, gives 
4 and 9 for the extremes z therefore the three num- 


bers ſought are 4, 6 and 9, or 9, 6 and 4. 
% Ke | PROBLEM 85, | 
130. To fiud two numbers ſuch, that their difference 


multiplied into the difference of their Jqpares ſhall make 
thirty-two, but their ſum multiplied into the ſum of 


their ſquares ſpall make two bundred even two. 


AE SOIT ITO | 
For the two numbers ſought. put x and y; and the 
firſt fundamental equation will be x—y x x*—y?, or 


S , or x*— 2xy = ga; * 
188 qu. 


nm 
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2723 therefore 


72 

F 2 = 5 

rom twice the ſecond equation 

ſubtract the firſt, that is, from * e # 


_ ſubtract 2 


The ſecond — equation is, Fa y * ＋ = 


55 

and eim have x" = "OY bs 

25 Hay 73 * === 

that i is, 5 derte f 5 = $12, and 


1 en tha cuba rece'of taza 0 en e 


have got the ſum of the two numbers ſought, to wit, 


8; whence their difference may be found by the firſt 
equation, thus; 5 * — ee; that! is, = 


= * 45 therefore x—y, or the Geese of the | 


two numbers ſought, equals 2; therefore the problem | 


propoſed is now reduced to this; Having given eight 


the ſum, and two the difference of the two numbers x and 
ys. to find thoſe numbers; and by art. 26 we ſhall have 
x=5, and y=3; which numbers will anſwer the 
conditions of the queſtion. 


N. B. After we had found H, the ſum of the 


numbers equal to 8, we might have found the ſum of 


their ſquares by the ſecond equation, which gave x- 
7 $78... at D 


X 


=343 and then the problem would 


have been 3 to this s What two numbers are theſe, 


whoſe ſum is eight, and the ſum of their - ſquares 7 


four ? which would have produced a quadratic equa- 
tion, as in art. +19, whoſe two roata would have been 
5 and 3, as before. To 


n . * U 
8 „ * ine „ £44 2 
* 
PrzoBLOtM 88. e ln 
E „ ˙˙ 0 © © 2” 
7 


131, To find tu mumbers ſuch, that "their difference 
added to the difference of their ſquares may make faur- 
_ #ren, and their ſum added te the ſum of their ſquares 
may make twenty. ſix. OY 

. Seinen. 

For the two numbers ſought put x and 5, and you 

will have 7 5 two following equations; 

i | u. it, K—y+-x | ans mos . 
1 Moi $& - „Led. e d 
Add theſe two equations together, and you will have 
2x ＋ 24 = 40, * C20, and x=, of — 33 
again, ſubtract the firſt equation from the L 
and you will have 2yy+-235zm212, iN and y= 
+2, or —3; and as theſe two values of y were ob- 
tained without any manner of dependence upon thoſe 
of x, it is plain that either of the values of x may 
be joined with either of the values of y; and fo we 
have no fewer than four pairs of numbers which will 
equally ſatisfy the conditions of the equations, to wit, 
<+4 and +2, +4 and —3, 5 and 2, ==; and «=3z 
but it is the firſt pair only, which, conſiſting of af- 
firmative numbers, is proper for the ſolution of the 
problem, thus; the difference of 4 and 2 is 2, the 
difference of their ſquares 12, and 88 again, 
the ſum of 4 and 2 is 6, the ſum of their ſquares 20, 
and 64-20==26 : let us ſee however how the other 
pairs will ſatisfy the conditions of the equations; make 
then x equal to 4, 3, that is, +y=—3, and you will 
have —y=-+3; whence +—J=4+3=7, x—p= 
16—9==7, and 7-þ7=14; again, 3, 
and xib-yz==164-9=25, and 1þ255=26; in the 


next place, make x=—5, and yaz-þ2, then we _ 
| ave 


Art. 131, 132. producing Get, Enel. 253 
have -S en- ene, and 
r y again, -, and 
- LY 225-4229, and —3 T2926: laftly, make 
kg, and y==—2, and you will have à— 5795 
o+g==—2, and x*— YPEz=25—9216, and —2+16 
=214; again, x-y=z—5—3=—8, and . f =25 
4+9=34; and -C . 


+ N 3 4 > # * 
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132. What two wambers are thoſe, whoſe ſum, ' when 
added together, is eguul 1 their produtt when multi- 
plied together ; and this ſum or produits, when added 
zo the ſum of their ſquares, makes twelve ? : 


\$0LVU TION, i 


For the two numbers ſought put * and y, and the 
fundamental equations will be 1ſt, K = x5; and 
ſeoondly, Aer: in the firſt of theſe fun- 
damental equations, where xþy=zyx, Ne. have yx— 
* y but ax is the product of y I x5, or of 


Xũ Iz; therefore x X i and n bur 


| . 9 
if inſtead of x, this value be ſubſtituted into the ſecond 
fundamental equation, the equation will riſe to a bi- 
- quadratic, for the reſolution whereof, no rules have 
hitherto been given ; therefore, to extricate ourſelves 
out of this difficulty, it will be proper to have re- 
_ courſe to ſome other artifice, by trying other poſitions, 
as thus; for the ſum of the two numbers ſought put 
23, then will z be alſo the product of their multipli- 
_ ation, by the ſuppoſition ; and fince this produtt z 
added to the ſum of their ſquares gives 12, the ſum of 
their ſquares will be 12—2z; but every one knows, 
that if to the ſum of the ſquares of any two numbers 
be added their double produ@, there will ariſe the 
ſquare of their ſum ; therefore 12-2, or 12-4 
ri which equation being reſolved, gives 2. 
1 0 


Co 3 


| 
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&c.z 5 ended the queſtion is now reduced to 
this; bat two numbers are thoſe, uboſe ſum is four, 
and the produf# of whoſe multiplication is four? for the 
numbers ſought, put x and -4—x, and you will have 
A* Ax; and 3 ſigns, 2 3 


and compleating the ſquare, xx—4x+4=0 ; and 
extracting the ſquare root, 22 fo; whence x=2, 
or 2, for the roots of this equation are equal; there- 
fore 2 and 2 are the numbers deſired in the queſtion ; j 
and they will anſwer the conditions; for in the firſt 


_ 2 2==24=2X2; and in the next place, 4 the 
um of 


2 dd; 2, being aa to 8, the ſum of their 


_ ſquares, gives 12. 


Conor IAR x. 


From our firſt attempt to ſolve this problem we 
may learn thus much however, that if any number 


whatever be made equal 10 55 then theſe two num- 
1 ad 2 will always have. this property, that 


their ſum when added together will be equal to their 
product when multiplied together; thus if 3», and 


12 ET we ſhall have 3+ 3=43> 


Xx 2 or 2 2423 whence it follows, that this 
m cannot be ſolved in whole numbers in any 


| other caſe than that we have here put. 


PraoBLEM 90. 
133. bat two numbers are thoſe, whoſe ſum added 


' to the product of their cation makes thirty- 
Four, and the ſame ſum ſubtracted from the furs of 


their ſquares leaves forty-twwo. | 
| S$orvTION. 
| Here to avoid all difficulties that would otherwiſe 


ariſe, = ⁊ for the ſum of the two numbers ſought ; 
| yo 


nce this ſum added to the product of their 
multiplicatin 


— 


3 
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multiplication makes 34, the product of their multi- 
plication will be 34—2z; but this ſum. z ſubtracted 
from the ſum of their ſquares, leaves 42-3 therefore 
the tum of their ſquares is 42 2 to this add their 
double product 68—2z, and you will have 110—2 
=2*; whence z 2 1, &c. and 34—2==24; there- 
fore now the queſtion is, bat two numbers are thoſe, 
whoſe ſum is ten, and the produtt of their multiplication 
twenty-four? and by art. 111 the two numbers ſought 
are 4 and 6, 

. Whoever would ſee more queſtions of this nature, 
may conſult Bachet's comment upon the 33d queſtion 
of the firſt book of Diophantus's Arithmetics. pn 
N. B. Having now done with quadratic equations, 
at leaſt for a time, it may perhaps be expected, that 
according to order of method I N on to 
equations of higher forms: but I ſhall take the liberty 

for once to diſpenſe with that method; not but that 1 
intend (God willing) to treat fully and diſtinctly of 
theſe equations hereafter; but in the mean time I 
think it more adviſeable to employ the reader's 
thoughts in ſome other things, which: [ take to be of 
much greater importance, and more proper for his 
information. N 
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J 145; - Cn 
Of general problems, and general theorems deduced 
from them; together with the manner of applying, 
and demonſtrating theſe theorems ſynihetically. 


— 


— K 
— 


The deſign of this fourth book more fully explained. 


Art. 134. ITHERTO my. young Analyſt 
[7 400 haas been indulged for the moſt 
part in a fort of mixt Algebra, 
where letters were put only for 
unknown quantities : butif he-would reaſon abſtract- 
edly upon his problems, and draw general concluſions 
from them, he. muſt put letters not only for his un- 
known quantities, but alſo for ſuch as are known; 
and ſo propoſe and ſol ve his problems indefinitely. By 
this means, in the firſt place he will obtain indefinite 
anſwers, which in many caſes are much preferable to 
more particular ones, as they ſuit and ſolve all parti- 
cular caſes to which they are applicable; and in the 
next place he will be able to prove his work ſyntheti- 
. cally ; which will not only confirm his former analysis, 


but 
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bur will alſo further inure and reconcile him+to the 
operations of ſymbolical or ſpecious Arithmetic; and 
ſo render him entire maſter of this fort of compura- - 
tion. A ſufficient ſpecimen of this ſort of reaſonin 

both in the analytical and ſynthetical way, has al- 

ready been given in our general theorem for the reſo- 
lution of a quadratic equation, ſo that no more needs 
be ſaid by way of preparation; it remains therefore 
naw, that we look back upon ſome of the problems 
already ſolved, and ſhew how to ſolye them over 
again in general terms, as follows: | 


PROBLEM 1. (See art. 26.) 9 
135. What two numbers are thoſe, whoſe ſum is a, a 
difference b? | | 


SOLUTION, | 
Put x for the leſs number; then will the greater be 
- ö, and their ſum 2K “-HD; whence 2x=a—b, 


and x (the leſs number) will be — ; ' whence *, 
2 4 —5—＋L2 
e es > 


— | 24 
. = ; ſo the greater number is found to be = | 


(the greater number) will be =+ - = 


S 
and the lefs =; where 4 and 5 are left undeter- 
mined till ſome particular caſe of this problem is pro- 
poſed to be compared with the general one; and 
then the quantities @ and & will not only be determined 
in that caſe, but the problem may be folved by the 
general theorem without any further analyſis. As for 
example, let it be propoſed, as in art. 26, to find 
two numbers 'whoſe ſum is 48, and difference 14: 
here it is plain that @ in the general problem anſwers 
to 48 in the particular caſe, and þ to 14; whence 
— (or the greater number) eee =3 ty 


111 and 
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48—14 3 
13 3 
171 ſo that the numbers ſought are 31 and 173 
which will anſwer the conditions of the queſtion. 
Again ſuppoſe we were to find two numbers whoſe 


and 7 — oh the lets number) = = 


ſum is 35, and whoſe difference is g: in this caſe it is 


Plain that @ and have other fgnifications, for here 


an 35. d 8 and therefore == (or the” greater 


3 wil be oy. and 472 (or the leſs number) | 


will be 13. 


Theſe theorems are capable of blink t tranſlated out 
of Algebraic language into any other; though to no 
great purpoſe that I know of, to ſuch as underſtand 
any thing of ſymbolical Arithmetic; for in my opi- 


nion, they appear much more diſtinct as they are, 


and leſs liable to ambiguity. The foregoing problem, 
together with the anſwer belonging to it, being tran- 
ſlated into common Engliſh, will land thus: 


e 


1 is required, having given the ſum and d whale of 
any two numbers, to find the numbers themſelves. 
Anf. iſt. Add the difference to the ſum, and half 
the aggregate will be the greater number. 2dly, Sub- 


tract the « difference from the ſum, and balf the' remainder - 
will bebe teſs number. 


That this is a true, tranſlation is plain: for what is | 
7 3 but half the aggregate of the ſum and difference 


added together? and what en 2 half che re» 


mainder, after the difference is fabirafted from the 


ſum? © 
We come now, in the laſt place, to examine this 


X theorem as 1 it ſtands i in 5 terms, and to try whe- 


[38 ther 
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ther it will anſwer the conditions of the problem in the 


letters themſelves. It was propoſed'to find two num- 
bers, whoſe ry is 4, and whoſe difference is $3:and 


the anſwer v Was, that the greater 2 number was 22 


and the leſs = now that this is a true anſwer, 


will be eien from a bare Wan and ſubtraction 
of. the numbers themſelves, without any other prin- 


ciples;, for . 'be adde ed to 1255 their ſum will 


2 190) 


ww *þ 3} * 


be — or a, which * che 6rt condition. of the 


problem and if 3 ” be ſubcrated from —— "I 


the ther will be — Pr b, which anſwers i fe- 


- — 1 
w * ö — 1 2 


1 a 444» 


Aradohs 13 * — the truth of the theo- 
rem to which it belongs, as well as the analyis whereby 

that theorem was inveſtigated but not ſo much to the 
ſatisfaction of the mind: for a ſynthetical demonſtra- 
tion only ſhews that a propoſition is true; whereas an 
analytical one ſhew-s not on y that a propoſition is true, 
but why. it is ſo; places you in the condition of the 
inventor himſelf, and unveils the whole myſtery. Syn- 
thetical demonſtrations uſually require fewer principles 
than analytical ones, as will evidently appear, by com- 
paring both, in this very example; and this I take to 
be the reaſon why the ancients, generally ſpeaking, 
choſe to demonſtrate their propoſitions this way; not 
with a deſign to conceal their analy/s, as ſome have, 
unjuſtly enough, imagined; but becauſe: this ſort of 
demonſtration required fewer principles to proceed 
| upon, * ä ſuch as ame known. 


1 e Proutne 
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136. What three numbers are thoſe, \robertof the ſum of 
* the firſt and ſecond is a, that © the Int and third b, 
and that of the ſecond and third c 


SOLVTION, © 


Put for the firſt number ſought; then will the 
ſecond number be a-, becauſe the firſt and ſecond 
numbers together make a; for a like reaſon the third 
number will be x, becauſe the firſt and third, to- 
' gether make b- add now the ſecond and third num- 
bers together, and you will have a zx; there- 


fore 2 LCcga-Lö; * 2 - , -e; and x (or 
the firſt number) = e an, ſubtract now the firſt 


3. 
44 14—c. 


230 


from a, or, which is all one, add 


ovmber 


7 to a, and you vin have the ſecond num- 
_ * 7 == —. . 
E, again, ſubtract whe firſt number La 
E. 5, and mY, will haye the third number 17 to 
bt 2 —b Ke 

4 2 22 1 and thus we have all 


ber equal to 


| 2 
hat — 1 ſought, to wit, 


G 


The ſecond, E. 
The third, . 


To ap apply this general Golution e particular 
caſe, I ant make uſe of that i in art. 42, where it was 


3 required 
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required to find three ſuch numbers, that the ſum of 
the firſt and ſecond may make 60, that of the firſt and 
third 80, and that of the ſecond and third 92: in 
this caſe it is — that az=60, 8, and c==92 $ 


therefore —_ — or or the firſt number will be 24 


2 the 3 number will be 36, and 
— L 2 or the third number will be 56 which 


a 


2 upon tryal will be found to be ſuch as the 

problem requires. But that the theorems here given 

are not only true in this particular caſe, but are uni- 

verſally ſo, will beſt oppear from the Tuckereat 45 
monſtration following. 


: If The firſt number om — 4 the ſecond num- 


ber — _— being added 3 make —or 4, ac- 


; cording bs the firſt conditjon, the other quanciries de- 
ſtroying one another. 


2007s | The firſt number ==, and the third 


| number 8 2 being added cogerher make 5 or 
b, according i to the ſecond condition. 


Laux, The ſecond number <= and the third 


ak —— being added 3 make 2 — or 


c, according 5 the third condition. 

This problem may alſo be ſolved bet more 
elegantly thus: pur s for the unknown ſum of all 
the three numbers ſaught ; then if e, the ſum of the 
ſecond and third numbers, be ſubtracted from s, the 
n of all three, there will remain the firſt number 

P 4 equal 
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equal to = e; in like manner b, the bs of the firſt 
and third numbers, ſubtracted: from , the ſum of all 
three, leaves the ſecond number equal to 5—4; and 
a, the ſum of the firſt and ſecond numbers, ſubtracted 
from 55 the yok of all 1 leaves the third number 


a 


polrions ; therefore ERS Ak and == I 
whence we " haye the following theorem : EE. 
Male * Th) 2s; then if the Wa a, b ade Cc 


be taken lacan „ and ſubtra® d ſeveraliy from 8, the 


three remainders „c, $—b and S à will be the 
three numbers ſought, in order as they are ſuppoſed in the 
promos * Thus if 2 = 60, 5 = 80, and c= 92, as 


wt 2 7 or 2116; whence the 


{firſt number will be w or 24, the N 116 
—80 or 36, and the third 116—60 or 59, 


beſore, we ſhall have 


ö . An 
Wheat thre numbers are theſe, whereof the produft of 


the firſt and ſecond is a, that g Hs the firſt and third b, 
and that of the ſecond and thir 5 


r | 


Put 2 for the. product of all the der 8 
then fince e is the product of the two laſt, we ſhall 


have the firſt number equal to —- 25 ; for a like reaſon the 


en. _m > — the wind equals 25 and the | 


product of all he equals 4 — 21 Wee p= 


4 Þ | Dzmon- 


Art. 136, 137. end Thorens ddd from hem 438 


D MONSTB/ATION. 
| 25856 or the product of the firſt and frog num · 
; bers, is, OF YR and fo of the ret 
. » 


1 4 4 
& > 4. ak ua 3 4 - 


Per * 3 


137. It is required to find two members — difference 
is b, and "we difference of "whoſe ſquares is a. 


18 


"SOL v TION,” Ie tt 


* * 


Put * for tha leſs numb, aud 3 
for the greater; then will the ſquate of the leſs num- 
ber be xx, that of the greater xx- Ha b, and the 
difference of their ſquares 2bx-bb==a; . therefore 


2. 9 e W. 72 Wuxbenee 
2 (the gre): == paar 2 + 2 E e _ 
2 5 9 5 eee 


777 
To APE this a ſolution, let it devetialit tn to 


find two numbers whoſe difference is 4, and the dif- 
ference of 3 ſquares is 112: here a=112, _— 


bb=16, — 12, is; therefore the 
numbers, are 12 and 16. The 2 demonſtration 
is as follows; if the leſs oumber © ? be ſubtracted 
| a- -U | 255 
2b 25 


from the greater 


„their difference will be —- 


or &, according to the firſt condition of the pro- 


blem; again, the 2 98 of 17 leſs —_——_ = is 


k * 


1 


44 
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aa—2 * 
8 r. and the © ſquare of the _ 


ny 
"IN ie i; {AH he ke or the 
leſs from that of the greater, and you will have the 
difference of their ſquares e = %, as the ſecond 


condition ues, 


a N 4. 
138. Let r and s be two given beators, 8 5 
r is the greater; it is required to divide a given num- 
ber as'a into two ſuch paris, that the greater part 
_ -when multiplied into the leſs multiplicator may be equal 
10 the lf part when ps {654 £4 the greater multj- 
plicator ® c * 


GATION, 


Put * 7 the greater part, and a- for the leſ ; 
then will the greater * multiplied into the leſs 
multiplicator be 5x, and the leſs part multiplied into 
the greater multiplicator will be ar—rx: but accord- 
ing to the problem, theſe products are to be equal; 
therefore 5x=ar—rx, and rx-þ-5x=ar , but rx-þ5x is 


#Xr+ 53 therefore x r P. = ar; and * (the 
el * 
greater of the two parts ſought) 22 whence 

ar __ #7 + as — ar 
6—X, (he leſs part) equal A * — 7 F j 


as k 5 0 
= - 75 ſo the greater part ſought is 22 and 
the leſs - 227 


The ArppiLication, 
To apply this canon, let it be required to divide 
$4 into two d ſuch parts, that five times one part ord 


Art. 138. and Theorems deduttd from them. 235 
be equal to ſeven times the other: 2 a=84, r the 


AW acl. 
greater multiplicator . =. N 75 N 955 


1 Y 
I = If on 25311 cherefore the greater. part 


49, and the. leſs 464 and they vill anſwer the con: 
ditions; for fi Wn +35=84 z and ſecondly, 0 

5=2458=3 Toa gain, let it be required to divide 
99 into two ſuch parts, that of one N be equal 
75 to + of the other: here 499, r * e 


— M mee b = 99 X 71 
5 e 2 5 99 


* Nu. 


ever =453 ſo the v parts u 54 


and 45 which is true; for firſt, 544-45=99 5 and 
ſecondiy, + of 54536=4 of 43. 

As to the demonſtration of this general N 
it muſt be obſerved that in this problem there are two 
conditions; firſt, that the two parts, when added 
together, muſt make 4; and ſecondly, that the 
greater part multiplied into the leſs multiplicator muſt 
be equal to the leſs part multiplied into the greater 
multiplicator: as to the firſt of the eonditions, it is 


| ar as | 
certain that the parts —_— and —— ra when added-to- 


gether will make __ but ar ＋ 9s = C X o. 


Pl > ar | | 4 
therefore e = a: as to the ſe⸗ 
LAs. 4nd * f 4 


+ 
po condition, if the greater part = dee multi- 
plied into 3, the leſs multiplicator, a produ will 


"ars 


be —— ; and a if the leſs t —— be mul- 
= an gain, eis par 2 


tiplied into 7, the greater malige the ng 
- 


0 general Problems ©"... 
will "at 1 be +, therefote the to 


equal, as the problem requires: and ſo the conditions 5 
are both ſatisfied. Q. E. 
NM B. If any one has a mind co throw the f 
ing theorem into words, it may ea] ly be Jone, = 
nn ch a mafſhet as almoſt to carry tis own evi ſt 
along with it er, by the rule of e ! is 


es. n e and res to to CT 


Noe 


55 evident i for had 5 1 the number 20 
Ivided, the parts would certainly have been 


Eis to be divided, the parts ought to be teater 
0 lefs than rand 5 in 5 ſame en 1 5 


ft py MY? 7 
ö FR 


858985 e 4 R on * * M; 85 400 


162 Les r hy obe dre given multiplicaters Wb r 
is the greater; it is required to divide a giren number 
. ie due ſuch parts, that r times one part Being 
added to s men ne uber may make 22 ther given 
4 --nmmber, 4b. ws 


* 8. o r v 1 ou. 


> put x for the. part that is to be multiplied —— r, 
and conſequently -& for the other part that is to be 

. multiplied by 5, and the prodiits will be 7x and 
a5—3$x, and their ſum will be ug -=; there- 
fore a, that is, Andi” there- 


fore x (the part to be multiplied: by r) = — | 


therefore „ (the part to be _— Le = 
#4 of Sant trout ar | 


US — * | . 


5 xt 7 


. 8 
1 

a; L L £3. 

= - - * 


The 


* OE The | | | 
L996; 11 89 1 r 1 en 4 &- 24 34 
| The APPLICATIONS: © 750 

Let i it be re quired to divide 20 into two ad parts, | 

that three Ac one part being added to five times 
the other may make 84. | here 4p, b==84, 5. 


Pr so, b—ar=24, — (or the part ta 
1 er lied by g) === =12,” ar=100, ar—b==16, 
— gy the part. to be multiplied by 3) =" =8; 


cif the parts ſought are 8 and 12; for firſt, 


_ 2=203 and —_ Ys three times SFO 
=84. 


another, is the ee add < — 3 of it it 3 —_ | 


4. 
this problem when reduced to the form of the- 
one, will ſtand they: . To divide @ hundred. into two 


ſuch per, that —= of one' part bring added G's 
of «the: other Wie hab" thirty- .nine. Here a= "ay 
b= 39, =D 8 bn 21 


F SO. > 25 5 4 . 18111 
—300 2 114 
4 +4: 1 K tb If £5053 Ho 0 AF e. 

ding fie tit oh fe 
5 250 250 : 
N 3 
8 13 wk Ys | ANA TY 


" aa Sian d 3: 
"In . ſo the * | 


and 72: ber 6-+12==100) and Tae of 26, 


-. 


£ : 


—— 
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that is, 21, ſubtracded from + of 75. "that i is, from 
"A leaves 39. i 21349 2 


The SEAL P ri. 


WISE ; 


ea. and nt wh when added 1 to- 


baden make © 8 8 . 


_ the pur == being” mulGplied into 5 * 


te malplicuor gives "=, and the other 


5 pare — , muttiphed into the other welpen 


5, gives - I add bels two FLY together, 
E. 2. 


Ho” | = "ou 


If at r PI all think me too blen in 
* ſolutions of theſe general problems, he muſt have 
recourſe to the particular ones in the articles I ſhall 
- refer him ta, which he will find explained more at 
large: and as to the application of theſe general 

Dilattons to thoſe particular caſes, it is to be preſumed 
that by this time the learner will be able in ſome 
meaſure to perform that part himſelf; and therefore 
F ſhall for the future leave it to him, except where I 
* think my aſſiſtance may be of any uſe. 


PRO 6. (See art. 350 


8 140, Dur meeting a company of beggars, s to er p | 
|. Pence, and has a pence quer; but would have 
iven them q pence apiece, be would have found be 


od ntl fe; for tht n. What was the 
wle * n? 1 


n Soto rio. 


* 


"% 
2 


EY 


* 


- "Pence given, PP 8 
N in all, th. 8 
pence tbat would have ben given upon "= 


tion, 7 | 
2 a Mon for the womber of pence in ah. 


„ therefore — 
. - 3. therefore * ou number * 


* f Me & 2 + As wy * os 2 * *. * 7 | 
f ns — ˙— t = I * 7 75 4 


* 178 N. 323 Fer, 5 85 * ps; W RA rr 3 8 41 £ x # ' 
= Des 


If the number of perſons be = | the pence 
Ted will 1— 7277 * pence in an wilt be 


t- A 5 


C 
E N 155 pence * would have K b | given 
upon the econd fuppolition LEFT; and therefoue 


SZ ©. 44S 


Fr 3 number of pence in al 
2 Et ts e 
will be 1 z and the e perfect agree- 


ment ee this 2 the eimer is an in- 
fallible argument that the number” of * was 


""_ aſſigned. F 
PaonL nie 70. (See art. 2 8 


oy TY is required 40 Abi a greater "number as 4 EY 
| two ſuch parts, 1 ea: a Ah the other a 


„ 1: 


Sor vrfox. 


1 40 Sx: 1 ag 
; 3 NN ls | T3. SS W 18 


8 a woki ; 7. 
4 WT gener 
YON 3 1 0% 

The two parts ſought, x and a | 
Proportion, * is to . %. 0 

| Equation, * ar- therefore nach Fr ar; 


e 
— = 


Ly l * 1 A 5 ow „* 1 4 

2 . 2. 8 and. 
* 4 «> 7 ; * * F 9 +: _ ? — 
1 . Th ll ? 1 * ln 7 £ — 4 1 * 


F 


Dawonsra ATION. — {a} 6112 j 


* 


if, 8 2 os when added 


\ 
bo = 
| 4 4 3:7 y . 1 ye 
7 5 * 
82 5 n ” 4 37 F = 
> * * * ar 4 b 4 
« IV. 
$a 92 4 
* + - * y 
$ = 


1 8 
1 8 19 a 1 ? 


ar as 92 VI LF. 2 WC \ o 
nn £ $ F=s Joh Ft 1005 3 adh aft} 11 
YL OO 
c The . . . 10 the ſecond 


a „ 


dhe common denominator is no more in reality than 
8 both frackions by it; and every one 
= that the multiplication, of two quantities by 
ſame number, makes no alteration in the 1 
bore one to the other: again, ar is to ar 
1 by a) ase to g; for icis well known 
at a common Mensa affects- proportion no more 
than a common multiplicaribn : ſince then the firſt 
. is to the ſecond as ar to 46, and ar is to at 
as 7 to 6, it follows, that the firſt num 50 r is to the 
ſecond as f to 5. o. 5 8 1 


PROBLEM 8. (See urt· 66.) 

2775 What . number i that, . which being ſeverally added 
_ to two. fol ruthbers, à 4 greater nber, and b 2 
©" leſs, will make the former fun 10 the latter as r 10 87 
ee e be greater Than t 8 


number 2 25 e to 4h becauſe throwing away 


% 


5 LY | 


WIS 
POT, * tit nog 


. oh” 
7 i 


= * 1 1 9 4 
MIO 10 A 1 Antens 2K 9:716: 


26 FX: Dz HEL fler. — 
410571 00. en EY ini bens 19061 ako 


112 Themumber gradded 10/4, gi 
bas Eiyib bas 10 Weiz Bun 19, fog agit Ir ; LY 


722 Cj 37 
430 e TY0JONR 


mi rr 287 dacht 
n * * K * 


| was to hr nd number which, being 
t 5 and” * will make the armer ſum 
y | der now change the num- 
the” numbers 7 
ay „ god then the problem will 
ſtand thus: To find 4 " number which being ſeverally 
. aided 10 b and a, will make tha former ſum to the; fatter - 
8 60 ü- bud che condition of:rhis —— exactly 
the ſame with that of 22 former, and therefore the 
Jansen ht; Ril do be th e eme z that is, as chang- 
os K ang, _ anotk "a and rand 5'0 ne for aho- 
„ thet⸗ had, ng. . rhe | roblem, 800 left it en · 
1 the. Ja ſo. the expreſſion of the 
3 ae g e he changing of 4 and b be 
eq her, a r and 5 'ohie for another, 5 
_— benen in-chatexpreſſGon, and the nm. 
der ſought ought ſtill to be che ſame; for truth will . 
e ge conſiſtent . Wich ſelf, _ Let us try this 


id 1788 what ane e the elfe Tf ſuch a 
"C ee 


4 8 pn 2 


A upon this change, au becomes br, and Ir becomes 
5 44, and fs ee ken h, 


N vill ber bara into this, — . but is the 


— W LOS 


uy . numerator 1 88 5 *% = "MF no more 
 affe&s-the-value of that fraftion, £ than in diviſion the 
changing of the ſign both of the diviſor and dividend 
aflects the value of the quotient :..thus then we find, 
chat the changing of @ and & one for another and of 
r and s one for another, no more affects the theorem 


9 — 41 the number! , than ix Gd che 
1 ROB L E M . "NC * 2 


143. e number dt a into 
tuo ſuch; parte, that the: exceſs af ene part above . 
another given number at b, may be to what the other 


. «I eee APE DE. 
2 hn _Sorv tron.” | of gina fer 


mt; Put * bur de greater part, and = for the leſs ; 
then the exceſs. of * above & will be „-; and the 
exceſs of 4 above a—x will be #—a-þ, as appears 
by ſubtracting a—x 2 & from bz but by the problem, the 
former excels is to the latter as , to 7 therefore 5 
is tox—a-bb ag r to ; multiply extremes and means, 
and you will have rar r! ele 
abe, and & (the greater Patt) = 


* therefor be tefs part) => 


"+ OL 13 * 5 
_ n Br 7 8 111 : 
#53 Wee WM oi AT ; 


. * PEW 
5 4 


* 


22 25 2 243 


——— and the leſs part re, 
n rr 9 r 


* - 
* .« "Wo | #* 
9 * 44 4 


8 fb 9: Ex AMPYT * cn r . 


LN 15 be required (as in art. 41; ) to divide the 
: ating”: 48 into two ſuch parts, that one part ma, 
be three times as much above 20 ag the other wants 
of 20: here a==48, b=20, =. 5=1 ; for to ſay 
that the exceſs muſt be three times the defect, is no 
other than to ſay, that the _ cmuſt be to che de- | 
e wt. * 


2. 2101 Cc * ; 5 


—— 


The GENERAL Danonara bring. 


8 4 2 
ü Mer lata uldans Rt = 
=4: again, te xo th ia dert 1 1 
arr. 040+ . 2 '4 e 
; * Ls k 4 I OR | ; R 
and the . he, leſs art, which i: 
9s the leg Pan wants of 8. is 2 ——.— 8 } 
i wn Kir . 37 {ov 75 9 1 on TEM Ea 
—b$as'* as—2bs 
8 _ | 4 ws = neff the excels of 


nenn "321 8 mg | 
2215 e that is, warm Lak, "Ui "0 


ROOT F ² COOLS ² 1. ²ͤ i ay TT oe =-wquC . ¾¼Ü—⅞tl: IE RE; 


oh 
- that is} ay N * do N=. or as 85 I 


E. D. , 
mag "Y PI vhs 25 10. (See art 55; 0 mad”. 
144. There, are. bo places whoſe diſtance 19 0 * 3 
; other is a, and from whehce two. perſons ſet ont at | 2 
the ſame time with a deſign to meet, one travelling at the | 
rate of 3 miles in q baus, and: the ot ber at the rate of 


rr miles ins burt 1 * * far 
deute, at. 4 
bas e Sotvrion. | 


5 5 ; 5 . : LS | : 
; = . 4 2 J 1 2 Proble Nv. 
Ls 
| 244 5 "Of general Þ ro * 00K 


. e 


"0 | 5 „ 2 
The number rb n ; 1 
a Miles rovelled eee e de 15.4 


„„ 7 878 8 
: BS 43.7 5 d * 5 33 485 
* 1 85 
7 57 hd, ©. * wc lrg enn ee 8 
* S 74 22 111 2 N 
4 , P FY a 1 : 
: ” we both, = er. . n 5 2563 
om 927 K R 7 £3! FIRELL 13 $3345 
a Y 2465 Sh £4. " - 4 C + 
* 34 54 45 #3.=& » 4 13 : + # 
uation, | Fl . 7 
Equation, 27 65 2. — nen prt— =4q 
3 3 
, 8 x 


| therefore ps beg, "therefore x (or the 3 
of * 1 4 E167 * wii — 24 5 
0 hay any miles the rſt travelled, fay, wR 
e ph many. will he travel | in a 


ns equals E 


F/ 
: 2655 3 278 : 72 [ads 184 
cond 5, ard the produg 9553 * ; this again K iſ- 
die c 201. >, EE n e e 
2 Vide by we bett number, and the quotient is 
| -fary dividing the numerator divides the w hole FT raction : 
IF by the' fame way of teaſoning, the 3 miles 


- _ Travelled" by the other will de found to be = : 
[| 3 Er. whole number,of wiles rely fm 
3 1 "oth en Sn 6, "which" demonftrates the lolu- 


* 
3 * 
: i * vat 4 . 71 s 
* 


4 ea Fn 45% - . SLES 5 15 ID 9998 an TIT 

_ BE MAR BOD. Yo 1 1355 WIS mP L 4. 

'F | der u Uiſtaderofths:rwar places * 154 miles; 
25 the firſt travel 1 rate ot 3 miles in 2 hours, 


« * 
rue and 


Art, 144. r 243 
and the ſecond after the rate of 5 miles in 4 bea 
then we : ſhall have a=1 54; =. 422, 85 . 


| 3 3 X2X 
=10, p5-þ- a 22 aq 54 4. 


bo 15ND — Fe bY 
=56, = ——— OO M 


o: therefore each travelled 36 hours; the firſt 
arg; 18065 miles, and the ogher „ | 


5 wt. - tg IH n 0 IU of hi * 

e fo oblem we ir 

q into 5; and vice v ty the . — .p will be, that 

. the firſt traveller will no travel at the ſame rate as. 

the ſecond did before, and the ſecond at the ſame rate 

as the firſt did before : but the motion whereby theſe 

oy. travellers approach towards each other will {till 

ame, and cee dre refore the time this motion is 

hy in, that is, the time that each travelled, muſt 

ſtill be the ſame: let us then make the changes aboye- 

1 firſt in the expreſſion of the time, and Tee 

eg er 11555 5 prefion will ftill continye the — 
et us in bs he ſame changes in the two expre 

fions of the miles, and ſee whether by this means 

theſe expreflions' will not be converted each into the 


—_ 1 4 the Exprelſion o of the time, which is 
i ging P into r, vage: and vice 


| ES: ao of) 01 


ver, becomes /,>which i is the ſame as 


therefore the E | of the time ſuffers no altera- 
tion by thele.changes 2 EINE the number of miles 


N by che firſt, Fe T 8 wi. after the 
| changes abovementioned, þ becomes 25 779 neh! is. 


* * 


. 


8 the fame as 7 5 the miles travelled! by be ſecond; 


| Fs 
80 * "_ 223 „ 
N tt :* | o 
We. - : . a : 
* 


ba * . * * 1 . : 
i 3 A $7 LIES oo * S £ 9% 2 en Ja » be & $ v. A x; as 1 ha 26% 3 1 1 
0 * * wa = „e Bo oK . 0 
2 " 6 4 X a= E 4 2 
4+ - Lo * Fr * F * 4 Of gener * 


a — 5 whence their hu vil be 25. 


W . ie cena n 8 


K a K i . 
* e * . v4 25 R 1 4 7 
** 3 
89 
A . 
— 


and therefore 2 comverſ the e, - will 


on - "3 221 thus will 


be . = the expection 
the caſe of the firſt traveller - be changed into that of 
dhe ſecond, and vice vera. „ 0 


1 l 
n PE 


R 


Lis Pao 16. 3 e 
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then the greater * m into the leſs will 
os L. K. ” + URS : $6303 txt e 1 * 
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1 a ©, and the product of their multjplication 
—_ . 192 3 then you will have a==400, b=192, Gmngh* 
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the conditions be fewer in number than are de un- 
known quantities, thoſe that are wanting may then be 
ſupplied by the Analyſt himſelf at pleaſure; and as 
_ there i is infinite choice, it is no wonder if in fuch a 
caſe a proble em admits of am iafidite number ob anfwörs, 
| eſpecially: y-where fractions ue. tuen into chat number; 
but if che problem relates to Whole nenden only, 
ben dhe number of anſeer will be ſometmen be finite 
and ſometim infinige, as the nature of the 444 
wilt be fo foffictetitly ADP Tho 
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to ten times their difference. 
Here putting x and y for the two numbers ſought, 
it is plain that in this caſe we have but one condi- 
tion, and conſequently but one equation, to wit, 


5 105, which equation being reduced, 


gives ; and this is all the problem requires. 


9 
Here then it is plain that the Analyſt is entirely at 
liberty to ſubſlitute whatever whole number, mixt 


number, or proper fraction he pleaſes for y, provided 
115 

_he « does but make * = = z; and the two quantities 

x and y will ſolve the problem.. As for inſtance, let 

A de put foros e —_— 2 and thoſe 


two fractions ++ and 1 or 14 will . the problem; 
© for their difference i is , and their ſum 38. But if .it 
be intended that x and y ſhall both be whole numbers, 
then ſuch a whole number muſt be ſubſtituted for y 
as will admit of 9 for a diviſor without a remainder : 
; Bu of ſuch whole numbers there is infinite choice, as 
, 18, 27, 36, Sc. ; therefore this queſtion is capa- 
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in anoth er place ; and: if 3 1 by greater than 10, then 
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19 9. and conſequently 425 vin. be a "pegative 


quantity, Whereas thę problem may. be ſuppoſed to 
relate to affirmative quantities only: © however, as 
there is infinite choice of frakions between o and 10, 
and as any of theſe may 1 UN che 2 
blem will 0 be 0 ite number o 
lutions, if . GP . itted ; but if jt be 2. 
quired that * and y be both whole numbers, then 
there cannot be above nine ſuch numbers that can be 
ut for y; nor perhaps all theſe neither, as remains 
in the next place to be ſnewn. Now to find What 
whole number being put for y will 'Oring-00e x a whole 


 vumber alſo, 1 reduce the — 5 


5e more 


tient by che bagten 399, Ss == 
10— 10— 


* 
therefore _ x „ may be a whole number, it is ne- 
2 that - be a whole number; but this will 


ſible, vwolefy" 10—y be ſome one of the divi- 
pe ang oo, I mean ſuch a number as will divide 100 
without remainder : I enquire therefore in the next 
place, how many ſuch diviſors 100 will admit of that 
are under 10; for ſo long as y is any thing, 10—y 
mult be leſs than 105 and I find - ſuch diviſors, 


AHT % 
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2656 abe eien Faerie, Booꝶ V. 
to wit, 1, 25 4 and 53. therefore if ro be Ppt 
equal to any of theſe, * or er es 80 10 muſt dome 


, 


out a whole number; and it muſt alſo come out affir | 
_ mative; for fo mute as Ivy is greater than nothing 


and leſs than 15 = ee be grower den 
100 

"IF" Wh | ently — 
or * will be affirmative. 324560 thick oppoſe ard, 
"INI and we ſhall have 5s. and fe j or 


Kro. 2dly, if LPs we ſhall have y=8, 
and x==40,. .3dly, if 10—J=4» we ſhall have y=6, 
and x=15. Laſtly, if 10 - y== 5, we ſhall have 
s, and #=10: therefore this queſtion admits of 
4 folutions in whole numbers, to wit, go and 
40 and 8, 15 and 6, and 10 and 5; all which equally 
abr the condition of the e as will rag 
"ROE trial, 
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5 the SAY of 1 refs the | brine of. ropor- 
h + tiong and removing ſame' difficulties 7 Py 33 
- 10 ee it as delivered i 1 the Elements. ; 
7.5 . 
aer 26g: . — Ack amelre f his " 
treatiſe I have laid down as clearly, 
and yet as ſuceinctly, as I was able, | 
the doctrine of 99; prey ſo far as is 
rents to mines and commenſurable quantities, 
"whereof any one may be conſidered as ſome multiple, 
part or parts of another of the ſame kind; and it 
ed well enough all! the purpoſes it was dengaed | 
ot But being in the nent — to apply Algebra . | 
to Geometry, Send ſo to conſider proportion as it re- 
lates to magaitudes in general whether commenſurable 4 
or incommenſurable, I thould' come ſſiort of the | 
. axpicacs geometrica, was I not to reſume th ſub- | | 
ject, and to conſidet it HOW ifs falhEUtent as it is | 
rn in this Büch bool of the:elenfents f Geo- [ 
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268 . Of Proportion. 1 5 Book VII. 
metry. I might indeed have excuſed myſelf from 
this part of my taſk, and ſhould have been very glad 
to have done it, by referring the reader at once to the 
elements themſelves without any further aſſiſtance; 
but I could not withſtand ſome reaſons. drawn from 
Experience, which to me ſeemed to plead very power- 
fully to the contrary. , , _ e 

Il frequently obſerve that moſt of thofe who ſet 
themſelves to read Euclid, when they come at the 
fifth book, which treats of proportion, either entirely 


paſs it by as containing: ſomerhing toò ſubtil to be 


comprehended by young beginners, or elſe touch ſo 
very ſlightly upon it as to be little the better for it; 
and thus the doctrine of proportion (which is entirely 
the moſt extenſive, and conſequently the moſt uſeſul 
part, of the Mathematics) is either taken for granted, 
or at beſt but partially underſtood by them. The 
ſchemes there made uſe of are ſcarce bold enough, I 
had almoſt ſaid, ſcarce complicated enough, to affect 
the imagination ſo ſtrongly as is neceſſary to fix the 
J 7 REIT TE ANI 997.7 
The firſt, ſecond, third, fifth and fixth propoſition 
are ſelf· evident, as well as ſome others, and upon 
that very account create an impatient reader much 
greater unealineſs than if they were farther. removed 
from common ſenſe; becauſe the truths. from whence 
theſe propoſitions are deduced are not ſo diſtinct from 
the propoſitions themſelves as in many other caſes. 
But it ought to be conſidered, that the perfection of 
all arts and ſciences in general, and of Geometry in 
particular, is to ſubſiſt upon as few firſt principles or 
axioms as is poſſible; and therefore whenever a pro- 
poſition, how evident ſoever it may appear in itſelf, 
can be deduced from any that is gone before, it 
- ought: by. all means to be ſo. dedueed, and not to be 
- made a firſt principle, and ſo unneceſſarily to increaſe 
ire e: 200 1 en een antes 
Ihe deſign of a; geometrical demonſtration is not 


annexed, 


ſo much t0 illuſtrate the propoſition ro which it is 
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annexed, EI it more evident than it would 
have been without it (though this ought: certainly to 
be done where · ever the nature of things will permit) 
as it is to ſne w the neceſſary connect ion the propaſition 
to be demonſtrated has with ſome previous truth al- 
ready admitted or proved, ſo as to ſtand and fall to- 
gether; whether ſuch previous truths be more or leſs 


evident than the propoſition to be demonſtrated : Fay | 


more or leſs evident 3 for it is not uncommon in the 
courſe of Euclidꝰs etry to! meet with propoſitions 
demonſtrated ſrom others that are leſs evident = 
themſelves. For -atv inſtance of this we need go n 


farther than the twentieth propoſition of the firſt — | 


where it ĩs demonſtrated that in every triangle any two 


Ades taten together are greater than the tir: now it 


is certain that this propoſition is more evident than 
that the external angle is greater than either of the in- 
ternal and oppoſite ones; and! yet the former, by the 
help of men propoſition, eee from the 
latter. 4 094 2 "76.023 ii lunge u 159 
But there is another reaſon to ht mee en- 
ſtrating ſelf-evident propofitions in many caſes, and 
| particularly i in this fifth book of the elements. A 
propoſition may ſometimes be taken to be ſelf. evident 
according to our narrow and ſcanty notions of things, 


which when better underſtood; will be found to be 
otherwiſe. Theſe propoſitions, to wit, that +equal 


quantities will: have the ſame proportion to a third, 
that f tu unequal quantities the greater 4will (have 4 
greater proportion to a third tban abe leſs, and ſome 


others of the ſame ſtamp in the fifth book, are ſuch 


as will paſs with moſt for: ſelf-evident-propofitions ; 
and ſo they are without all doubt according to the 


common conception of proportionality; but when 


- they come to be examined according to the juſter and 
more extenſive idea Euclid has given of it, I fear the 

will both, and the lamm more Ar K 2 to 
nt i: demonſiration. „ eee + 
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A deve pak: meding ular ſyſtem — 
metry, ſuch à one as that of Zuid may be ſuppoſed 
to bez or at leaſt to have been, certain properties of 
lines, angles and figures ate to be laid down, and 
thoſe of the ſimpleſt kind, for definitions 3 from 
whence; and from one another, all the reſt are to be 
derived wich the utmoſt rigour, without the leaſt ap- 
peal euen to common ſenſe. Common ſenſt in — no 
means 10 be made the ſtandard of any geometrical 
truths hatever, except firſt principles: its province 
muſt be only to judge whether a propoſition be duly 
demoriſtrated according to the rules already preſcribed, 
that is, whether the neoeſſary connection it has with 
any previous truth be clearly and diſtinctly r 
pre art is done, nothing remains but to paſs ſen- 
Whilſt the ſcirnce continues thus cireum- 
_ Eeribedy no miſtakes, no diſputes can arife concern- 
ing its. boundaries; but whenever theſe come to be 
tranſgreſſed, ſuch a looſe will be given to Geometry 
that ĩt would be — to agree * r others 
whereby to reſtrain it. 
: 2 1 thought proper y Gown concerii- 
ing the nature of a geometrical demonſtration, that 
young ſtudents may not ſometimes think themſelves 
diſappointed, or not proceed with that coolneſs and 
judgment abſolutely nevellity to conduct FI 
| the. elements of Geometry. 5 
But as to the matter in hand, thive 5 dif 
| fculty' ſtill behind, which I believe is often a greater 
| diſcouragement to young beginners in their entrance 
into the doctrine of proportion, than any which have 
hitherto been alledged, and that is the difficulty of 
0 voy hs and applying Zuclid's definition of pro- 
tionable 1 But, to take away all excuſe 
m this quarter, I have here annexed a diſfer- 
tation 17 acing (as I take it) to clear up that defi- 
nition. It is an extract out of ſome looſe papers I 
have by me; and therefore the reader: muſt not be 
| furpriſed if he finds ſome things hag here Tonk 
X ave 
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N . B. Yor more diſtin rr gere f 
ar follows, it myſt be obſerved, dat By à part, in 
the fenſt of the fifth book of Euelid, is meant an aliquot 
F 2 and not - part as” part relied” to fome 20 ble. 
Thus 3 is a patt of 12 in Fuclid's ſenſe, as being juſt 
four Mine contained in ir; and though ꝙ be a part 
of 12 in the ſame ſenſe as the Part 15” diſtinguiſhed 
from the whole, yet 9. in Euclid's ſenſe is not a part, 
but parts of 12, as being three fourth parts of it. 
It. F two, quantities A and B be commenſurable, 
then A muſt neceſſarily be either fome mullipis, vr ſumo 
purt, or ſome. parts, , B. For if A and B be c 
menſurable, then either B muſt meaſure , or 4 m muſt 
meaſure B, or. they muſt both be meaſured by 4 
third quantity: if B-meaſures A any number of time 
ſuppoſe 3 times, then 4 will be equal to 3. mes B, 
and conſequently will be a multiple of B: if A me- 
ſures. B any number of times, ſuppoſe 3 tres then 
will be a third part of B, and conſequently will be 
a part of B: if Aand B do not meaſure one t other, 
let C meaſure them both, and let C be contained ex- 
actly in 4 3 times and in B times: then will third 
re of A be equal. to a LAY rth part of B, as bein 
both equal to C; multiply both ſides of the equation | 
by 3, and you will have g of A or. 4 equal to q of B. 
therefore j in this caſe & is ſaid to be parts of . 
2 2dly. F tuo quantitiss A and B are incommenſuruble, 
| then. A can | neither be any multiple of B, nor any part 
or paris of it, For if A was any multiple of B, then 
B would meaſure both itſelf and. 4, which contradlicts 
the ſuppoſition of their incommenſurability: in like 
manner, if A was any part of B, then A would mea- 
ſure both itſelf and F. in the laſt'place I ſay that nei- 
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ther can A be any parts of H for. if A was any parts 

of B, ſuppoſe 1 of B, then 2, of B would —— 
both A and B, which ſtill contradicts the ſuppoſition: 
4 WEEN Nay be greater of leſs than ſome. part or 
parts of B, but can neyer be equal b eben 
is the compoſition of continued quantity. As for in- 
ſtance; it is demonſtrated in art. 294, that the ſide 
and diagonal line of a ſquare. are; incom menſurable to 
each other: let then 4 be the — of à [qbare 
whoſe fide is B, and the ſquare of A will be to th 
ſquare'of B as 2 to 1, as is evident from the 47th. c 
the; firſt book. of Euclid z therefore & will be to Þ 
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more nearly Rill = hence it follows, that if the 


Hide of a ſquare be divided into 10 equal parts, the 

diagonal. will contain more than 14 of theſe parts, 
by t not ſo much as 15 of them; if the ſide be divided 
into 100 equal parts, the diagonal will contain above 
141 of ſuch parts, but not 1423 if the fide be divided 
into 1000 equal parts, the diagonal will contain above 
1414 of ſuch parts, but not 14153 and ſo on ad jnf- 
nitum: therefore the diagonal of à ſquare can never 
be exactly expreſſed by parts of the ſide any more 
than the ſide can by parts of the diagonal. The ſicle 
may indeed be ſet off upon the diagonal, and ſo be 
"conſidered as part of it, ſo far as part of the whole; 
but the fide can never be exactly expteſſed by any 
number of aliquot parts of the diagonal, be theſe 
parts ever ſo ſmall. Limits may be found and ex- 
preſſed by parts of the diagonal às near as poſſible to 
each other, between which the ſide ſhall always con- 
fiſt, and by which it may be expreſſed to any degree 
of exactneſs except perfect exactneſs. And thus alſo 
may approximations be made in the expreſſions of 
8 | many 
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many other incommenſurable quantities one by a an- 
other. | 94 
Zdly. From the laſt ſection it appears, that If two' 
' quantities A and B be incommenſurable, no | multiple of 
one can ever be equal to any multiple of the other.” E or 
if, for inſtance, 44 could be equal to 35, then (di- 
viding by 4) A would be found 8 be jock z 3 of B, con- 
trary to what has been above demonſtrated. 
athly, If four quantities A, B, C and D be fied | 
that A is the ſame part or parts of B that C is. of D, 
then are thoſe four quantities A, B, C and D ſaid to 
be proportionable, or A is ſaid 10 have the fame propor- 
tion to B that C hath to D. Thus if A be a fourth 
part of B, and C a fourth part of D, then A will be 
the ſame part of B that C 1s of D, and they will be 


proportionable. Thus again, if 24 B, and Cam, 


3 D, or FM B or 2B, and C=—D or D. or 
W 


if A=—=B, and C=— D, in all hs nene 


(compicheadldg multiples under the notion of parte) 
A may be ſaid to be the ſame paris of. B that C is of 
D; and therefore, according to this definition, 4 hath 
the ſame proportion to B that C hath to D which is 
true, and the mark of proportionality here given is 
infallible,” but not adequate to our idea of it; for 
though this mark be never found without proportion- 
ality, yet proportionality is often found without this 
mark. Proportionality is often found among incom- 
menſurables; but it can never be tried or proved by 
the marks here given. I believe nobody ever doubted 
that the ſide of one {quare hath the ſame proportion to 
its diagonal that the ſide of any other ſquare hath to 
its diagonal; and therefore A, may have the ſame 
proportion to B that C hath to D, though 4 be in- 
commenſurable to B, and C to D: yet who can lay in 


chis caſe, that A is the ſame part or parts of B that C 
„ is 
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is of D, when it has already been ſhewn, that A is no 
part or parts of B, nor C of D? This way therefore 
of defining proportionable quantities by a ſimilitude 
of aliquot parts, cannot (in ſtrictneſs of Geometry) 
be laid down as a proper foundation, ſo as from 
thence to derive all the other properties of proportio- 
nality: for ſince theſe properties are to be applied to 
incommenſurable as well as commenſurable quantities, 
it is fit . . be ara — a fundamental 
roperty that relates equally to 
| * p47 ag In order then to eſtabliſh a more general 
character of proportionality, I ſhall aſſume the follow- 
ing principle, which equally relates to commenſurable 
and incommenſurable quantities; and which, I be- 
lieve, there is no one who has a juſt idea of propor- 
tionality, which way ſoever he may chooſe to ex- 
preſs it, or whether he can expreſs it or not, but will 
eaſily allow me, which is, that F four quantities A, 
By C aud D be proportionable, that is, if A bas the 
ſame proportion to B that C hath to D, it will then be 
impofibl for A to be greater than am part or purts of 


3 — * 


B, but C muſt alſo be greater than a like part or parts 
of D; ar for A to be-equal to any part er parts of B, 
but that C muſt alſo be equal to alike part ar parts of 
ID; or for A to be leſs than any parts or parts of B, but 
that C muſt alſo be leſs than à like part or parts of D. 
Thus if 4 hath the ſame proportion to B that C hath. 
to D, it will then be impoſſible for 4 to be greater 


than, equal to, or leſs than 7g of B, but Cmuſt alſo 


be greater than, equal to, or leſs than 22 of P. This 


principle, Iſay, is ſo very clear that nothing more needs 
to be faid of it, neither by way of explication or demon- 
ſtration: and if by the help hereot I can demonſtrate 
the converſe, we ſhall then have a general mark of pro- 

Fi as extenſive as proportionality itſelf. Now 
the converſe of the foregoing proportion is this; 7f wy 
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be four quantities A, B, C and D, and f the nature of 
theſe quantities be ſuch, that A cannot poſſibly be greater 
than, equal to, or leſs than, any part or parts of B, but. 
| at-the ſame time C muſt neceſſarily be greater than, equal 
to, or leſs than, a like part or parts of D, let the num- 
ber or denomination of theſe parts be what they will; I 
ſaythen, that A muſt neceſſarily have the [ame propor- 
tion to B that C bath to D. If this be denied, 
ſame other quantity E have the ſame proportion to Z 
that A hath to B, that is, let 4, B, E and D be pro- 
rtionable quantities; then OG the quantity 
D to be divided into any number of equal parts, ſup-- 
poſe 10, let E be greater than 14 of theſe parts and 


leſs than 15, that is, let E be greater than 28 and 
leg than - of D; then muſt 4 neceſſarily be greater 
than — and leſ than — of B: this is evident from 
the conceſſion already made, ſince A is ſuppoſed to 
have the ſame proportion to B that E hath to D. Bur 


if 4 be greater than - and leſs han 28 of B. then | 
C muſt be greater than _ and leſs than — of D by 
the hypotheſis; the relation between A4, B, C and D 
being ſuppoſed to be ſuch, that A cannot be greater 
or leſs than any part or parts of B, but C accordingly 


muſt be greater or leſs than a like part or parts of D. 
Therefore we are now advanced thus far, that if E 


lies between 75 and = of D, C muſt alſo neceſſarily 

lies betwixt the ſame limits: now the difference betwixt 

22 and of D is . of D; therefore the difference 
. 10 7 


berwixt C and E, which lie both between theſe two 
| S2 f limits, 


— — — US ä — — 2 2 
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! 
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| 
q 
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of his diſciples, eſpecially thoſe of a lefs delicate taſte, 
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limits, muſt be leſs than — of P. This is upon a 


ſuppoſition that the quantity D was at firſt divided into 
10 equal parts; but if inſtead of 10 we had ſuppoſed 
it to have been divided into 100, or 1000, or 10000 
equal parts (which ſuppoſitions could not have af- 
fected the quantities C and E,) the concluſion would 
then have been, that the difference betwixt C and E 
would have been leſs than the hundredth, orthouſandth, 
or ten thouſandth part of D; and ſo on ad inſinitum: 
therefore the difference between C and E (if there be 
any difference) muſt be leſs than any part of D what- 
ever; therefore the difference between Cand Z is only 
imaginary, and not real; therefore in reality C is equal 
to. E. Since then C is equal to E, and that A is to 


Bas E is to D, the conſequence mult be that A is to 


SC to D. ©, E. D. f | 
Here then we have a proper characteriſtic of pro- 
Portionality which always accompanies it, and, on the 
other hand, 1s never to be found without it, to wit, 
that four quantities may be ſaid to be proportionable, 
the firit to the ſecond as the third is to the fourth, 


when the firſt cannot be greater than, equal to, or 


leſs thin, any part or parts of the ſecond, but the third 


mult accordingly be greater than, equal to, or leſs 


than, a like part or parts of the fourth: or thus; Four 


quantities may be ſaid to be proportionable as above, when 


tbe firſt cannot be contained between two limits expreſſed 
by any parts of the ſecond, how near ſoever theſe limits 


may approach to each other, but the third muſt neceſſarily 


be contained between the limits expreſſed by like parts of the 


fourth. _ 
Sthly, Had Euclid ſtopped here, without refining 


any further upon the criterion of proportionality deli- 
vered in the laſt ſection (for I dare venture to affirm, 


he was no ſtranger to it,) I doubt not but it would 


have given much greater ſatis faction to the generality 


than 


Art. 262, of the fiſth Book of Excuin's Elements, 255 
than that which he advances in the fifth book of his 
elements, as being more cloſely connected with the 

common idea of proportionality : but it was eaſy to 
"fee, that in demonſtrating ſeveral other affections of 
proportionable quantities upon this ſcheme, there 
would then be frequent occaſion. for taking ſuch, and 
ſuch parts of magnitudes, as there is now for taking 
ſuch and ſuch multiples of them, the praxis of which 
partition had no where as Fre been taught by Zuciid ; 
' Day, he rather ſeems to have OIL, (wen as 
poſſible, to avoid it, and that upon no ill grounds 
neither; for the uſe of whole numbers is in all. caſes 
"Juſtly eſteemed more natural and more elegant than 
that of fractions, and the multiplication of quantities 
has always been looked upon as more ſimple in the 
conception than the reſolution of them into. their ali- 
E parts. It is for this reaſon that Euclid never 
ſhews how to multiply a line or any other quantity 

whatever, aſſuming the praxis thereof as a ſort of 
poſtulatum ; whereas in the ninth propoſition. of the 
ſixth book of his elements he ſhews how to cut off 
any aliquot part of any given line whatever. Upa 

"theſe and ſuch like conſiderations it was that Euclid 

reſolved to advance his characteriſtic property of pro- 

portionality one ſtep higher, by ſubſtituting multiples 
inſtead of aliquot parts in ſuch a manner as we ſhall 


no deſcribe; and we ſhall at the ſame time demon, 


ſtrate the juſtneſs of his definition from what has been 
already laid down in the laſt ſection. The propoſition 
to be demonſtrated ſhall be this: F there be four quan- 
tities A, B, C and D, whereof EA and EC are any 
equimultiples of rhe firſt and third, and FB and FD are 
any other equimultiples of the ſecond and fourihb; and if 
now. theſe quantities are of ſuch a nature, that EA con- 
not be greater than, equal to, or leſs than, FB, but at 
the ſame time EC muſt neceſſarily be greater than, equal 
to, or leſs than, FD, when compared reſpectively, be the 
multiplicators E and F what they will: I ſay then that 
A muſt neceſſarily have the ſame proportion to B that C 
; "EY bath 
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bath to D. Now that four quantities may be under 
ſuch circumſtances as, are here deſcribed, can be 
queſtioned by no one who has with any attention con- 
ſidered the nature of proportionable quantities: for 
ſuppoſe A to be the diameter and B the circumference 
of any circle, and C to be the diameter and D the 
circumference of any other circle; who doubts but 
that ewenty-two times the diameter of one circle will 
be greater than, equal to, or leſs than, ſeven times 
the circumference, according as twenty-two times the 
*Viameter of rhe other circle is greater than, equal to, 
or leſs than, ſeven times the circumference of that 
cireſe? I now proceed to the demonſtration of the 
Ik it be denied that A is toBas Cis to D, let A be 
to 5 48 G is to D; and then ſuppoſing B to be di- 
"vided into 10 equal parts, let G be greater than 14 
of theſe parts and leſs than 15: then ſince by the ſup- 
poſition A is to B as G is to D, we ſhall have A greater 
than — and leſs than — of B; therefore 104 will 
be greater than 145 and leſs than 133; but by the 
dypotheſis,. no multiple of 4 can be greater or leſs than 
any multiple of B, but the ſame multiple of C muit be 
greater or Jef? than the ſame multiple of D; therefore 
OC is greater than 14 D and leſs than 15D; there- 


| ie e EI Fg | Fo OTE 
fore C is greater than - and leſs than 5 of D; 


therefore if G be a quantity between 15 and = of D, 
C muſt alſo be a quantity between the ſame limits; there- 
fore the difference betwixt C and G muſt be leſs than 
175 of D. This is upon a ſuppoſition that D was divid- 


ed into 10 equal parts; but C and G will be the ſame, 
into what number of parts ſoever we fſuppoſe O to be 
divided; therefore if we ſuppoſe D to be divided into 

| | MM” n 100, 
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too, 1000, or 10000 equal parts; Ge. the difference 


betwixt C and & might have been ſhewu to che Je 
than the hundredth, ar the thouſandth, or the 


ten thoufandth part of DM and ſo on a MH 


* 


F 


be greater thang equal, 
par of BB, but that 


than, e 0 
and X. y that A is to Bas C is to D, accord- 
r 


Proporrionabſe, 


1 eguim 
third, but 
both 


7thly, As number is à diſcrete, and not'a conti- 
nued quantity, there is fuch a thing as a minimum in 
the parts of number, whereas in thoſe of extenſion 
there is none; whence it follows, that the parts of 
number muſt neceſſarily be more diſtin, _ and for 
that reaſon more aſſignable than are the parts of ex- 
tenſion. Again, as all numbers are commenſurable 
by unity, every number may be conceived either as 
ſome multiple, or ſome part, or ſome parts of every 
other. Hence it is that Euclid, defining propor- 
tionable numbers, makes uſe of the definition given 


in the 4th ſection; ſo unwilling was he to r<cede from 
84 the 


14 1 NE 
is: a80 + Conterhing the ſeventh Definition Book. VII. 
14 the common notion of proportionable quantities, when- 
14 ever the ſubject he treated of would bear it. : 


1 Of the ſeventh definition of the fifth book of Euelid. 
| ** 


263. If it be allowed to be a ſufficient mark of the 
proportionality of four quantities, When they are fo 
[ related to one another in their own” natures, that no 

equimultiples can be taken of the firſt and third, but 
' what, m oft either be both greater than, or both equal 

11 to, or both leſs than, any other equimultiples that can 
poſſibly be taken of the ſecond and fourth; then 
here · ever it happens, or may happen otherwiſe, there 
can be no proportionality. As for inſfance, F in 
comparing egiimultiples of 'the firft and tbird with -otber 

equizmultiples of the_ ſecond and fourth, tbere be any caſes 
wherein the fir/t multiple all be greater than the fecond, 
and yet the third not greater than the fourth; or wherem 
the firſt multiple ſball be lift than the ſecond,” and ibe 
third. not leſs than the fourth ; then the Jr ft quantiſy 
ven not have the ſame proportion to the” ſecond that the - 
third 'hath to the. fourth, but either a \greater us in tbe 


© 


former caſe, or 4 kſs as th. the latter. * Nay, and 1 
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may add further, that F of four quantities, "the fr 
Bath à greater proportion. to the ſecond than” the third 
hath to the fourth, there muſt be caſes exiſting, whether 
thofe caſes can be affigned or not, wherein: of equimul- 
 tiples of the firſt and third, and of other equimultiples of 
be ſecond and fotrib, the firſt multiple ſhall exceed the 
fecond, and yet the third ſball not exceed the fourth : 
for if no ſuch caſes were poſſible, then the firſt quan- 
tity muſt cit! er have the ſame proportion to the ſe- 
cond that the third hath to the fourth, or aleſs: both 
which are contrary to the ſuppoſition. Thus we have 
found the fifth and ſeventh definitions of the fifth book 
een doch of x pe. r .̃: 
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2864. This is all that Was neceſſury to be obſerved 
concerning the foregoing definitions; but if, having 
given four quantities 4, B, C and P, whereof A hath 
a, greater proportion to I than C hath to P, any one, 
for his own. private ſatisfaction, would Know how to 
kad ſoch equimultiples of A and C, and ſuch other 
equimultiples of B and D, that 47 mültiple ſhall ex- 
ceed that of B, and at che lame time C' multiple 
"ſhall not exceed that of D, it muſt be done thus: If 
the quantities 4, B, C and D be commenſurable, 
let their ratios be expreſſed by numbers : as for in- 
ſtance; ler A be to B as to 5, and let C be to D as 
4 to 3; then will 4 and 3, the numeral expreſſions 
of the leſſer ratio, be the multiplicators required, if 
of the terms A and B, the greater term A be multi- 
plied into the leſſer multiplicator 3, and the leſſer term 
Z into the greater multiplicator 4; for then 34 (21) 
will be greater than 43 (zc), and yet 30 (12) will 
not be greater than 40 (12), for the two laſt mul- 
tiples are equal. But if ſuch multiples be required, 
that the frſt multiple ſnall be greater than the ſecond, 
and at the ſame time the third multiple ſhall be leſs 
than the fourth, then ſome intermediate fraction muſt 
be taken between 4 and 4, and the terms of ſuch a 
fraction will be the multiplicators required. As for 


neee e. 
. .. 
(56) be greater than 115 (5 bY and at the ſame time 


to D, or both to both, find however, by ſcholium 


282 Concerning the ſeventh Definition Book VII. 
the ſecond in art. 179 *, ſuch numbers as will 
_ theſe ratios as accurately as occaſion requires. As 
let the ratio, of the number E to the number F be 
nearly the ſame with that of A to B, and let the ratio 
of the number G to the number # be neafly the ſame 
with that of C 12 then if either of theſe ratios, to 
wit, the ratio of E to , or the ratio of G to H, lie 
between the ratios of A to g and of C to D, the terms 
of the intermediate ratio will make proper multiplica- 
Tors; but if neither of theſe caſes happen, ſome inter- 
medi . Es mult be taken between the two. frac- 
„ Having thus prepared my young ſludent for Eu- 
xs doctrine of proportion, partly. by ſetting him 
right in his notions of things, and partly by remov- 
ing out of his way all that rubbiſh which ſeemed: to 
block up his entrance to it, I hope I ſhall now be able 
to conduct him through the whole with a deal 
of eaſe, and that he will meet with fewer difficulties 
in reading the following propoſitions than an equal 
number in any other part of the elements: and yet all 
I have done herein has been only to mitigate, as far 
as Il thought proper, the rigour and ſeverity of the 
author's manner of writing, and to render his demon- 
ſtrations more eaſy to the imagination, vhich the com- 
piler in his whole ſyſtem ſeems to have had ao great 
tenderneſs for: but whatever I have done elſe, I have 


the antecedent ones 3 as well knowing that theſe prin- 
ciples eee — en arĩithmeti- 
cal operations, but rather arĩthmetica rations upon 
them. 1 have however, for the 1 eaſe, made 
vleof the ſimpleſt algebraicnotation. Thus A,B, C, D 
ſignify magnitudes of any kind whatever; E, F, C, 1 
V ® See the Qvarto Edition, p. 288. 


always 


| Art. 2 266. of the fifth a 8 43 
always ſignify whale numbers, unleſs where notice is 
given to the contrary; 4B ſigniſies the ſum of any 
two homogeneous magnitudes 4 and g 3 A—B their 
difference, or the excels of A above B; 15 and FB 
ſignify any two multiples of A and H, the multipli- 
_ being. © and 55 Sc. 1 Ms ſometimes 4 
uſed very eaſy conſequences of this notation z as 
if 4—B be added to B, the ſum will be 4, which in- 
deed. is a; general axiom, and ſaying no more than 
that if to any magnitude be added the exceſs of a 
a the fam will yer ITE Na 
· 


The Fifth Boox of E UELID'; Ei.nunnrs. 
«6b; QTY Drin irions. | 


ä Gas 1. 4 magnitude i- ail 60 be 
crea, : r. gt pre ue. 
multiple ef 


A. greater magnitude is ſaid to — a 
tes when the greater is meaſured by the leſs. 
Note. Our language is not nice enough to expreſs 
theſe two definitions as they are in the Greek and 
Latin. 0 , 
Wie may further obſerve, that by theſe two definj- 
nitions every ſimple quantity is excluded from being 
conſidered either as a part or multiple of itſelf; for 
to be a part, in this ſenſe, is to be leſs than that whereof 
it is a part, and to be a multiple is ce be green 
that whereof it is a multiple. 
3. Ratio is that mutual relation two homogeneous 
quantities are in, toben compared together in reſpet to 
their quantity. Thus the exceſs of 2 above 1 is equal 
to the exceſs of 4 above 3, and yet the ratio of 2 to 
I is greater than the ratio of 4 to 3; that is, 2 has 
more magnitude when compared with 1 than 4 hath 
when compared with 3 ſince 2 is double of 1, and 
4 is not double of 3. But on the other hand, 3 hath 
a greater ratio to 4 than 1 hath to 2, becauſe 3 hath 
more magnitude in compariſon of 4 than 1 hath in 
ee 
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compariſon of 23 for 3 is more chan the Half of 4 | 
1 is but juſt the half ofßB 2. 
4. All gun tities are ſdid-to be in ſome ratio or wer, 
"bei they are der ate _ N yo" ane. as to exceed 
"one anotbers «© © * 0 #19279 =: le 
Note. By this GeBaidjon! att; «Alt Heterogeneous 
cqnantirie=arotexchuticd from baving any ratio one to 


another [becauſe heterogeneous quantities are ſuch, 


that their Multiples are no möôre capable of compari- 
Aon ag to exceſs and defect, than the quantities them- 
«ſelves: a yard can never de wulrplled tillcit exceeds 


an hout, Sc, *2dly; Allinfinitely' ſwiall quantities are 
hereby excluded from gps; any ratio to finite ones, 


becauſe the former can, never, | be ſo multiplied a as to 
-exceed the latter; on 

5. Magnitudes are 5 ta ve in 7580 ſame ratio, the 

2 to the ſecond as the third to f fourth, when no 

ltiples can be taken of the firſt"and third, but what 

muſt either Be bath greater i hun, or both equal to, or both 


Ie than, any other equimultiples that can Pa ve. taken 


of the ſecond and\fourth. 6 
Note. This and the ſeven definition hand been 
texpliiced already. 550 v3 act 
6. Mag nitudes in the fame ratio may. be called pro- 
tianals. 
7. F there be 3 8 nbervaf e 
are taten of the firſs and third, and other equimultiptes 


" of the: ſecond and fourth; and if am caſe can be aſſigned, 


r: wherein the multiple of the firſt fall be greater than the 
multiple of the ſecond, and at the fame time the multiple 
of the third: ſhalt not be greater than the multiple of the 
-Jourth; then of theſe. four quantities, the fir is ſaid to 
bave a greater: ratio to the — anale ow r fo the 


be fourth... 


8. Proportion te in 2 of ee TEE 
9. Proportion cannot be expreſſed in fewer than three | 
terms: as when we ſay that A is to B as ; is to C. | 
10. Whenever: three quantities are continua! propor- | 

ri pt * Juſt. is 22 to be to the third in a duplicate 
- Table 
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ratio. of the firſt. to the. ſecond : and on the other ha 
the firſt is ſaid to be to the Herald in a /aba licate. rats 
of the firſt to the third... 

11. If. four quantities be continual propertionals, the 
fir]t is ſaid to be to the fourth in 4 ha ratio of the 
firſt to the ſecond ;, and ſo on. 
12. The antecedents of all Proportions are called e 
logoug terms; and ſo alſo. are the . conſequents : but an- 
yecedents and conſequents confidered together, are never 

called homolagaus terms, but heterologous... | 

Note. Theſe three laſt definitions, 58 placed I 
here, have nothing to doin the tbe fifth hook, 8 
but in the ſixth. 

13. Alternate * is, when four q uantities being 
propertionable, _ 72 to the ſecond as the third 10 the 
fourth, it is concluded, that the 100 15 to the third as the 
ſecond ta the fourth; the juſtneſs of which concluſion, 

as well as of all the reſt't at follow, will be ſufficiently 
ob out in the following propolitions : 

4. Inverſe froportion is, when four quantities being 
proportionable, the firſt to the ſecond as the third to the 
fourth, it is concluded, that the ſecond is to the firſt as the 
fourth to. the third. 

-15. Compoſition of proportion is, when four qua ities 
being proportionable, the firſt to the ſecond as * third 
zo the fourth, it is concluded, that the ſum of the firſt and 
ſecond is to the ſecond as the ſum of the third an fourth 
is to the fourth, — 

6. Divifion of proportion is, when four — be- 
ing proportionable, the firſt to the ſecond as the third to ib 
fourth, it is concluded, that the exceſs of the. firſt above 
the ſecond is to the ſecond as the exceſs of tbe third above 
the fourth i is to the fourth, _ 

17. Converſion of proportion is, hen four quantities 
| being proportionable, the firſt to the ſecond as the third 
to the fourth, it is concluded, that the firft is to the exceſs 
of the firſt above the ſecond"as the third i 15 to the exceſs of 
the third above rhe re | 

18. 7 


— 
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18. If ever ſo many quantities in one ſeries be com- 


1 pared with as many in another; and if from all the 


ratios in one being equal to all thoſe in the other, either in 
the ſame or a different order, it be concluded, that the 
extremes in ons ſeries are in the ſame proportion with the 
extremes in the other, this proportionality of the ex- 


; tremes is ſaid to follow ex =quo, or ex æqualitate 


rationum. 

19. If all the ratios in one ſeries be equal 1% all 
2 the other, and in the ſame order, his ts called 
ordinate proportion; and the extremes in this caſe are 


ſaid to be proportionable ex æquo ordinate, or barely 


ex æquo. | 
| — If all the ratios in one ſeries gb rats: all thoſe in 
the other, but not in the ſame order, this is called inor- 
dinate proportion; and the extremes are ſaid to be pro- 
portionable ex æquo perturbate. e 
Thus if 4, B and C in one feries be compared with 
D, E and F in another; and if A is to B as D to E, 
and B to Cas E to F, this is called ordinate propor- 
tion, and A is faid to be to Cas D to F ex equo or- 
dinate, or barely ex equo: but if A is to B 28 E to 
F, and B to C as D to E, this is called inordinate 
proportion, and A is ſaid to be to C as D to F 2x equo 


Perturbate. | 


|  ProPOSITION 1. 
reſpeBtively; 1 ſay then, that the ſum EAEB-FEC 
will be the /ame multiple 0 the fum 44 BTC ” 
45 Ea 5 MA. 1 k, n TI 
For the multiples EA, EB and EC may be conſi- 


dered as ſo many diſtin heaps or parcels, whereof 
EA conſiſts wholly of At, EB of Bs, and EC of Cs; 


and ſince the number of As in EA is the ſame with 


the number of Bs in EB, or of Cs in EC, it follows, 


that as often as A can be ſingly taken out of EA, or 


6 B out 


Y 
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B out of EB, or Cout of EC, juſt ſo often may the 
- whole ſum ABC be taken out of the whole ſum 


EA+EB+EC, therefore the ſum EA EB-FEC 
ts ſame multiple of the ſum * 1 . 
4 or Eb of By &. V Z. D. 


Baatoaivren 2. | 


267 If EA and EB be ples a; 
 tities whatever A and 25 22 
e of the ſame; T jay then that the ſum 
EAN will be the Jaws multiph of A thet d 
EBFFBe of B. 
For lince the number of 4+ in EA is the fame with 
the number of Br in EI; and ſince alſo the number 
of An in FAis the fame uith the number of Bs in BA. 
add equals to equals, and the number of 4s in 
vil be the fame with the number of Br in 


EF FTE, thar is, the ſum L well be the | 


t an of A that the ſum E Ti of B. 
L. E. B. 


* Ses in "Ke 
- 268. F EA and EB be equinultiples of any two quan- 
e and B, and if 3E A and 3EB be 
aw equimultiples of 53 and EB; 1 /ay then, that 
N 3ER will off be equinultiples of A 


a This i is evident from the laſt propoſition : for lince 
EA and EB are equimultiples of A and B; and fince-- 

EA and EB are again equimultiples of the ſame, it 

follows from that propoſition, that the ſum 2EA iy 

the ſame multiple of A that. the ſum 2EB is of B; 

ain, ſince 2EA and 2EZ are equimultiples of 4and 

7. and fince EA and ER are other equimultiples of 

the ſame, the ſum 3A is the ſame multiple of 4 

that the ſum 368" is of B; n 


2 D. Ks 


- 


ſince 3 EA and 3 EC are equimultiples of A and C, 
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Poros trio 4. 6 br 
269. If four quaniities A, B, C and D be propor- 
Lionuble, A % B as C to D, and i EA and EC be: 
amy equimultiples ef the firſt and third, and FB and 
. FD any other equimultiples of the ſecond and fourtb; 
T ſay then that theſe multiples will alſo be propor- 
tionable, provided they be taken in the ſame order as 
" the: proportionable quantities whereof they are multi- 
Ples; that is, that EA will be to FB as EC is to FD. 
For let 3 EA and 3 EC be any equimultiples of 
EA and EC, and let 2FB and 2FD be any other 
equimultiples of FB and FD: then ſince, 34 and 
3EC are equimultiples of EA and EC, and ſince E. T 
and EC are equimultiples of A4 and. C, it follows 
from the laſt propoſition: that 3 EA and 3 EC are, 
equimultiples of 4 and C; and for the ſame reaſon 
2FB and 2D are alſo equimultiples of B and D. 
Since then ex bypathef, A is to Bas C is to D; and 


and 2 FB and 2D are alſo other equimultiples of B 
and D, it follows from the fifth definition, that 3 E# 
cannot be greater than, equal to, or leſs than, 2 FB, 
but 3EG.muſt alſo be greater than, equal to, or leſs 
than, 2FD. Again, ſince we have four quantities 
EA, FB, EC, FD, whereof. 3EA and 3 EC repreſent 
any equimultiples of the firſt and third, and 2FB and 
2FD any other equimultiples of the ſecond and 
fourth; and fince 3&4 cannot be greater than, equal 
to, or leſs than 2FB, but 3EC muſt in like manner 
be greater than, equal to, or leſs than 2 FD, it follows 
from the fifth definition, than theſe four quantities 
EA, EB, EC, FD are proportionable; that EA is to 
FB as EC to FD. Q E. D. OS 
eee Seng: 7 <. L-« 7 
To this place is uſually referred the inverſion of 
proportion (though why to this, rather than to any 
other, I know not;) that is, that if * 


' 
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be propertionable, " they will adſo be inverſely. propor- 
tionable : at if A be to B as C is to D, tben B will be 
to A as D e C. For let EA and EC be any equimul- 
tiples of A and C; and let FB and FD be any other 
equimultiples of B and D; and firſt let us ſuppoſe 
FB to be greater than EA; then will EA be leſs than 
FB: and becauſe A is to B as C is to D, EC vill alſo 
be leſs than FD by the fifth definition; and therefore 
FD will be greater than EC: thus then we ſee that 
if FB be greater than EA, FD will alſo be greater than 
EC. And after the ſame manner it may be demon- 
ſtrated, that if F be equal to, or leſs than EA, FD in 
like manner will be equal to, or leſs than EC. Since 
then we have four quantities B, A, D, C, whereof FB and 
#D are equimultiples of the firſt and third, and EA and 
EC are other equimultiples of the ſecond and fourth; 
and ſince FB cannot be greater than, equal to, or leſs 
than EA, but FD muſt accordingly be greater than, 
equal to, or leſs than EC, it follows from the fifth 
definition, that theſe four quantities B, A, D, C, muſt 
be e z that B muſt be to A as D to C. 


| ProPOSITION 5. 
270. F A and B be any two homogeneous quantities, 
_ Whereof' A is the greater, and whereof EA and EB 
are equimultiples reſpettively; I ſay then that the” 
difference EA EB will be the ſame multiple of 
_ the difference AgB that EA is f A, or EB of B. 


If this be denied, let G be the ſame multiple of 


I that EAis of 4, or EB of B; then we ſhall 


have two quantities A= and B, whoſe ſum is 
A, and whereof G and EB are equimultiples reſ- 
pectively; therefore by the firſt propoſition, the ſum 
GEZ will be the ſame multiple of the ſum A that 
EB is of B. but EA is allo the ſame multiple of 4 


that EB is of B; therefore GEEB is the ſame mul- 
* tiple 


290 Thefifth Book of Eucl ib's Elements.” Book VIH. 
tiple of A that EA is of 4; therefore GFEFF muſt 
be equal to EA; take EB" from both ſides, and G 
will be equal to EA EB: but G was the fame mul- b 
tiple of L that EA was of 4, or EB of B; 


therefore FA—EB will be the ſame maple: © of . 
AB that EA is of A, or EB of B. V2 E. * 


1 | ProyosITION 8 


271. I from EA and EB, equimultiples of any two. 

quantities A and B, be ſubtrafied FA and FB any 

_ other equimultiples of the ſame; the remainders 

EA—FA and EB—FB will either be equal to the 

quantities A and B reſpectively, or they will be 92 8855 
multiples of them. 


nr. 


In che firſt BAY let the remainder EIFH 
be equal to 4; I fay then that the other remainder 


EB—FB will alſo be equal to B. For ſince FA is 
the ſame multiple of A that FB is of B, it follows 


from the nature of multiples, that FAS A will be 
the ſame multiple of A that FB is of B: but A 


is equal to oEAFA; and adding FA to both ſides 
we have TTA EA; therefore inſtead of ſaying 
as before, that FAA is the ſame multiple of A that 
TTF is of B, we may no now ſay that EA is the ſame 


multiple of A that EBB | is of B: but EA is the 
ſame multiple of 4 that EB is of B; therefore EB is 


the 1ame multiple of B that TD is of B; there- 
fore EB i is equal to EBB, 1 ſubtract E from both 
ſides, 50 you will have EB—FBz=B, VE E. D. 


Art, FY rien Bc rue. _ 


. and | 
* LY 92 4 wu 4 * BT 


| | "Cars _ | | 
be as now 13 the ieder EE to be 


ſome multiple of 4 for if A meaſures both EA and 
EA, it muſt meaſure ; and ſo 2 FA 


muſt be ſome. multiple of 4 A; and for the ſame 


_ reaſon, the -other remainder EB—-FB muſt be ſome 


multiple of B: I ſay then in the next place, that 
2 


| muſt be the ſame multiple of B that 
EAA is of A. If this be de be denied, let & be the 


ſame multiple of B that E- is of A; then 


ſince EZZFA-and G are equimultiples of A and B. 
and fince FA and FB are alſo other equimultiples of 
the ſame,” it follows from the ſecond propoſition, that 


A that AE is of B: but EA LTI EA: 


therefore EA is the ſame multiple of 4 that O 
is of B: but EA is the ſame multiple of A that EB 
is of B; therefore'EB is the ſame multiple of B that 


GAZE i is of B; therefore EB is equal to GI; 
therefore EB—FB is, equal to G: but G was the 
ſame multiple of B that ZA—#4 is of 4 by the 
ſuppoſition ;* there therefore EB E is the ſame multiple 

of B that =. is of A. 7 Z. D. 


Send 


As in the ſecond definition it was provided that no 


ſimple quantity be conſidered as a multiple of itſelf, 
ſo in this propoſition care is taken that no two ſimple 

antities be conſidered as equimultiples of them- 
ſelves ; which indeed is but a conſequence of that 


. definition, and is the reaſon why this n 


reſolves itſelf into two caſes. 
| FF i For 


the ſum EFA will be the ſame multiple of 


| EB—FB is of : i 


* p 
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For a better underſtanding and remembering the 


ſtructure of the ſix foregoing propoſitions, it may be 


obſerved, that the two laſt propoſitions are nothing 
elſe but the two firſt with their ſigns changed. In the 


firſt propoſition it was demonſtrated, that the ſum 


E is the ſame multiple of the ſum IB ä 
that EA is of 4, or EB of B: in the fifth ꝑropoſition 
tit is demonſtrated, that the difference” ET—-EB is 
the ſame multiple of the difference A—B that EA is 


of A or EB of B. Again, in the ſecond propoſition | 


it was demonſtrated, that the fam EAAHA is the 


' ſame multiple of A. that the ſom EB is of B; 
And in the ſixth it is demonſtrated that the remainder 


— 


E FA is the ſame multiple of Athat the temainder 


4 PROTrOSTITION 7. 


| 24 272. If two equal quantities A and B be compared with : 


4 third as C, I ſay. then, that both A and B will 
have the ſame proportion to C; and vice verſa, that 
C will buve ibe ſame proportion both to A and to B. 


For taking any multiples of 4 and B, ſuppoſe 
3A and 3B, and any other multiple of C ſuppoſe 


5C, it is plain that 34 muſt be equal to 3B, becauſe 


: A is equal to B: but if 34 be equal to 3B, then ic 
will be impoſſible for-3.4 to be greater than, equal to, 
. or. leſs than 5C; but 35 muſt 5 be greater 


than, equal to, or leſs than, the ſame 50; therefore 


we have four quantities 4, C, Band C, whereof 34 
and 3B repreſent any equimultiples of the firſt and 
third, and 30 and 30 any other equimultiples of the 
ſecond and fourth; and. ſince the firſt multiple 34 

cannot be greater than, equal to, or leſs than the ſe- 
«cond 5C, but the third multiple 35 muſt accordingly 

be greater than, equal to, or leſs than the fourth 50 

it follows from the fifth definition, that theſe four 


quantities 


1 1 2 | x6 ; 
— de ** n + > 
- Se " x ms < 
os . 


mn * 
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quantities 4; C, B and Care proportionable, 4 to Casas? 
=O STE Oe upon nes er Re” 
Again, ſince 3 A is equal to 3B, it will be impoſ e. 
 . Hible for 30 to be greater than, equal to, or leſs than 
34, but the ſame 5C muſt alſo be greater than, equal - — 
to, or leſs than 2B; therefore we have four quanti: 
ties C, 4, C and B, whereof 30 and ;5C repreſent any 
equimoultiples of the firſt and - third, and 34 and 35 
any other equimultiples of the ſecond and fourth; and 
ſince the firſt multiple 30 cannot be greater than, 
aeͤqgual to, or leſs than the ſecond 3 4, but the third 
multiple 50 muſt alſo be greater than, equal to, err 
leſs than the fourth 35, it follows from the fifth defj-- -» 
. nition, that theſe four quantities C. 4 5 
be proportionable, C to A as C to B. 


CC 


273. F two wnequal quantities A and B, whereof A is _ 
. the greater, be compared with a third as C, I ſay © - 

. then, that A will have a greater proportion to'C than 
B bath 10 C; but that on the. other hand, C til! 
' bave a greater proportion to B thay it bath to A. © 
For ſince by the ſuppolition, 4 is greater than B, .- . 
A—B will be exceſs of 4 above B; and, by the _ 
fifth propoſition, if EB be any multiple of B, EA—EB 

will be the ſame multiple of T=: multiply then 
theſe two quantities B and A—ZB alike; till of the _ 
cquimultiples thence ariſing, the leſs ſhall be greater ' ._ 
than C; then will the other be much greater; let theſs -_ 
cgquimultiples be 3B and 3435, each being greater * 
than C: laſtly multiply C till you come to a multiple 
of it that ſhall be the next greater than 38, which 
multiple let be 30; then it is plain that 35 cannot be 
leſs than 40; for if it was, then 40, and not - "+ Ry 
would be the next multiple of C greater than 35, con- 
trary to the ſuppoſition. Since then 3 B cannot be 
| fs than 4 C, it follows, that if to 3 H be added a 
EE EEE as i ̃ĩ Es 
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greater quantity, and to 4 C a. lefs, the former ſum 
will be greater than a latter: but 34 3 is N 5 
than C by the. conſtruction ; add then 3435 to 2B, 
and C to 40, and you will have 34 greater than 50: 
but 3B is leſs than 5C by eee therefore 
we have four quantities A, C, B and. C, whereof 34 
and 3 & are equimultiples of the firſt and third, and 
C and C are other equimultiples of the ſecond and 
BT Ok and ſince the firſt multiple 3.4 is greater than 
the ſecond: 5G, and at the ſame time the third mul-. 
tiple 3B is not greater than the fourth 50, but leſs, it 
follows from the ſeventh definition, that of the four 
quantities A, C, B and C, A bath a LITE propor- 
tion to C chan R hab te C. L E. D | 
Again, ſince we have four quantities 6 B, 0 * 4 
whereof 5C and 5C are equimultiples of the firſt and 
third, and 3B and 3 A axe other equimultiples of the 
ſecond and fourth; and ſince the firſt multiple 5C is 
greater.than the ſecond 35, and at the ſame time the 
third multiple 5 C is not greater than the fourth 34. 
but leſs, it follows from the ſeyenth definition, that of 
the four quantities C, B, C and A, C 25 a greater 
| N to it than 0 Waben * 4. n 


33 


Pa opos! 10 9: 


2 74. If two. quawities A an B have both the * 

| Proportion to a third as C, or if C hath the ſame 
27 to both A and B; in either of theſe caſes A 
and B muſt be equal to each other. 


For would of them be greater than the other, 
mould 4 be er than E, then by the laſt propo- 
ſition, 4 et ha have a greater proportion to C than B 
hath to C, contrary to the firſt ſuppoſition; and C 
muſt have a greater proportion to B than it bath to A, 
contrary to the ſecond ſuppoſition; therefore 4 and 1 
mon be cqual to each n "I „ 


2 ROPO- 


Art, Dar dun 295 


rt : 


e Poros ir 10 10. 


25 if of le quantitia" A, Band C. 24 96 
cater proportion to. C. than. B bath 10 if C 
—_ 4 greater. e A in 
eitber $4 theſe — 3 A muſt be 8 than B. 
For was A equal to, or leſs than B, then Acer” A 
muſt have the ſame proportion to C that B hath to C, 


as in the ſeventh propoſition, or a leſs as in the eighth, 

both which contradict the firſt ſuppoſition: and again, 
was A equal to, or leſs than B, then either C muſt 
have the ſame Proportion to 4 that it hath to B, as 
in the ſeventh propoſition, or a greater as "the 
eighth, both which contradict the ſecond 22 3 


| therefore 0 mul be greater than N * E 


Prorosirion e eee. 


276. If two ratios be the ſame with a third, they muſt 
be the ſame with one another: as if the. ratio of A to 
i a and the ratio of C to c be both the ſame with the 
ratio of B to b, then the ratio of A to a will be the 
ſame with the ratio of C to c: or thus; If Abe io a 
as B to b, and Biobas Croc; I ſay then that A 
will be to a as C toc. 
For taking any equimultiples of the. antecedents, 
ſuppoſe 34, 3B, 3C; and any other equimultiples of 
the conſequents, . ſuppoſe 24, 2b, 2c, let .34 be 
greater than 24; then ſince by the ſuppoſition A is to 
à as to , and 34 is greater than 2a, 3B muſt be 
greater than 26 by the fifth definition: again, ſince 
B is to ô as C toc, and 35 is greater than 23, 30 
muſt be greater than 2c: thus then we ſee thatif 34 
be greater than 24, 30 muſt neceſſarily be greater 
than 2c: and in like manner it may be demonſtrated 
that if 34 be equal to, or leſs than 2a, 3C will ac- 
cordingly be equal to, or leſs than 2c. Since then we 
have four quantities A, a, C and c, whereof 34 and 
30 repreſent any equimultiples of the firſt and third, 
1 4 and 
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and 24 and 2c any other equimultiples of the ſecond 
and fourth; and ſince 34: cannot be greater than, 
equal to, or leſs than 2g, but 30 muſt accordingly 
be greater than, equal to, or les than 26, it follows 
from the fifth definition that theſe four quantities 
A, a, 1 2 q wal be SEEN N as 0 to "4 


2 2 1 ki. 4% 4 
g-+ 2 _ "4 A 8 *. 0 
0 4 K 2 * 1 s F 3. — 4 ** * 4 : —4 Em 


Fs . A Prororivion 15. ö 
77. 1 ever f many quantities. pry B. ci in one Po 
Be proportionable to as many a, b, c in another, that 

, AtaasBrbas © of 7 ſay "then, that as 
an one antecedent is to its conſeq went, ſo will the 
' * fum of all the antecedents be to the . of all the con- 


ſequents'; that is, as A i, to a ſo will ABN 


be to Lb Tc: or if we ſuppoſe ABC =S, and 

r 1 ſay then that as A is to a ſo will 

4 40 5 

For taking any equimultiples of the antecedents, 
foros 34, 3B, 3C, and Wy other equimultiples of 
the conſequents, ſuppoſe 24, 20, 2c, let 34 be greater 
than 23; then ſince A is to 4 as B to b, and 34 is 
greater than 2a, 3B muſt be greater than 25 by the 
fifth definition: again, ſince Bis to basC toc, and 
3B is greater than 25, 30 muſt be greater than 2c: , 
therefore if 34 be greater than 2a, not only 3B will 
be greater than 26, but alſo 30 will be greater than 


2c, and conſequently the whole ſum 3 ABC 
will be greater than the whole ſum 24 24+ 2c: 
but by the firſt propoſition, the ſum 3 AgB YC 
is the ſame multiple of the ſum AC or S that 
34 is of 4; therefore 2AJÞ-3Bþ3C=38S; and for 


the ſame reaſon 22 2 2 ==25; therefore we may 
now ſay that if 3 4 be greater than 2a, 38 will be 
5 than 25 and after the ſame manner might it 

demonſtrated, that it 34 be gull to, or leſs than 


24 


Art. 257, Ne. Tn Book of Evel i- Elemen 
aa 38 will be equal to, or leſs than 21. Since 


then we have four quantities 4, a, & and s, whereof 


3A and 38 repreſent any equimultiples of the firſt and 
Fird, and 24 and 2s any others e te ſecond and 
fourth; and ſince 34 cannot be greater than, equal 


to, or leſs than 2a, but 38 muſt in like manner be 


greater than, equal to, or leſs than 25 it follows from 
the fifth definition that theſe four quantities A, a, 


S and' muſt be proportionable, 4 to 4 28 & to 5. 


E. D. 
"Ia 3 i * 


FW rb e 
278, If A bath the ſame proportion io a tbat B bath 
to b, but B hath a greater proportion to b than C 
hath to c; 1 ſay then that A hath a greater proportion 

% 2 thaw n’ ͥ a Þ | | 
For ſince by the ſpppoſition Bis to & in a greater 
proportion than C to c, it follows from the ſeventh 


definition that there are equimultiples of B and C, 


and others again of ö and c, of ſuch a nature that B's 


multiple ſhall exceed that of 5, and at the ſame time 


C's multiple ſhall not exceed that of c: let then, 28 
exceed 26, and let 30 not exceed 27; then ſince A is 
to a as B to ö, and 3B exceeds 25, 34 muſt neceſ- 


ſarily exceed 2a by the fifth definition; therefore we 


have four quantities A, a, C and c, whereof 34 and 30 
are equimultiples of the firſt and third, and 24 and 
2c are other equimultiples of the ſecond and fourth; 
and ſince 34 exceeds 24 when 3C does not exceed 2c, 
it follows from the ſeventh definition that of theſe 
four quantities 4, a, C and c, A hath a greater pro- 
portion to a than C hath to ce. . . 


| PROrOSIT ION 14. | 
| 279. F four homo eneous quantities be propertionable, 
the firſt to tbe [cond as the third to the fourth; I 


ſay then that the ſecond will be greater than, equal to, 
or leſs than the fourth, according as the firſt is greater 


than, 


/ 


2 © 4 9 . . 6 5 V Evei i' E * 2 : 25 * I 
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425 eq 22557 5 than the third: as i A be to 
1 pol a Jirhes that Þ — — 2 | 
+. » £quad l, or 1 {rien r 
in than C. ki Dio 


ant 
AT 7 i 04 1. 


re ee 3 than C. 1 fa chen that Boll be 
greater than D. For ſince A is greater than C, 4 
will have a greater proportion to than C hath to B 
by the eighth ere again, ſince C is to D as 
A to B, and A hath a greater proportion to B than C 
hath to B, it follows from the laſt propoſition that C 
is to D in a greater proportion than C to B; there- 
——_ the tenth enge 2 is s greater chan D. 
D. E. D. 


; 6. 4 * 
* 2 8 * * . : % 
4 - 


Carr 2. 


Let now 4 be leſs than C: I fay then that B will 
10 leſs than D, For if 4 be leſs than C; then C will 
be greater than A: ſince then C is to D as A is to B 
ex pot bel, and C is * than 4, it follows from 


the laſt caſe that D will be ter than B; and there- 
Te ll be es than 2 E. 1 
* he. 5 CASE 2 


Oc Rae let 4 by and to C: I fay then that B will 
be equal to D. For ſince A is equal to C, A will be 
ip B as C is to B by the ſeventh propoſition ; but Cis 
ta D as A to B by the ſuppoſition; therefore C is to D 
as C is to by the eleventh propoſition; eber 
e UK by the ninth. & E. D. 


ProposIT1 ON 15. 

280. Parts are in the ſame proportion wwith their reſpeFive 
RE: 1k Let A and a be any two homogeneous 
-- quantities, <chereof 3A and za repreſent any equimul- 
liples reſpectively; 1 "ſo then, that A will 1 4% a as 
3A 1% 343. 


For 


| twelfth: e gk we ſhall have oF to a . Te 


to aer but in thiscaſe 34, and 
es zes therefore 4 5.29, a4 i4.10 34. 
LY E. B. L ares 2 hen ,H wah wake | 


Was a n "Pk resin tb 3&4: nA 


© Pale wn 8 2 *® 


£4 * 5 6 


= 2 28r r , 1 . 3 quantities be 3 the 


nee ſecond as the: third to: thi foufth; I ſay then 

- that they jill o be 1 e that i 

a2 5 7 ing 5 ſecond, 225 th 
1 AA C ws ay then that 4 A 


EL Gf any e Sens A and B. ſuppo 1 
4 and "or hang uy ein of 64 50 D, Hope 2C 
and 2D; 955 4h, £0. eee y the lalt, and 4 
is ro K as C to D ſition, and C is to Das 
20 to 20 by the Ve it lis lows from the 11th pro- 
poſition that 34 is to 75 28 20 to 2D; therefore by 
the 14th propoſition, ö A cannot be greater than, equal 
t, of del than 2C, but at the ſame time 35 muſt be 
greater than, equal to, or leſs than 2 D. Since then we 
have four quantities 4, C, Band D, whereof 3.4 and 
3B repreſent any equiniultiples of the firſt and third, 
and 2C and 2D any other e an of the ſecond 
and fourth ; and ſince. K cannot be greater than, 
equal to, or leſs than 20, but 3B muſt accordingly 
be greater than, equal to, or leis than 2 P, it follows 
from the fifth definition that theſe four quantities 
A, C, B and D muſt be Proportionable, A to Cas 

B to D. 2 . * 

Note, Alternate proportion can have no place, ex- 
cept where all the quantities A, B, C and O are of the 
ſame kind; for if A and B were of one kind, and C 
end D of anothers how would it be poſſible for the 
| quantities 


4 
U 
| 
1 
: 
N 
; 
| 
| 


des e a * 22 bd $0.0 8 3 2 1 
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quantities: A and C or B and h to have any proportion 

one to another, much Jefs the ame? 
2 3 FV 


. 7 6 


8 a C = 2 8 * 
* 4 Booi 4 vn ® p 
. | * a ö 5 


a 


* * 2 Wh 2 v4 ai 
„ F'Y 1106141 T7 #7 75 I! 4 # 7 12 * 4 


4 — | PR... $ 43% 
I « £3 ; F "Fog £ % „ 
—— 2 
b enen 
24 + 1 © = * ; . EF) d 1 7 ** * 8 5 1 "= 
_—_ f 8 - : . G * x : o "> 4 <4 * 1 % oF "> 1 — 4 * 91 
1 0 0 


* 3 ns a . 8. be 1 ft * 1 * 


26 Fer, quintitics A. B. C'ind p. g A 
greater than B, and C greater than D, be 5 1 


able, A 1 B ar C10 D; TI ſay then that A—_B will 

Je to B at C- D is to D, which is called proportion by 
diuiſon. Then 0 FAITE INTL Naddel N. 1 Do.” 
For let 3. 3B, 30 and 3D be any equimultiples 


EF 
and 3C—3D be like multiples of d COD. 


Again, let 2B and 2D be any other equimultiples of 


B and D, and let. 34-32 be greater than 2B; then 
if 3B be added to both fides, we ſhall have 34 


greatet than 3 B; and becauſe A is to B as C is to D, 


we ſhall have, by the fifth definition, 30 greater than 
5 D; take 30 from both ſides, and you will have 
2C—3D. greater than 20; therefore if 34 be 
greater than 2B, 3C—3D muſt be greater than 2D: 
and by a like proceſs it may be demonſtrated, that 
if 2A—3B be equal to, or leſs than 2B, 30—3 5 
will be equal to, or leſs than 2D. Since then we 


have four quantities, A—B, B, C—D and D, 


whereof: 3A—38B and IC—3D repreſent any equi- 
multiples of the firſt and third, and 2B and 2D any 
other equimultiples of the ſecond and fourth; and 
ſince 3A—3B cannot be greater than, equal to, or 
leſs than 2B, but at the ſame time 3C—3D muſt ac- 
cordingly be greater than, equal to, or leſs than 
2D, it follows from the fifth definition that theſe 
four quantities A—B, B. C- and D muſt be 
proportionable, - to B as C- to D. & E. D. 


P as 


| Art u hgh Burk of Bocuu's Bl | 
PRoPOSITION, 18. 


223. If ſur quantities A, B, C a D 1 \proper: 
tionable, A to Bas C e D; J fay then that: ATB 
will de to B'as e eee 
52 compoſition. mo * rg "0p #387 | 


5% "> 1 : v1 Sed = 8 


If this be t Pe ALB is is to * as Di is 


to D. it muſt then be allowed that AT- is to B 24 
C51 is to ſome quantity either greater or leſs than 


| D; ſuppoſe to a greater, and call it E; then ſince 
E is by the ſuppoſition greater than D, if C -E be 
added to both ſides, we ſhall have C greater than 
3 Fhis being obſerved, let us begin again, 
poſe A- to B as C4-Dto E; then we ſhall 

have A TA (that is, by the laſt 2 
AI to B as D- to E; but 7. — is 
equal to 4; therefore A is to B as D-! is to Ez 
but A is to B as C is to D by the ſuppoſition; there - 


fore C is to D as IDE is to E; but of theſe four 
roportionals C, D, 55 and E, it has been 
proved that the firſt is greater than the third, that C 


is greater than CDE; therefore, by the four- 
teenth, the ſecond muſt be greater than the fourth, 
that is, D muſt be greater than E; therefore E muſt 

be leſs than D; therefore if A be to B as C+D 
is to any quantity greater than D, that quantity muſt 
alſo be leſs than D, which is impoſſible ; therefore it 
is ĩimpoſſible for ALB to be to Bas CD is to any 
quantity greater than D: and by a like proceſs it 
may be demonſtrated, that it is as impoſſible for 
Az to be to Bas C+D is to any quantity leſs than 
D; therefore Ls muſt be to B as ETD, is to D. 


2. E. D. 


* 
— fo Io . 
> F <a ee erty ers, In I, 


* 
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25 om Iwo quantities A and B iy ene 
e A 0 


erte! J % then. that: the Finainderg Ar G and 
B—D will /till be in the ſame propartion,.tbat: is, 
that A—C will ew BD Atl Ver as C 
; Der 1 1 17 
For ſince by the ſuppaſition {is to B 6. is * D, 
ve ſhall have permutando * is, by the ſixteenth 
propoſition,) 4 to C as B to B, and dividendo, 
A to. G BD to 5 Dz * ONS 
to -Das Ce is to D; but 418.to B as Eis to 
D; therefore A—C is to B a8 4 to B. * 2 D. 


'SCHOLIUM.. 


: 1 Dor Gregory in his Musher vie Kinds | 
a r demonſtrating that illation ealled conver- 
ſion of proportion; but becauſe it is difficult to 
make ſenſe of that demonſtration, I chuſe rather to 
inſert his own demonſtration of the ſame propoſition, 
which is as follows: | 
If four quantities A, B, C and D be Proportionable, 
AtoB as C to D; I ſay then that A is io A—B as 
C #5 Cb, which is called converſion of proportion. 
For ſince by the ſuppoſition A is to Bas C is to D, 
we ſhall have dividendo, A—B to B as C—D to D; 
and inuertendo, B to A.- as D to CD; and com- 

„B. 4B to A—B as D C—D'to C ., 
that is, " Ato A—B as C to CD. Q. E. D. 
As to the foregoing nineteenth pro fition I ſhall 
further obſerve, that as in that propoſition, by divi- 
ſion of proportion it was demonſtrated, . that if from 
two quantities A and B in any proportion, be ſub- 
tracted two others C and Din 2 proportion, 


the remainders 4—C and B-D will till be in the 
ſame proportion with A and B; ſo by compoſition 
of proportion it may be demonſtrated, that if to 
two * and B in any proportion be added 

two 
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two others C and D in tlie fame. proportion, the ag- 
gregates AoC and BED will Ei de in the ſamo! © 
proportion with 4 and B; but this has already been 
demonſtrated, being a particular caſe of the twelfth. 
Page. 7 oo Et ee 11 
1640655; Feen een wa 
285. If there be three quantities A, B and C in on. 
Tau, and three others D, E and F in another, and. 
if the proportions in one ſeries be the ſame with the, 
7 tions in the other when taken in the. ſame order, 
2. , A be 10 B r Dis 1 E, and B 10 C4, E t F; 
1 ſay then that' A cannot be greater than, equal to, 
or leſs than C in one ſeries, but: accordingly D muſt be 
greater than, equal to, or leſs than F in the other, _ 
For let A be greater than C; then it is plain from 
the eighth propoſition. that A muſt have a greater 
proportion to B than C hath to B; but A is to B as 
D to E by the ſuppoſition, and C is to B as F to E, 
becauſe by the ſuppoſition Bis to C as E to F; there- 
fore D hath a greater proportion to E than F hath to 
E; therefore D is greater than F by the tenth pro- 
ſition ; therefore if A be greater than C, D muſt 
reater than F: and after the ſame manner it may 
be demonſtrated, that if A be equal to, or leſs than 
C, D muſt accordingly be equal to, or leſs than F; 
therefore 4 cannot be greater than, equal to, or leſs 
than C, but accordingly D muſt” be greater than, 
equal to, or leſs than F. 2, E. D. | . 


- PxroOPOSITION 21. =o 

286. If there be three quantities A, B and C in one 

ſeries, . and three others D, E and F im anather, and 
if the proportions in one ſeries be the ſame with the 
proportions in the other, but in a different order, a 

I A be to Bat E is 10 F, and B to Cas Di E; 
| {4 ſay ſtill that A cannot be greater than, equal to, or 
Jeſs. than G, but accordingly D muſs be greater than, 
equal. do, or leſs than P. +1 
2 | br 


ö 204 24. f Book Ever "TY Boon vt, 
| For let 4 be greater than. Cz then by the eighth 
pPfropoſition 4 mult have a greater proportion to B 
| * than C hath to B; bur 4 is ro B as E is to E by the 
5 ſappoſition, and C is to B as E to D, becauſe. by the 
ſuppoſition E is to C as D to E; therefore E hath a 
„„ eater proportion to F than it hath to D; therefore 
muſt be greater than F by the tenth propoſition; 
therefore if 4 be greater than C, D muſt be greater 
| than F.: and by a like way of reaſoning, if A be equal 
| to, or leſs than C, D will accordingly. be equal to, or 
ö leſs than z therefore 4 n greater than, equal 
| to, or leſs than C, but accordingly D 7 de _ 
Z than, equal to, or leſs than F. . . | 


re PROPOSITION 24. 


| 287. I there be three quaniities A, B and ci in one 

| . feries, and three others D, E. ao F in another, and 

| . _ , uf the proportions in one ſeries be the ſame with the \ 

| Proportions in the other when taken in the ſame order; 

| | IT. ſay then that the extremes in one ſeries will be in.the - 

| | . ſame proportion with the extremes in the other : \ as if 
A be to B as D is to E, e EV Fs; —_ 
then that A zvill beta Cas D 1 F. 5 | 


| Note, For avoiding a multiplicity of words, this 
conſequence is ſaid to follow ex æguo ordinate, or ex 
| quo: ſee the eighteenth and nineteenth definitions. 


Take any equimultiples of A and D, ſuppoſe 44 
and 4D, and any others of B and E, ſuppoſe 35 and 
3E, and laſtly any others of C and T, as 20 and 27; 
then ſince by the ſuppoſition A is to 'Bas D is to E. 
it follows from the fourth propoſition that 44 will be 
to 35 as 4D to ZE: again, ſince by the ſuppoſition 
Bis to Cas E to F. it follous ſrom the ſame fourth 

propoſition that 3B will be to 20 as 3E to 2 F: ſo 
that we have three quantities, to wit 44, 3B, 20 in 
one ſeries, and three others, to wit 4D, 3E and 2F 
in another; and it has been ſhewn that the propor- 
tions in one ſeries are the ſame with the proportions 
\ in 


— — 


[ 
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ia the other When taken in tlie ſame order, that id 
4A is to 35 as 4D to 3 E, and 3B to 20 as 3E to 21 
therefore; by the twentieth propoſition, 44 cangot be 
greater than, equal to, or leſs than 2C, hut 4D mult 
accordingly. be greater than, equal to, or leſs than 
F, Since then we have four quantities 4, C, D and 
F, whereof 4 A and 4 D repreſerit any equimultiples* 


4 


of the firſt and third, and 20 and 2F any other equi- 
multiples of the ſecond” and fourth; and finee 44 
cannot be greater tau, equal to; of leſs than 20, 
but F mult be greater than, equal to, 
br leſs than 2 F, it follows from the fiftli definition 
that theſe four quantities 4, C, D and Fare propor- 
B Fn Os D to F. 9. A 


e . 
ni like manner if there de ever jo nam giamfiner 
— 6. G, &c. in one ſeriet and as mam others 
B, E, F, H, &c. in another, and if A be to Bot D'i# 
toF, and B 4% C 4 E 10 F, and Ce G 4 F o H, 

&c. ide conſequienice with 5 75 to the 5. 7 25 i fill 
be. the ſame, that is, A will eto G at D f HI! for it 
has been proved already that Als to C as Dro F; and 
by the ſuppoſition C is to G as F to H; therefort e' 

#quo, A will be to G as D to H. 5 


e Men, wh i Gs 
288. If there ze tbret quantities: A, B aud G in ons 
ſeries; and three others D, E and F in another, and 
F the proportions in one ſerits be the ſam? with the 
proportions in the other," bit in a different order, I ſay 
that the extremes in one ſeries will fill ů in the ſame 
1 N tc the extremes im ibe othth + a A be 
 _tBaEiioF,odBioCa:DirE; I. ay 
Iba A willbeto CA, D % F. „ . 
on This conſequemce is ſaid to be: er quo per. 
Take any equimultiples of 4, B and D, ſuppoſe 
34, 33 and 3D, and any others of C, E and E, ſup- 
KN e poe 
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poſe 20, 2 E and 2, and the reaſoning is as follows: 
. gAisto3Bas Ato B by the fifteenth, and A is ro R 
as E to F by the ſuppoſition, and E is to Fas 2E to 
2F by the fifteenth ; therefore 34 is to 3Bas2E is to 
2F by the eleventh: again, BistoC as D to E by 
the ſuppolition ; therefore 35 will be to 2C as 3D to 
2E by the fourth: fince then we have three quanti- 
ties, to wit, 34, 3B and 20 in one ſeries, and three 
others, to wit, 3 D, 2E and 2F in another, and ſince 
the proportions are the fame in both ſerieſes, but in a' 
different order, that is, ſince 2A is to 2B as 2E to 
2F, and 3B is to2Cas 3D to 2E, it follows from the 
twenty · firſt propoſition, that 3A cannot be greater 
than, equal to, or leſs than 20, but 3D muſt accord- 
ingly be greater than, equal to, or leſs than 2F - 
again, ſince we have four quantities 4, C, D and F, 
whereof 34 and 3D repreſent any equimultiples of 
the firſt and third, and 20 and 2F any others of the 
ſecond and fourth, and fince 34 cannot be greater 
than, equal to, or leſs than 20, but 3D muſt accord-: 
- ingly be greater than, equal to, or leſs than 2 F, it 
follows from r definition that theſe four quan- 
tities A, C, D and F are proportionable, 4 to C as D 
to F. 2. E. D. ee e eee 


ProposITION . 


289. F there be fix quantities A, B, C, D, E, F, 
tuobereef A is 10 B a6 C is to D, and E is 10 B a8 F 
to 8 T ſay then that AE. will be to B as C+F 
10 D. | £9 r 3 
For ſince by the ſuppoſition E is to B as F to D, 
we ſhall have invertendo, B to E as D to F. Since 
then A is to Bas C is to D by the ſuppoſition, and E 
is to E as D to F, it follows ex equo, that A is to E 
as C to F,; whence componendo, A -E will be to E as 
CA Fi to F. again, ſince AE is to E as CF is 
to E, and E is to B as F to D by the ſuppoſition, it 
follows again ey æquo, that A+E is to B as CF to 
. ES LIMA. 


FM 


Att. 290. Te ha Book of Euer ids Aim, 30 
| | | LI 851892 
290. If fout quantities A, B, C and B bs proportion 
9 AtoBasCto D; T ſay then On 
Poſſibly be greater than, equal to, or leſs than B, but 
_ that C will accordingly be greater than, equal to, or 
leſs than D. V 
That this lemma is. ſelf-evident, according to the 
common notion of proportionality, or even upon the 
pies of the fifth definition, were ſimple quantities al- 
owed to be conſidered as equimultiples of themſelves; 
is what [- ſuppole- will ſcarce be denied: bur this the 
name of multiple and equimulkiple- will by no means 
admit of, and therefore care has been taken to provide 
againſt it, as may be ſeen in my obſeryations on the 
ſecond definition, and at the end of the ſixth propoſt- 
tion: therefore, as the doctrine of proportion here 
ſtands, this lemma ought certainly to be dèmonſtrated; 
and the author's taking it for granted in the demonſtra- 
tion of the next propofition following, where he might 
with fo much eaſe have avoided it, is not ſo. much an 
argument of its ſelf-evidency, as that he had demon- 
ſtrated it ſome where before in this fifth book, but that 
it is now loſt. Commandine, from the fourteenth of 
this book, has demonſtrated one particular cafe of 
this propoſition, that is, where the quantities 4, B, 
C and'D are all of a kind: but this propoſition is no 
leſs true when the quantities A and B are of one kind, 
and C and D of another. This Glavius very well ob- 
ſerves, and endeavours to demonſtrate this propoſi- ; 
tion in this more extended ſenſe ( fee his ſcholium to 
the fourteenth propoſition of the fifth book;) but 
whether this demonſtration of his amounts to any 
more than proving idem per idem, let them that read 
it judge. The demonſtration J ſhall here give of it is 
as follows: e REO 77 Mok 
l am to demonſtrate that if A be to Bas CistoD; 
then A cannot poſſibly 9 greater than, equal 2 
| 2 * 


s 
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or leſs than B, but accordingly C molt be — than, 
5 oo to, or lefs than B. | 


Cas 1. 


| fer 4 be greater than B I ſay then that C muſt 
be greater than D. For ſince A is greater than B, 
multiply the exceſs A—B to a 3 to a multiple greater than B, 


and let this multiple be 3A—33; then ſince 34—3B 
is greater than B, if 3B be added to both ſides, we 
ſhall-have 34 9 than 4B: again, ſince A is to 
B as C is to D, and 344 is greater than 35, we ſhall 
have by the fifch definition, 30 greater than 4D; 

therefore 30 muſt be much greater than 58 and 2 

A. "__ than D. E. D. 


011 2. 


Let now 4 be leſs than 35 1 ſay then that C muſt 
| be leſs than D. For ſince A is to Bas C is to D, we 
ſhall have invertendo, B to 4 as D to G3 but B is 
greater than 4, becauſe by the ſuppofition A is leſs. 
125 B; therefore D muſt be greater than C by the 
laſt caſe; therefore C mult be leſs than D. * E. D. 


Cas E 3. 


Laſtly, let A be equal to B; 1fay then that C muſt 
be equal to D. For ſince C is to D as A is to B, 
ſhould C be greater or leſs than D, A would accord- 
ingly be greater or leſs than B by the two laſt caſes; 
bur A is neither greater nor leſs than B by the ſuppo- 
ſuion; therefore C is neither greater nor leſs: than D > 
* C is * to D. 2. E. D. 


PRO POSITION 25. 


291. If four quantities A, B, C and D be ett 
A J% B a C D; * ſay then that the ſum of the 


_ greateſt and leaſt terms put togetber weull be greater than 
br Pw of the aber t. 
Let 


» LY — 
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Let A be the greateſt of all; then ſince 4 is to B 
as is to D, ws B is leſs than 4, D will be leſs. than 
C by the lemma: again, ſince A is to B as C is to D, 
and © is leſs than 4, D will. be leſs than B by the 
fourteenth z therefore if A be the greateſt of all, D, 
which is leſs than either 4, B or C, will be the leaſt 
of all, and ſo the ſum of the greateſt and leaſt terms 
added together will be A--D; therefore the ſum of 
the other two will be BTC. We are now then to 
prove that the ſum 4D. is greater than the ſum 
+6, which is thus done: It has been demonſtrated 
in the nineteenth propoſſtion, that if from two quan- 
ities 4 and B in any proportion whatever, be ſub- 
tracted other two C and Din the ſame proportion, 
the remainder A—C will be to the remainder B—-D as 


A to B; but 4 is greater than B by the ſu N 5 


therefore A—C muſt be greater than B D by the 
lemma; add CAD to both us, goa * will have 


A than B-PEC. E. 
| "CoroLLAny, 


F ao quantities A, B and C be in continual Jong 
portion, A 10 B 48 B 10 17 J ſay then that the ſum of 


the extremes will be greater than twice the middle term, 


1 e 1 _ 5 greater than" * or 28; 


” Of the Coufroa ITION 94 Resor urlon of 
AT L A, -: i whe 


N * numbers are quantities whereof w we have 
more diſtin& ideas than of any other quantities hat- 

ever, and as all ratios muſt be reduced to thoſe of 
numbers before we can make any conſiderable uſe of 

their compoſition and reſalution in computing the 
quantities of time, ſpace, veloęity, motion, force, 
ec. I ſhall confine myſelf chiefly to this ſort of 
rnd in what T have to deliver 1 in the following , ar- 
ric ey. 


U3 Devi- 


- — x —— Ana 
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DERTINITIo WTI. 
292. In comparing ratios, that ratio is ſaid to be 

eater than, equal fo, or [eſs than another, whoſe 
antecedent hath a greater, or an equal, or @ leſs of - 
Portion to its conſequent tban the other's antecedent bath 
70 its conſequent. Thus the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 4 to 2 leſs than the ratio 
of 5 to 3; thus again the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 6 to 5 leſs than the ratiq 
of 6 to 4, &'c. Therefore whenever tte ratios are 
jo be compared whoſe antecedents and conſequents are 


both different, it will be proper to reduce them to the 


ame antecedent or to the fame conſequent before the 
© compariſen is made. As for inſtance; ſuppoſe any 
one would know which of theſe two ratios is the 
greater, to wit, the ratio of 7 to 5, or the ratio of 4 
ro 3 ; to know this, it will be proper to ſet off one 
of the ratios, ſuppoſe that of 4 to 3, from 5 the 
antecedent of the other (by which phraſe I mean 
no more than finding a number to which 7 hath the 
ſame proportion that 4 hath to 33) and this may be 


done by faying, as 4 is to 3, ſois 7 to 185 or 51: thus 


then it appears that the proportion of 4 to 3 is the 
ſame with the proportion of 7 to 51; fo that naw 
the queſtion turns upon this, which of theſe two 
- ratjo$ is the greater, that of 7 to 5, or that of 7 to 
31 f. and ann ready, ro wit, that * ratio 
of 7 to 5 is the greater ratio, by the eighth propo- 
3 2 of the lch book of the elements; . 
the ratio of 7 to 5 is greater than the ratio of 4 to 3. 
Again, ſuppoſe I would compare the ratio of 3 to 4 
with the ratio of 5 to 7; then I would ſet off the 
ratio of 3 to 4 from 5, by ſaying, as 3 is to 4, ſo is 
_— 1 | | 


5 ta e er 54, whereby it appears that the 


ratio of 3 to 4 is the lame with the ratio of 5 ta 7==4 ; 
bur the proportion of 5 to 7 — + is greater than the 
OT V propor- 


Art. 29: Reſolution of Ratios. ns © 
proportion of 5 to 7, as is evident from the eighth 


| Propoſition of the fifth book of the elements, and 
alſo from the very nature of ratios, the number 5 


having more magnitude when compared with 7— f 
than it hath when compared with 7; therefore the 


ratio of 3 to 4 is greater than the ratio of 5 to 7. 

There is alſo another way of comparing ratios, by 
turning their terms into fractions, making the ante- 
cedents numerators, and the conſequents denomina- 
tors. Thus the ratio of A to B is greater than, 
equal to, or leſs than the ratio of .C to D, according 
as the fraction 7 is greater than, equal to, or leſs 


than, the fraction & for the ratio of 7 to 1 is 


ä n 

reater than, equal to, or leſs than, the ratio of 
57 to 1, according as the fraction F is greater than, 
| | | bats] Of PEER 

| equal to, or leſs than, the fraction F 3 this is evident 
from what has been laid down already: but the ratio 


of 4 to 1 is the ſame with the ratio of A to B, and 


atio of C 


the ratio of 71 to 1 is the ſame with 


to D; therefore the ratio of A to B is greater than, 
equal to, or leſs than, the ratio of C to D according 


as the fraction — is greater than, equal to, or leſs 


| 3 
than, the fraction 7 But this way of repreſenting 


ratios by fractions, though it may ſerve well enough 
for comparing them as to greater and leſs, yet ic 
ougght nat by any means to be admitted in general, be- 
cauſe theſe repreſentatives are not in the ſame propor- 
tion with the ratios repreſented by them: thus the' 


| fraction 2 is double of the fraction 4, but yet it 2 5 . 


U4 7 


n — . 
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by no means be concluded from thence that the rat 

of 6 to 2 is double of the ratio of 3 to 23 for it will 
be found hereafter that the ratio of g to 4 is double 
of the ratio of 3 to 2. For my own part; I never 
was a favourer of repreſenting ratios by fractions, or 
even fraction · wiſe, as is done by Barrow and others; 
not only for the reaſons above given, but alſo becauſe 
that this way of repreſenting ratios is very apt to 
miſlead beginners into wrong conceptions of their 
Fampaliyon and reſolution. , © * Fey 


DEFINITION 2. 


293, N a ſeries of quantities of any. kind what- 
ſotver increaſing or decreaſing from the firſt to the laſt, 
ghe ratio of the extremes is ſaid to be compounded of all 
the intermediate ratios. Thus if 4, B, C, D repre- 
ſent any number of quantities put 
down. (or imagined to be put down) 4, B, C, D. 
| in a ſeries, the ratio of 4 to D is 48, 40, 30, 15, 
| faid to be compounded of, or to be Fo” 
| refolvable into theſe ratios, to wit, the ratio of A to 


' 


Fe the ratio of B ro C, and the ratio of C to D: or 
thus; If A and D be any two quantities, and if 
B. C, &c. repreſent any number of other intermediate 
guantities interpoſed at pleaſure between A and D, the 
ratio of A to D is ſaid by this interpoſition 10 be ręſolved 
into the ratios of A i B, of Bto C, and f Ct . 
Phis is no propoſition to be proved, but a defi- 
nitian laid down of, what Mathematicians commonly 
mean by the compoſition and reſolution of ratios, 
| which is certainly no more than what they mean by 
5 compoſition and reſolution in the caſe ot any other 
continuum whatever. As for inſtancę; ſuppoſe the 
B, 2 D, inſtead of repreſentiog quantities, 
io ma 


Jerters A, in 
to repreſent y diſtin& points placed in a right 


N 


Jige pne after another, whether at equal or unequal 
diſtances it matters not; who then would ſcruple to 
fay that the whole interval 4D conſiſted of the inter- 
| Te , Be, CD, asf its parts? Or, if rhe pon 
| | 128 ö e S | 43 


11. 04 


7. * Keſolutia 2158 X 85 
an extremities ot a . any num 
7275 oints B, G Sc. be m rked At an upon it 
47 — will not ſay that the ine AD is by theſe 
reſolved or diſtinguiſbed into the parts AB, Ta) 
Sc. This is the caſe in the compoſition. and 9 
tion of lines; and I ſee no difference when applied 
to the e compoſition and reſolution of ratios, Fee 
that here the whole and all its parts are Iines, and there 
the whole and all its parts, are ratios. 
"IX B, C, D, Ec. Iignify quantities, the ratio 
of A to B begins at 75 and TOA in B; the 
ratio of B to C bag at B the former left off, 
and terminates jn . ge 2 7 of C to D be 
at IX and terminates in D z l then ſhould. nat eb 
continued ratios conceive as parts conſtituti 
the whole ratio of 4 to D? That 21 are — 
of being compared as to greater and leſs, and that 
one ratio may be greater than, equal to, or leſs than 
another, we have ſeen already; and if fo, why ould 
not ratios: be allowed to have quantity àg well as all 
other things that are capable of being ſo compared? 
but if — have quantity, they muſt have parts, 
—9 theſe parts muſt be of the ſame nature with the 
whole, becauſe ratios are not capable of being com- 
pared with any thing but ratios: therefore I do not ſec 
but that the idea I have here given of the compoſition 
and reſolution of ratios is as ſuſt and as intelligible as 
it is when applied to any other compoſition or reſoly- 
tion whatſoever. . 

To proceed then: let 4, B, C, D be points in a 
right line as before; let the line AB be equal to an 
line Rr, let BC be equal to ſome other line Sc, my 
to the line T7; then it will not only be proper te 
that the line AD is equal to the three lines AB, 4 | 
CD, but alſo that the ſame line 40 is equal to the. 
three fines Rr, & and I put together: and the ſame 
conſideration is ſtill applicable to ratios for ſuppoſing 
A, B. G, D again to ſignify quantities, as alſo 
2 3.2 T, 7 55 15 hd ye40'F 0H ory 1 


| 

| 

| 

| 

| 

| 

' 
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to Cas & to 4, and let C be to D as T to 7; then it is 


uſual amongſt Mathematicians not only to conſider 


the ratio of 4 to O as compounded of the leffer ratios 


of A to B, of B to C, and of C to D, but alſo as com- 
pounded of the ratios of R to r. of S tos, and of T 


to . All this will be very intelligible, if we attend 


to the ſeries already deſcribed; for there the ratio of 


48 to 15 was compounded of the ratio of 48 to 40, 
of 40 to 3o, and of 30 to 15; but 48 is to 40 as 
6 to 5, and 40 is to 30 as 4 to 3, and 30 is to 15 as 
2 to 1; therefore it is as proper to conſider the ratio 
of 48 to 15 as compounded of the ratios of 6 to 3, 
of 4 to 3, and of 2 to 1, as it is to conſider it as 
compounded of the ratios of 48 to 40, of 40 to 30, 


and of 30 to 15. 


D DExF1N1TION 3. AM 


294. 4s when a line is divided into any number of equal 
parts, the, whole line is ſaid to be ſuch a multiple of any 
one of theſe parts as is expreſſed by the number of parts 


into which the whole is ſuppoſed to be divided; ſo in a 


ſeries of continual proportionals, where the intermediate 


ratios are all equal to one another, and conſequently to 
ſome common ratio that indifferently repreſents then all, 
, the ratio of. the extremes is ſaid to be ſuch a multiple of © 


this common ratio as is expreſſed by the number of raties 
From one extreme to the other, Thus 9, 6 and 4 are 
continual proportionals, whoſe common ratio is that 
of 3 to 23 for ꝗ is to 6 as 3 to 2, and 6 is to 4 as 
3 to 23 therefore in this caſe, the ratio of 9 to 4 is 


ſaid to be the double of the ratio of 3 to 2; and on 


the other hand, the ratio of 3 to 2 is ſaid to be the 
half of the ratio of 9 to 4 ; but the common ex preſ- 
ſion is, that 9 is to 4 in a duplicate ratio of 3 to 2, 


and 3 is to a in a ſubduplicate ratio of 9 to 4, Again, 
27, 18, 12 and 8 are in continual proportion, whoſe 
common ratio is that of 3 to 2; therefore 27 is to 8 


in a triplicate ratio of 3 to 2, and 3 is to 2 in a ſub- 


triplicate ratio of 27 to 8. Laſtly 87, 54, 36, 24 
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and 16 are continual proportionals, whoſe common 
ratio is that of 3 to 23 therefore 8 is to 16 in a qua- 
druplicate ratio of 3 to 2, and 3 is to 2 in a ſubqua 
druplicate ratio of 8 1 to 16. By theſe inſtances we 
ſee that one ratio may not only be greater or leſs than 
another, but a multiple, or an aliquot part of ano- 
ther; nay there is no proportion can be aſſigned which 


ſome one ratio may not have to another: thus the 


ratio of 81 to 16 is found to be to the ratio of 27 0 
8, as 4 to 3, becauſe the former ratio contains the 


4 


thus again, the ratio of 27 to 8 js to the ratio of g to 


4, as 3 to 2, becauſe the former contains the ratio of 


3 to 2 three times, and the latter twice; whereby ir 
appears that proportion is competible even to ratios 
themſelves, as well as to all other continued quanti- 

ties whatever. But though all ratios are in ſome cer- 
tain proportion one to another, yet this proportion 
cannot always be expreſſed; I mean when the quan- 
tities of ratios are incommenſurable to one another; 
for ratios may be incommenſurable as well as any 
other continued quantities of what kind ſoever: thus 
the ratio of 4 to 3 is incommenſurable to the ratio of 
3 to 2; which is the caſe of moſt ratios, though not 
of all. If all ratios were commenſurable to one ano- 
ther, their logarithms would be ſo too; and ſo the 
logarithms of all the natural numbers might be accu- 
rately aſſigned; whereas from other principles we 


know to the contrary, as will be ſeen when we come 


to treat particularly of logarithms. 

N. B. The beſt way of repreſenting the quantities 
of ratios, that I know of, is by Gunter line, where as 
many of the natural numbers as can be placed upon 
it are diſpoſed, not at equal diſtances one from ano- 
ther, but at diſtances proportionable to the ratios 
they are in one to another. Thus the diſtance be- 


tween 1 and 2 is equal to the diſtance between 2 and 


47 becauſe the ratio of 1 to 2 is equal to the ratio of 


210 


ratio of 3 to 2 four times, and the latter three times: 


— 
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2 to 4: thus again, the diſtance between 4 and 9 is 


double the diſtance between 2 and 3, becauſe the ra- 


F e e 33 =" hoy 
dne reit. 


ö 0 the addition of ratios. © 


' 295. Since all ratios are quantities, as has been 


me wn in the three laſt articles, it follows, .that they 


alſo as well as all other quantities muſt be capable of 
addition, ſubtraction, multiplication and diviſion: to 


treat then of theſe operations in their order, I ſhall 
begin firſt with addition. 


If the ratios to be added be continued ratios, that 3 is, 
if they lie in a. ſeries wherein the antecedent of every 


Subſequent ratio is ihe ſame with the conſequent of 2 
ralio that went immediately before, their addition is beſt 
performed by throwing out all the intermediate terms : | 


thus the ratios of 4 to B, of B to C, and of C to D, 


' when added together, make up the ratio of A to D, as 
Was ſhewn, in the 293d article. 


Therefore if the ratios to be added be diſcontinued, 


it will be proper to continue them from ſome given 
antecedent, ſuppoſe from unity, before they can be 
added, thus: let the ratio o 4 to B, the ratio of 


C to D, and the ratio of E to F, be propoſed to be 


added into one i now the ratio of A to B ſet off 
from 1 7 becauſe A is to B as 1 to a the 


BD 


| next ratio of Cto N ſet off from —- reaches to 55 


ae 


AC 


0 2 BE ; therefore the? ratios of A to B, of C to D, 


PICK, 


and of E xp . when added together, make the ratio 


of 


Art; e,, dtn of R, if 
of 1 to 772 hich: is the ſame with the ratio of 
ACE to BDE; whence we have the following canon: 

Multiply firſt the antecedents of all the ratios propoſed 
together, and then their. conſequents, . and the ratio of 
the produt?s thence ariſing will be the. ſum of the ratios 
Proline... ² ˙ ä i en dad e 

That the ratio of 4 to B, of C to D, and of E to K, 
all together conſtitute the ratio of ACE to BDH mar 
be further confirmed by ſetting them off from ACE. 
aud from one another thus: the ratio of 4 to B ſet 
off from ACE reaches to BCE; in the next place the 


ratio of C to D ſet off from BCE reaches to DE; 
and laſtly the ratio of E to F ſet off from BBE 
reaches to BDF; therefore all theſe ratios. together 
conſtitute the ratio of 4CE to BDF. An example in 
numbers take as follows: let it be required to add 
theſe four ratios together, viz, the ratio of 2 to 3, 
the ratio of 4 to 5, the ratio of 6 to 7, and the ratio 
of 8 to 9. Here the product of the antecedents is 
2X4X6x8==384, and the product of the conſequents 
is 3X5X7X9==9445 z. therefore the ſum of all the ra- 
tios propoſed is the ratio of 82 to 9453. and the 
proof is eaſy: for the ratio of 2 to 3 reaches from 
384 to 370; the ratio of 4 to 5 reaches from 376 to 
720; the ratio of 6 to 7 reaches from 720 to #40 
and the ratio of 8 to 9 reaches from 840 to 9433 
therefore the ratios of 2 to 3, of 4 to 3g, of 6 to , and 
of 8 to , reach from 384 to 943. e n 
From what has here been ſaid concerning the addi- 
tion of ratios, may cally be underſtood an expreſſion” 

ſo frequent N echanical and  Philofophicat 
writers; as when they ſay that 4 is to in a ratio 


=- * 


compounded of the ratio of C to D, and of the ratio 
of E to F; whereby they mean no more than that the 
ratio of 4 to Þ is equal to the ſum of the ratios of 
C to D, and of E to H or that A is to as CE to DF. 
According to the Mathematicians, every ratio is 
either a ratio majoris inæqualitatis, or a ratio æguali- 

wy | tatrs, 
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tatis, or a ratio minoris inægualitatis, which takes in 
all ſorts of ratios: for by a ratio: majoris inequalitatis 
they mean the ratio that any greater quantity hath to 
a leſs; by a ratio minoris inequalitatis they mean the 
contrary, that is, the ratio of a leſſer quantity to a 
greater; and therefore by a ratio equalitatis they 
mean the ratio (if it may be called fo) that every 


quantity hath to its equal. If we diſtinguiſh ratios 


according to the effects they have in compoſition, 
then every ratio majoris inzqualitatis ought to be look- 
ed __ as affirmative, becauſe ſuch ratios always in- 
creaſe thoſe to which they are added; on the other 
hand, the rationes minoris inzqualitatis ought to be 


_ conlidered as negative, becauſe theſe always diminiſh 


the ratios to which they are added; therefore the ra- 
ii &gualitatis ought to be looked upon as having no 
magnitude at all, becauſe ſuch ratios have no effect 

in compoſition. Thus if to the ratio of ; to 3 be 
added the ratio of 3 to 2, the ſum will be the ratio 
of 5; to 2, as above; but the ratio of 5 to 2 is greater 
than the ratio of 5 to 3; therefore the ratio of 3 to 2 
ought to be looked upon as affirmative, becauſe it 


increaſes the ratio to which it is added: on the other 


hand, if to the ratio of 3j to 3 be added the ratio of 3 
to 4, the ſum will be the ratio of 5 to 4, which is leſs 
than the ratio of 5 to 3, and therefore the ratio of 3 
to 4 is negative: laſtly, if to the ratio of 5 to 3 be 
added the ratio of 3 to 3, the ſum will ſtill be the 
ratio of 5 to 3; therefore the ratio of 3 to 3 is no- 
thing, hy: Bb | 1 
ſhenever a ratio is to be reſolved into two others 
by any arbitrary interpoſition of an intermediate term, 


it may be thought however that this intermediate term 


ſhould be ſome intermediate magnitude between the 
terms of the ratio to be reſolved; and ſo we ſuppoſed 
it in the 293d article : but that reſtriction was only 
ſuppoſed to prevent unſeaſonable objections that might 
— 8 ariſe about it; for there is no neceſſity that 
the intermediate term ſhould be of an intermediate 

a 5 ks NN magni- 


An. 29, 906. Reſolution of Ra, 99 
magnitude betwixt the extremes, if we allow of nega- 
tive ratios; for the ratio of 3 to, 4 (fot inſtance) may 
be reſolved into the two ratios of 5 to 3 and of 3 to 
4, though the intermediate term'g be out of the 
limits of g and 4. This I Tay is plain; fer though 
the ratio of 5 to 3, which is one of the parts, be 
greater than the ratio of .5/to 4. yet the ratio of 3 to 

„ which is the other part, is negative, and qualifies 
i other in the compoſition,” fe as to reduce it to the 
ratio of 5 to 4: ſo g may be looked upon as a part of 
7, provided the other part be 2 


* h 
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If there be n ſvries of quantities A, B, C, D, whereof 
A is to B as R to r, and B is te Cas 8 ia s, and C is 
to D as T to t; I ſay then that. A will be 1% D as 
RST, the produt? of all the antecedents, io t S t the pro-. 
dułs of all the conſequents: For by the art. 293, the 
ratio of A to D is compounded of the ratios of R to r, 
of S to s, and of T to :; and theſe ratios, when. 
thrown into one ſum, conſtitute the ratio of RST to. 
r5t; therefore A is to D as RS to r. 


c. te He fn, 


296. The ſub traction of ratios one from another, 
when both have the ſame antecedent, or both the ſame 
conſequent, is obvious enough : thus the ratio of A to B 
ſubtrafted. from the ratio of A to C leaves the ratio of 
B 10 C; and the ratio of B to C ſubtratied from the 
ratio of A to C leaves the ratio of A to B: this I fay 
is obvious, becauſe (according to art. 293) the ratio 
of A to C contains the ratios of A to B and of BroC;z 
and therefore, if either part be taken away, there muſt 
remain the other. | „ 

But if the two ratios, whereof one is to be ſubtracted 
from the other, have neither the ſame antecedent nor 
the ſame conſequent, it will be proper then to reduce 
them to the ſame antecedent, by ſetting off the ratio 
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ratio of G e from the ratio off to is che ſame 
a5 to ſubtrabt the ratio of 4 to 272 from the. 1 ratio of 


was made 
rightly aſſigned. 595 e e nt 2 05. : 


JW” & i the Cimp FARE : . Vit. 
be ſubtrated from the e of the 1 
us: let it be required to ſudtract the ratio of 3 
from the ratio of A to I: no the ratio of C to ict 


1 reaches to 2; therefore to ſubtract the 


AD 


410 B5 Nth cis * ſubtracted om 
the ratio of A to FS a ratio of the fame antecedent; 
| Monty 1 B, or of 4D to BC, there- 


fore the ratio of Beg H ſubtracted from the ratio of 
to Be the ratid' of” 4D to BC. The rule then 
is as follows: + 

dender one rathh #5 to be N rafttd' from anatber; 
change the fign of the ratio to Je ſubtratted by invert 
its 34 a then the ſum of this new rurio added 
tht other bill bt tbe ſume with tht remininder of tbe 
intended fubtrattion. Fhus to ſubtract the ratio of C 
to D from the ratio of A to B is the ſame as to add the 


ratio of D tõ & to the ratio of 4 to B; bur the ratio 


of D to C added to the ratio of A to B gives the ratio 


of AD to BC by the laſt article; therefore the ratio of 


C to D ſubtracted from the ratio of A to B leaves the 
ratio of 40 to BC. For a. further proof of this, we 

ate to take notice, that" in all ſubtraction whatever 
the remalnder and the quantity ſubtracted ought bott 
together to make the quantity from whence the ſub-. 
traction was made; but in out caſe the remainder w ws, 

the ratio of 4D to BC, and the quantity ſubtract 
was the ratio of C to D, and theſe_two added to⸗ 
ther make the ratio of 40D to BCD; or of 4 t0 
75 * is the ratio from whence the ſubtracti on 
therefore the remaindet in this caſe was 


For 


Art. 296, 297. Reſolution of Ratios, _ 321 
For an example in numbers, let it be required to 
ſubtract the ratio of 4 to 5 from the ratio of 2 to 3: 
now the ratio of 5; to 4 added to the ratio of 2 to 3 
gives the ratio of 10 to 12, or of 5 to 6, by the la 
article; therefore the ratio of 4 to 5 ſubtracted from 
the ratio of 2 to 3 leaves the ratio of 5 to 6, which 
may be confirmed thus: the ratio of 2 to 3 is the 
ſame with the ratio of 4 to 6, which contains the 
ratios of 4 to £ and of 5 to 5; thetefore, if the ratio 
of 4 to 5 be taken away, there will remain the other 
part, which is the ratio of 5to6 | 
| Before I conclude this article; I ought to take no- 
tice that there is another way of conceiving the ſub- 
traction of ratios, which for its uſe in Phyſics and 
Mechanics ought not to be paſſed by in this place; it 
is thus: the ratio of C to D added to the ratio of A 
to B conſtitutes the ratio of AC to BD; therefore e 
conrverſo, the ratio of C to D ſubtracted fromm the ratio 


of A to B mult leave the ratio of 7 to, becauſe 


multiplication and diviſion are as much the reverſe of 
one another as, addition and ſubtraction ; but this ra- 


, . 
tio of Toe 71 when reduced to integral terms, is 
the ſame with the ratio of 4D to BC found before. 
N. B. Where-ever it is ſaid that the ratio of A to B 
is compounded of the direct ratio of C to D, and of the 
inverſe. or reciprocal ratio of E to F, the meaning is, 
that the ratio of A to B is equal tothe exceſs of the ratio 
of C to D above the ratio of E to F, or that A is to B 
Gs e . | 
E © | 


Of the multiplication and diviſion of ratios. 
297. If the ratio of & to I be added to itſelf, that 
is, to the ratio of A ro B, the ſum will be the ratio 
of A+ to B* by the laſt my but one; and this be- 
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ing added again to the ratio of A to B gives the ratio 
of A to B, and fo on; therefore the ratio of 4 to B* 
is double, and the ratio of A to B triple of the ratio 
of A to B. And univerſally, The ratio of An to Bu is 
ſuch a multiple of the ratio of A to B as is expreſſed by 
the number n. Thus the ratio of A to B is four times 
the ratio of A to B, which I prove thus: the ratio of 
A to B reaches firſt from A to A, 2dly, from A*B to 
- A B*, 3dly, from A to AB, and 4thly, from AB" 
to. | „ 
To give an example in numbers, I ſay that five 
times the ratio of 2 to 3 is the ratio of the fifth power 
of 2 to the fifth power of 3, that is, the ratio of 32 to 
243: for the ratio of 2 to 3 reaches 1ſt from 32 to 
48, 2dly from 48 to 72, 3dly from 72 to 108, 4thly 
from 108 to 162, and gthly, from 162 to 243. Thus 
much for multiplication. - _ TE | 
Diviſion is the reverſe of multiplication; and there- 
fore as every ratio is doubled or trebled or quadrupled by 
fquaring or cubing or ſquare ſquaring its terms, ſo every 
ratio is biſefted or triſected or quadriſected by extracting 
the ſquare or cube or ſquare-ſquare roots of its terms. 
Thus half the ratio of 2 to 3 1s the ratio of the ſquare 
root of 2 to the ſquare root of 3, that is (when re- 
duced according to the firſt ſcholium in art. 179 % the 
ratio of 40 to 49 nearly; which is further proved 
thus: the ratio of 40 to 49 is half the ratio of 1600 
to 2401, by what was delivered in the former part 
of this article; but 1600 is to 2400 as 2 to 3; there- 
fore 1600 is to 2401 as 2 to 3 very near, 
But there is no neceſſity of a double extraction of 
the root in the diviſion of a ratio, provided the ratio 
propoſed be reduced to an equal one whoſe: antecedent 
is unity. Thus 2 is to 3 as 1 to 2, and therefore 
half the ratio of 2 to 3 is the ratio of 1 to , or the 
ratio of 1 to 1.5. e „ 
From what bas been ſaid it appears that one ratio 
may be commenſurate to another, and yet the terms of 
one incommenſurate to the terms of the other © thus the 
dee the Quarto Edition, p. 283. ratio 
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ratio of 2 to 3 is certainly commenſurate to the ratio 
of the ſquare root of 2 to the ſquare root of 3, the 
former being double of the latter; and yet 2 and 3, 
the terms of the former ratio are incommenſurate to 
x2 and V the terms cf the latte. 
Note. Where-ever it is ſaid that A is to B in a ſef- 
quiplicate ratio of C 10 D, the meaning is, that the 
ratio of A to B is equal to 1 of the ratio of C to D: 
therefore, in ſuch a caſe, twice the ratio of A to B will 
be equal to three times the ratio of C to D; but twice 
the ratio of 4 to B is the ratio of A to B?, and three 
times the ratio of C to D is the ratio of C to D'; 
therefore if A be to B in a ſeſquiplicate ratio of C to D. 
A will be to B* as C* to D'. Thus in the revolutions 
of the. primary planets about the Sun, and of the ſe- 
condary planets about Jupiter and Saturn, their pe- 
riodic times are ſaid to be in a ſeſquiplicate ratio of 
their middle diſtances, that is, the ſquares of their 
periodic times are as the cubes of their middle dit- 
rances. AE COS. 


Another way of multiplying and dividing ſinall 
ratios, that is, whoſe terms are large in coin- 


pariſon of their difference, 


298. Before I deliver what I have to ſay upon this 
head, I ſhall only obſerve, that F rwo intermediate 
quantities bade always the ſame difference, the greater 
the quantities are, the nearer will their ratio approach 
towards à ratio of equality : thus the difference be- 
twixt 2 and i is the ſame with the difference betwixt 
100 and 99; but the ratio of 2 to 1 of of 100 to 
30 is much greater than the ratio of 100 to 99. By 
the help of this obſervation, and the following theo- 
rem, I ſhall endeavour to ſhew that ſmall ratios may 
ſometimes be doubled, or tripled, or biſected, or tri- 
ſeded by more compendious ways than thoſe that ate 
taught in the laſt article; and whenever they ry” 
a ©1 01 11 © W's $93 69 e 19 Ive 
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to be ſo, they ought to be uſed, and frequently are uſed 
rather than the other. 


A ” #5 Phe 


+l hve be two quantities wheſe difference is but ſmall 
in compariſon of the quantities themſelves and if ſo much 
be added to one. and ſubtratted from the ather as ſhall 
make their difference double, or triple, or half, or a 
third part of what it was before; J fay then that the 
quantities after this alteration Hall be in a duplicate, or 
a triplicate, or 4 ſubduplicate, or a ſubtriplicate ratio 
of that they were in beſore any fuch a was made, 
nearly. 
+.a;.et there be two numbers 10 and #1, 1 
difference is 1; then if 4 be added to 11 and ſub- 
tracted from 10, we ſhall have the numbers 174 and 
91, whoſe difference is 2: I ſay now that 114 is to 

94 in a duplicate ratio of 11 to 10 nearly. For the 
ratio of 114 to 94 is reſolvable into theſe two ratios, 
wiz, the ratio of 114 to 104 and the ratio of 107 to 
91: now of theſe two ratios the former, to wit, that 
of 114 to 10%, is ſomewhat leis than the ratio of 11 
to 10, by the obſervation at the beginning of this 
article; and the latter, to wit, that of 104 to 94, is 
ſome what greater than the ratio of 11 to 10, and the 
exceſs in this caſe is nearly equal to the defect in the 
former; therefore the ſum of both theſe ratios put toge- 
ther, that is, the ratio of 114 to 94 will be very nearly 
equal to twice the ratio of 11 to 10. 

2dly, As the difference betwixt 10 and 11 is 1, add 

to 11 and ſubtract it from 10, and you will have the 
numbers 12 and 9, whoſe difference is 3: I ſay now 
that 12 will be to 9, or 4 to 3, in a triplicate ratio of 
It to 10 nearly. For the ratio of 12 to9 is reſolvable 
into theſe three ratios, to wit, the ratio of 12 to 11, 
the ratio of 11. to 10, and the ratio of 10 to g; and of 
theſe three ratios, the firſt, to wit, that of 12 to 11, is 
ſome what leſs than the middle ratio of 11 to 10, and 
the laſt, to wit, chat of 10 to 9, is about as much 


greater; 


\ 
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greater; therefore the firſt and laſt ratios put together 
will make about twice the middle ratio of 11 to 103 
therefore all theſe three ratios put together, to wit, the 
ratio of 12 to 9, will make three times the ratio of 11 
ro 10 nearly. N 5 
Zeaͤly, And if increaſing the difference increaſes the 
ratio proportionably, then diminiſhing the difference 
ought ro diminiſhthe ratio proportionably, that is, if 
the difference be reduced to half, or a third part of what 
it was at firſt, the ratio ought to be ſo reduced: now as 
the difference between 10 and 11 is 1, add 4 to 10 
and ſubtract it from tt, and you will have the numbers 
104 and 1043, whoſe difference is 4, and 104 will be to 
102 in a ſubduplicate ratio of 10 to 11 nearly ; but if 
be added to 10 and ſubtracted from 1, you will then 
have the numbers 10+ and 104, whoſe difference is 
2.; and 10+ will be to 1057 in a ſubtriplicate ratio of 
10 tot nearly.” | ; 

Let us now try how near the ratios here found ap- 

roach to the truth. By the laſt article the duplicate 

ratio of 10 to 11 is the ratio of 100 to 121, or of 1 to 
1.2100; and according to the foregoing theorem it 

is the ratio of 91 to 114, or of 19 to 23, or of 1 to 
Fn i, 1 1 

By the laſt article the triplicate ratio of 10 to 11 is 
the ratio of 1000 to 1331, or of f to 1.331; and ac- 
cording to the foregoing theorem it is the ratio of g 
to 12, or of 3 to 4, or of 1.333. e ee 
By the laſt article the ſubduplicate ratio of 10 to 11 
is the ratio of 1 to the ſquare root of 1, or of 1 to 
1.0488 1; and according to the foregoing theorem ic 
is the ratio of 104 to 103, or of 41 to 43, or of 1 to 
I ,04878. | F 

By the laſt article the ſubtriplicate ratio of 10 to 11 
is the ratio of 1 to the cube root of 2, that is, of f 
to 1.032283 and according to the foregoing theorem 
it is the ratio of 104 to 10}, or of 31 to 32, or of « 


[0 1.03226, | 
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4 


By theſe inſtances we ſee how near theſe ratios come 


up to the truth, even when. the difference is no leſs 
than a tenth or an eleyenth part of the whole: but if 
we ſuppoſe the difference to be the hundredth or the 


thouſandth part of the whole, they will be much more 
accurate; inſomuch that, to multiply or divide the 


ratio, it will be ſufficient to increaſe, or diminiſh, one 
of the numbers only. Thus 100 is to 102 in a dupli- 


cate, and to 103 in a triplicate, ratio of 100 to 101 z 


and 100 is to 100-4 in a ſubduplicate, and to 100 
I in a ſubtriplicate, ratio of 100 to 101 nearly: and 
univerſally, F Az and Ay be am two quantities 
approaching infinitely near io ihe quantity A, the ratio 
of A+z to A will be to the ratio of Ay to A as the 
inſiniteſy ſmall difference Z is 10 the infinitely ſmall. dif- 


ference y. 


I ſhall draw only one example out of an infinite 
number that might be produced to ſhew the uſe of 
the foregoing propolition. Suppoſe then, I have a 
clock that gains one minute every day; how much 
muſt 1 lengthen the pendulum to ſet it right? Let / 
be the preſent length of the pendulum, let x be the 
increment to be added to its length in order to cor- 
rect its motion, and let A be the number of minutes 
in one day; then it is plain that the pendulum / per- 
forms the ſame number of vibrations in the time #—1 
that the'pendulum I x is to perform in the time u. 
Now Monſieur Huygens has demonſtrated that the 
times whercin-different pendulums perform the ſame 
number of yibrations are in a ſubduplicate -ratio of 
the lengths of thoſe pendulums ; therefore a—1 muſt 
be to n in a ſubduplicate ratio of / to /+x, or (which 
comes to the ſame thing) / muſt be to AA in a du- 
plicate ratio of z—1 to n: but by the foregoing pro- 
poſition, the duplicate ratio of z—1 to 2 1s the ratio 


of n—} to . -, or of 24—3 to 21-1 ; therefore 


is to A as 2u—3 is to 2#1, that is, the pen- 
dulum muſt be lengthened in the proportion of 2»—3 
to 24-1: but x the number of minutes in one day 

18 
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is 1440; and therefore 23—3 is to 21 as 2877 
is to 2881, or as 719 to 720 very near; therefore 
the pendulum muſt be lengthened in the proportion of 
7e . . 

Had the duplicate ratio of — i to » been taken 
only by diminiſhing »—1 to x—-2, without med- 
dling with the other number , the concluſion would 
ſtill have been the ſame; for then / would have 
been to x as #-—2 to u, as 1438 to 1440, as 719 


" 


* 


to 720. 1 1 5 4 3 1 4 S 42 5 
Having now delivered what I intended concerning 


the compoſition and reſolution of ratios, it remains 
_ that I fay ſomething further concerning the applica- 
tion of this doctrine, and then I ſhall make an end of 


the ſubject. 2 | 
Dx 1017100; bo 214d pion 

299. If two variable quantities Q and R be of ſuch 
a nalure, that R cannot be increaſed or diminiſhed in any 
proportion, but Q muſt neceſſarily be increaſed or dimi- 
niſbed in the ſame proportion; as if R cannot be changed 
to any other value r, but Q muſt alſo be changed to ſome 
other value q, and ſo changed that Q ſhall always be to 
q in the ſame. proportion as R tor; then is Q ſaid to be 
as R diredtly, or ſimply as R. Thus is the circumfe- 
rence of a circle ſaid to be as the diameter: becaule 
the diameter cannot be increaſed or diminiſhed in any 
proportion, but the circumference muſt neceſſarily be 
increaſed or diminiſhed in the ſame proportion, Thus 
is the weight of a body ſaid to be as the quantity of 
matter it contains, or proportionable to the quantity | 
of matter; becauſe the quantity of matter cannot be 
- increaſed or diminiſhed in any proportion, but the 
weight muſt be increaſed or. diminiſhed in the ſame 
proportion, | 


HI  CoroLLARY 1. 
"I Abe as R direly, then e converſa, R muſt ne- 
celfarihy be as Q direly. . For let & be changed to 
9 1 4 é 


any 
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aby other value g, and at the ſame time let R be | 
changed to 1; then fince & is as R, © will be to 4 
as R tor; but if Q is to g as R is tor, then vice 
verſa, R will be to r as Qto g: ſince then 2 cannot 
be changed to g, but R: muſt be changed to r, and 
that in the ſame proportion, it follows vy Pup defi- | 
nition that vi is as 2 directly. | , 


\CoroLtLtany 2. 


If Q be ireftly asR, and R be direfily as 8. ten 
will Q be direfly as S. For let & be changed to's, 
and at the ſame time R to r, and Q to q; then ſince 
by the ſuppoſition R is as d, R muſt be to r as Sto s; 
and ſince again Q is as R, 2 will be to 4 as R tor: 
fince then 2 is to g as N to r, and R is to r as & to 3, 
it follows that Q. will be to g as S to 5, and conſe- 
quently © Wa 8 be as . 


Congiiane & 


I Q " 45 R, and R be as S; 1 ſay tbeniyhbat Q will. 
be as R+S, and alſo as the fqware root of the produtt 
RS. For changing 9, K, & into , r, 5, ſince R is as 
S, we ſhall have R tor as S to 5; whence by the 
twelfch and nineteenth of the fifth book of the Ele- 
ments R will be tor as R+S is to +5; but ©, is to 
qasRis tor, ex bypotheſt ; therefore © is to q as KAS 
is to +5; therefore by this definition . wil be as 
RIS. Again, ſince Ris as S, R* will be as RS, and 
R as VRS; but D is as wy therefore by the laſt co- 
rollary 2, will be as RO. | 


CoRrOtLlLARY 4. 


If any variable quantity as Q_ be multiplied "" any 
given number as 5 J ſay'then that 5Q will be as G. 
For it will be impoſlible for Q. to be increaſed or. 
diminiſhed in any proportion, bur 52 muſt be — 
creaſed or diminiſhed in the ſame proportion: if 


wy one caſe be double of we in ancther, then 54 in 
"the 


A 
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the former caſe mult be double of 777855 the hitter and 
ſo on y\therefure 52 is 25x; -- | 


| ConoLLany. 3. 


FQ l. 4d R. the l be as R. Q as R. 

a4 NR, &c, For let R* be changed in the 
proportion of D to E; then will R be changed in 
the proportion of VD to VE; but Lis as R; there. 
fore Q. will alſo be changed in the proportion of 55 
to VE; therefore & will be changed in the propor- 
tion of D to E: ſince ho R* cannot be changed in 
any proportion, ſuppoſe of D to E, but & muſt 
neceſſarily be changed in the ſame Proportion. it 
follows from this definition that Q is. ag R: and 
the reaſoning is the ſame in all other caſes. | 


 Conorilaky * 


* Q, R and S be three variable quantities and 8 
be as ti e product or rectangle RS ; Jay then, that 
. 


e always be as S, N as R, and that N 


will be a pm 1 quantity, or ( which is chiefly meant 1 
that phraſe) that the. quantity — will always be the 


Jame, be the values of Q, R and S what they will. 
For fince Q is as RS, 2 cannot be increaſed or di- 
miniſhed in any proportion, but RS muſt be in- 
creaſed or diminiſhed in the ſame proportion; there- 


Mo 


fore ＋ cannot be increaſed or: diminiſhed in any 3 


proportion, but 1. or 8 muſt be increaſed or di- 


miniſhed in the ſame proportion; therefore S is as 


25 and S as S: and by a like wh R will be 


. ws E vi bee K. bur if F de as K. 


3 then 
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then dividing both ſides by R, we ſhall e 774 
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2 
as 13 but 1isa quantity that neither increaſes nor 
diminiſhes, but is always the ſame; therefore the 
quantity 15 wil always be, the ſame : = for. the 
ſame reaſon, 'f Q. be as « ny ki. quantity, fuppoſe 


| R. N. will always be the Jamey let 2 _ 41 er 


c - 
# ; 7 73 "I. hs , 
FP F 5 * : 
** * . : 
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led. Ic. 


, _ CAA - 


L 7 1550 be . variable quantities A, B, 0. D, 41 
in numbers, whereof A is a B, and C is B53 I fay . 
then that the produf? AC will be as the produtt BD, 

For fince A is as B, AC will be as BC, and fince C 
is as D, BC will be as BD; thefore by the, ſecond 
corollary AC will be as BD; that is, AC in one caſe 
will be to AC in any other as BD 3 in the dane Caſe i is 


to BD in _ latter. 


Y OH Digriny T1005. 
3 oo. „ two variable quantities Q and R be of fuch 
a nature, that R cannot be increaſed in any Proportion 
whatever, but Q muſt neceſſarily be diminiſhed in a con- 
irary. proportion, or that R cannot be diminiſhed in any 
proportion whatever, but Q muſt neceſſarily be increaſed 
in @ contrary proportion; in a word, if R cannot be 
changed in 4 proportion of D to E, but Q muſt ne- 
eſſarily be changed in the proportion of E o D; then 
15 A to be as R inverſely or reciprocally. Thus if 
pherical body be viewed at any conſiderable diſ- 
_ the apparent diameter is ſaid to be recipro- 
cally as the diſtance, becauſe the greater the diſtance 
i8, the leſs will be the apparent diameter, and vice 
verſa, Thos if a globe be ſuppoſed to move uni- 
formly about irs axis, the periodical time of this 


motion is-faid-to be reeiprocally as the velocity with 


which the globe circulates (for the quicker the cir- 
2 culation 


"68 ab RAR) wil KD a 8 
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culation is, the ſooner it will be over;) which is as 
much as to ſay, that the greater the velocity. is with 
which the globe circulates, the leſs will be the peri- 
odical time of one revolution, and vice verſa. Thus 
if the numerator of a fraction continues always the 
ſame whilſt the denominator is ſuppoſed to vary, 
that fraction is ſaid to be reciprocally as its denomi- 
nator, becauſe. the greater the denominator is, the leſs 
will be the value of the fraction, and vice verſa. 


COROLLARY, 1. 


If Q be reciprocally as R, then e converſo R will be 

reciprocally as Q. For let Q be changed in the $2 
portion of D to E, and at the fame time let R be 
changed in the proportion of A to Bã then fince is 
reciprocally as R, © muſt be changed in the proportion 
of B to A; but 2 was changed in the proportion of D 
to E; therefore B mult be to A as D to E; therefore 
inverſely, 4 muſt be to B as E to D; but R was 
changed in the proportion of 4 to B by the ſuppo- 
ſition ; therefore R was changed in the proportion of 
E to D. Since then Q cannot. be changed in any 
proportion, ſuppoſe of D to E, but R muſt neceſſa- 
rily be changed in the contrary proportion of E to D, 
it follows from this definition that R muſt be reci- 
procally as ; 


COROLLARY: 2. 


If Q be diretily as R, and R be reciprocally as 8, then 
Q muſt be reciprocally as 8. For let & be changed in 
the proportion of D to E; then ſince is reciprocally 
as 8, R muſt be changed in the proportion of E to D; 
but Qis directly as & by the ſuppoſition; therefore 2 
muſt alſo be changed in the proportion of E to D. 
Since then S cannot be changed in the proportion of 
D to E, but & muſt neceſſarily be changed in the pro- 
portion of E to D, it follows from this definition that 
is reciprocaliy as S. | 
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"ty a like way of reaſoning, if Q be reciprocally as 


* and R be OO. as 8, * will be ere 


45 8. 
|  ConroLLlary. 4. 


Ee wee pants Q and R be of fach « 4 na- 
ture that their produt# or reſbangle QR is always the 
fame ; I ſay then 2 will * reciprocally as R. For 
ſince 9R is always the fame, it will be as the number 
which neither increaſes nor diminiſhes; ro if 2R 


be as one, then 9 will be as the fraction — F by the 
ſixth corollary to the et definition. Since then 


I 
is directly as the fraction — - , and the fraction I 


is reciprocally as its denominator R by this definition, 
it follows from the ſecond corollary t that n be re- 
ciprocally as R. 
CogoLlLary "a 
Every fraftion is reciprocally as the ſame fraftiog 


inverted. Thus the fraction -& is is reciprocally as the 


fraction . This is evident from the laſt corollary ; 


for if the fractions 25 i 74 - be multiplied together, 
their product will always be unity, let R and 8 be 
what they will. 


Coroitany 6. 


Wy” Q be reciprocally as R, or eren as — 
1 
then 
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then Q will be direftly as I. For ſinee Qs reci- 


procally as =, and 5 is reciprocally 2 * by the 
laſt corollary, it follows from the third corollary that 
© will be directly as 12 For the ſame reaſon, N Q 


be reciprocally as Ho, it will be directly as R. 


D TIN ITIOR 6. 


301. If any quantity as Q depends upon ſeveral other: 
as R, 8, T, V, X, all independent of one another, ſo 
that any one of them may be changed ſingly without affett- 
ing the reſt; and if none of the quantities R, S, I can 
be changed ſingly, but Q muſs be changed in the ſame 
proportion, nor any of the quantities V, X, but Q muff 
be changed in a contrary proportion; then is Q ſaid to 
be as R and S and T diretily, and as 1 and N recipro- 
cally or inverſely. Thus the fraction won is ſaid to 
be as R and Sand T directly, and as Y and & inverſely, 
becauſe none of the factors belonging to the numerator 
can be changed, but the value of the fraction muſt be 
changed in the ſame proportion, and none of the fac- 
tors belonging to the denominator can be changed, but 
the value of the fraction muſt be changed in a contrary 
proportion. | A 

N. B. FQ beasR and 8 and T direily, without 
any reciprocals, then it is ſaid to be as R and 8 and T 
conjunctim, jointly. | 


A THEroOReEem. 


302. FQ beasRandS and T diretily, and as 
V and X reciprocally; and if the quantities R, S, T, 
V, X be changed into r, s, t, v, x, and ſoQ into. q; 
T ſay then that the ratio of Q to q will be equal to the ' 
e | | exceſs 


1 
Ii 
1 
1 
1 
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exceſs of all the direft ratios taken together above all 
the reciprocal ones taken together : as if the ratios of R 


tor, of Stos, and of T tot' (which I call direct ratios) 
toben added togetber make the ratio of A to B; and if 


the ratios of V to v, and of X to x (which I call reci- 


procal ratios) when auded togtther make the ratio of C 


170 D; I ſay then that the ratio of Q to q will be egal 
10 the exceſs of the ratia of A to B above the ratio f C 


to D. | TE 

For ſuppoſing all but R to continue the ſame, let 
R be changed into r; then will 2 be changed from 
its firſt value in the ratio of R to r be the hypotbe/is : 
let now 7 7, V, A continue, and let 8 be changed 
into : then will © be changed from its laſt value 
in the ratio of & tos: in like manner if 7 be changed 
into t, ceteris paribus, Q will be changed from its 
laſt value in the ratio of T to f: therefore if R, S, 
T be changed into 7, 5s, t, A will be changed from 
one value to another in a ratio compounded of all 
the direct ratios of R tor, of S tos, and of T to 73 
that is, Q will be changed in the ratio of A to B. 
This being ſo, let us now imagine Y to be changed, 


ceteris paribus, into v; then will 2 be further 


changed in the ratio of v to ; and if after this we 


imagine & to be changed into x, Q will be changed 


in the proportion of x to A, and will now be arrived 
at its laſt value : therefore if to the ratio of A to 


B you add the ratios of v to and of x to A, you 


will ha ve the ratio of Q to g: but to add the ratio 
of v to is the ſame thing as to ſubtract the ratio of 
to v oy art. 296; and b again, -to add the ratio 
of x to X is the tame as to ſubtract the ratio of x to 


A therefore if from the ratio of 4 to B you ſub- 


tract the ratios of to v and of X to x, you will 
have the ratio of & to q; but the ratios of to v 
and of A to x, when added together, make the 


ratio of C to D, ex byperhe/i; therefore if from the ratio 
of 4 to 3 you ſubtract the ratio of C to D, there 
will remain the ratio of Qto g; therefore the ratio of 


to 
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' © toq'is the exceſs bf the ratio of A to B above the 
ratio of C to D; or (which is the ſame thipg] & is 
to q in a ratio compounded of the ratio of A to B 
directly, and of the ratio of C to D inverſely. See 
art. 296. | | | 

This is upon a ſuppoſition that the quantities R, S, 
7, , A were changed into r, 5, f, v, x one after an- 
other in time: but ſince the ratio of & to does not 
depend upon the intervals of time between the ſeveral 
changes, but will be the ſame whether thoſe intervals 
be greater or leſs, it follows that the ratio of Qto q 
will be the ſame as if all theſe changes had been inade 
. 55 


COROLLARY I 


If the quantities R, S, T. V, A, and conſequently 


A, B, C, D, be expreſſed by numbers, as they muſt 
be before they can be of uſe in any computation; 
then the ratio of A to B will be the ratio of RS to 
st, and the ratio of C to D will be the ratio of 


VA to vx; and the exceſs of the ratio of 4 to B + 


above the ratio of C to D will be the ratio of 
RST rst | OT! 
FF to — 3 ( ſee the ſecond way 5 ſubtracting 
ratios in art. 296) therefore, in this caſe, Q will be 


W pas a 2 1 
is to the fraction —. Since 
| Ox 


| VX 
5 RVE 1 
then the fraction T3 Cnr be changed into — 
vx 
But at the ſame time Q muſt be changed into q, and /o 
| | | rst | 


to q as the fraction 


changed that Q will be to q as 3 — it fol- 


| VX N 
lows from the fourth definition that Q will be as the 


J | 
fraction . and conſegquentiy that N in any one 


VX Foe | 
caſe. will be 10 Nn any , of FOR PAWN" 
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in the former caſe is to the ſraftion V 1 ebb 


COROLLARY 2. 


F there be #b reciprocals, then Q will be as the produt? 
of all the direct terms, that is, as Flip RS if there 
be two of them, or as the produtt RS if there be three 


of them, &c. 
. : ScnoLium 8 

In the demonſtration of the foregoing propoſition 
as well as in the ſixth definition it was ſuppoſed, that 


the quantities R, &, 7, J, A, upon which QA depended, 
were themſelves entirely independent of one another, 


ſo as that any of them might be changed (ingly without 


affecting the reſt; and in ſuch a caſe, if Q be as R and 
S directly, it may be concluded to be as the product &&. 
But this concluſion muſt not be carried farther than 


can be juſtified by the demonſtration: for if in any caſe 


the quantities R and & ſhould not be independent, if 
neither of them can be changed whilſt the other conti- 


nues the ſame, then though no change can be made 


either in R or 8 but what will make a proportionabfe 
change in Q, yet here Q mult not be ſaid to be as the 
product RS. As for example, let © be an arc of a cir- 
cle ſubtending at the diſtance R an angle whoſe quan- 
tity is repreſented by S; then it is plain that neither R 
nor S can be changed fingly, but Q muſt be changed 
proportionably ; it is plain alſo that either R or $ may 
be changed ſingly whilſt the other remains the ſame; 
and therefore in this caſe it is lawful to conclude that 
Qis as the product RS. But let us now ſuppoſe Q to 
be the circumference of a circle whoſe radius is R, 


and let & be the ſide of a regular polygon of any given 


ſort inſcribed in that circle; as tor inſtance, let & be 
the ſide of an inſcribed ſquare: here then it is plain 


that neither R nor S can be changed, but Q muſt be 


changed 


\ 
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changed proportionably; and yet if we ſhould con- 
clude in this caſe that Q is as R&, the illation would 
be falſe, becauſe & and & have here as much depen- 
dence upon one another as 2 upon both; for every 
one knows that the radius of a circle cannot be in- 
creaſed or diminiſhed in any proportion, but the ſide 
of a ſquare inſcribed in that circle muſt be increaſed 
or diminiſhed in the ſame proportion: in this caſe it 
may be concluded that Qis as RES, or as RS, or 
as the ſquare root of R& by the third corollary in art. 
299, but it muſt by no means be allowed that Qis as 
RS; for ſhould: Q be as RS, ſince in this caſe & is as 
R, and conſequently RS as R*, Q would be as R. by 
the ſecond corollary in art. 299, which contradicts the 
ſuppoſition that & is as K. 
Examples to illuſtrate the foregoing theorem, where 
Alitredi ratios are only concerned. = 


303. Ex. 1. If a' body moves. for | any time with any. 
uniform velocity through any ſpace, that ſpace will be as 
the time and velocity jointly. For if we ſuppoſe the 
velocity to be the fame in all cafes, but the time to 
differ, then'the ſpace deſcribed' will be greater or leſs 
in proportion as the time is fo, and therefore will be 
as the time: on the other hand, if we ſuppoſe the 
time to be the ſame in all caſes, and the velocity to 
differ, then the ſpace deſcribed in theſe equal times 
will be greater or leſs as the velocity is fo, and con- 
ſequently. will be as the velocity: laſtly, let us ſuppoſe 
both the time and velocity to vary; then the ſpace 
will vary upon both theſe accounts, and therefore will 
vary in a ratio equal to the ratio wherein the time va- 
ries, and the ratio wherein the velocity varies put to- 
gether; that is, the ſpace in any one caſe will be to 
the ſpace in any other in a ratio compounded of the 
ratio of the time in the former caſe to the time in the 
latter, and of the velocity in the former caſe to the 
velocity in the latter. This is univerſal ;. but if we 
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ſuppoſe the time and velocity to be expreſſed by num- 
bers, we muſt then ſay that the ſpace de ſcribed is as 
the product of the number repreſenting the time mul- 
tiplied into the number repreſenting; the velocity, by 
the ſecond. corollary in the laſt article; or that the 
ſpace deſcribed in any one caſe is to the ſpace deſcribed 
in any other as the product of the time and velocity in 
the former caſe is to a like product in the latter. 
Ex. 2. The quantity of matter in am body depends 
upon two things, viz. its magnitude and denſity; (where 
by. denſity I mean the compatineſs or cloſeneſs F \ its mat- 
ter). For if two bodies of equal denſities but of un- 
equal magnitudes be compared, one body muſt have 
more matter than the other, or leſs, according as its 
ſolid content is greater or leſs, that is, according as 
its magnitude is greater or leſs; therefore in this caſe 
the quantities of matter in any two bodies thus com- 
pared will be as their magnitudes :. on the other hand, 
if two bodies of the ſame magnitude but of different 
denſities be compared, their quantities of matter will 
be as their denſities, becauſe the cloſer the parts of a 
body are, ſo much more matter will be. crowded into 
the ſame ſpace; therefore, if the bodies be different 
both in magnitude and denſity, the quantity of mat- 
ter in one body will be to the quantity of matter in 
the other in a ratio compounded. of the ratio of the 
magnitude of one body to the magnitude of the other, 
and of the ratio of the denſity of the former body to 
the denſity of the latter; and therefore, if theſe quan- 
tities be repreſented by numbers, the quantity of mat- 
ter in any body will be as. its magnitude and denſity: 
mulxiplied together. Thus if D and & be the diame- 
ters of two globes whole denſities are as E to e, the 
quantity of matter in the former globe will be to the 
uantity of matter in the latter as DE is to dN; 
or the ſolid contents of all globes are as the cubes of 
their diameters. the aut ee 3 
Ex. 3. The momentum, or force, or impetus with 
which a body moves, and with which it * 


17 


1 
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_ obſtacle that. lies in its way e oppoſe or flep it, is as 
the velocity of the motion and the quantity of matter in 
the body jointly... For the ſame quantity of matter 
moving with different velocities will ſtrike an obſtacle 
with forces proportionable to the velocities ; on the 
other hand, different quantities of matter moving 
with the ſame velocity will firike with forces — 
tionable to their matter; a double body will ſtrike with 
a double force, &c.; therefore, in the caſe where the 
velocity is the ſame, the momentum of a body is as the 
quantity of matter it contains; and in the caſe where 
the quantity of matter. is the ſame, the momentum is 
as the velocity; therefore, if neither the velocity nor 
the matter be the ſame, the momentum will be as the 
matter and velocity jointly; and in numbers, as the 
product of the number expreſſing the matter multi- 
plied into the number expreſſing the velocity, _ 
Ex. 4. Fa beevy hob be ſuſpended perpendicularly 
upon a lever (ly which I mean an inflexible rod moving 
about a fixt point in the middle,). the momentum - ar 
efficacy of that body to turn the lever about its center it, 
ceteris paribus, af the weight of the body and as abe 
diſtance of the point of ſuſpenſion from the center of the 
lever jointly. For if we ſuppoſe this diſtance to be 
the ſame, the momenium of the body to turn the lever 
muſt be greater or leſs according as its weight is ſo, 
from whence that momentum ariſes : on the other hand, 
if we ſuppoſe the weight to be always the ſame, but 
to be removed, ſometimes farther from, and ſome- 
times nearer to the center, the momentum of the body 
to turn the lever will be greater or leſs in proportion 
to the diſtance of the point of ſuſpenſion from the cen- 
ter of the lever, as is demonſtrated in Mechanics, and 
may eaſily be tried by experience: therefore univer- 
fally, the momentum of the body will be as this diſ- 
' tance and the weight of the body jointly; and in 
numbers is as the product of the weight multiplied 
"Fo Eoin r 51007 ls 
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To illuſtrate this, I ſhall put the following queſtion. 


Let a body weighing five pounds be ſuſpended at the 


diſtance of ſix inches from the center of a lever, and 


let another body of ſeven pounds be ſuſpended on the 


ſame fide of the center at the diſtance of eight inches; 
then let a third body of nine pound weight be ſuſ- 
pended on the other ſide of the center at the diſtance 
of ten inches: Quære, whether will theſe bodies ſuſ- 
tain each other in æquilibrio or not; and if not, on 
which ſide will the lever dip, and with what momen- 
tum 1 i 45 74 ods IG: 3 oy FLY 
To reſolve this, ſince we are at liberty to repreſent 
any one-of theſe momenta by what numbers we pleaſe, 


provided the reſt be repreſented proportionably, let 


us repreſent the momentum of the nine pound body by 
the product of its weight and diſtance multiplied to- 
gether, that is, by g io or 90 then mult the other 
momenta be repreſented by like products, or they 
would not be repreſented by numbers proportionable 
to them: therefore the momentum of the five pound 
body will be gx or 30, and that of the ſeven pound 
body 7x8 or 56; and therefore the ſum of the mo- 


-menta on this ſide the center acting the ſame way will 


be 86: whence now it plainly appears that the lever 


will dip on the ſide of the nine pound body, becauſe 


90, the momentum on that ſide, is greater than 86, 


the ſum of the momenta on the other ſide: and fince 
the exceſs of go above 86 is 4, it follows that 4 will be 


the difference of the momenta on one fide and the 
other; inſomuch that if any one ſuſtains this lever 
immoveable, he will ſuſtain the ſame force as if all 
the weights now upon the lever were taken away, and 
a ſingle pound weight was ſuſpended at the diſtance 
of four inches from the center of the lever: therefore 


when all the weights were upon the lever, if a ſingle 
pound weight had been ſuſpended at four inches diſ- 


tance, and on the ſame ſide of the center with the other 
two bodies whoſe weights were five and ſeven pounds, 
the whole ſyſtem would then have conſiſted in — 


brio. 


1 
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Upon this theorem, that the force of a body upon 
a lever is as its weight and diſtance from the center 
multiplied b is founded the method of finding 
the centers gravity of bodies, or the center of 
gravity of any ſyſtem of bodies, let their places or 
poſitions be what they will: but I muſt nat carry this 

matter any farther. 1 1. 
Ex. 5: If a globe be made to move uniformly in an 
uniform fluid, the reſiſtance it will meet with in any 
given time by impinging againſt the particles of the fluid, 
will be as the denſity of the fluid, and as the ſquare of the 
diameter of the globe, and as the ſquare of the velocity it 
moves with jointly. 25 | et. 
To determine rightly in this caſe, we muſt here do 
what we all along have done, and what we always 
muſt do in like caſes; that is, we muſt take the 
whole to pieces, examine every particular circum- 
ſtance by itſelf, cæteris paribus, and then put them 
all together. Firſt then let us ſuppoſe the ſame 
globe to move with the ſame velocity, but ſometimes 
in a denſer fluid, and ſometimes in a rarer; then it 
is plain that the denſer, the fluid is, the more par- 
ticles of it the body will be likely to meet with in 
aay given time, and conſequently the greater re- 
ſiſtance it will ſuffer from them; therefore the re- 
ſiſtance of the body, cæteris paribus, will be as the 
denſity of the fluid. In the next place let us ſuppoſe 
different globes to move in the ſame fluid, and with 
the ſame velocity; then, ſince the reſiſtance of theſe 
globes ariſes only from their ſurfaces, or rather from 
half their ſurfaces, and ſince the ſurfaces of all 
_ globes are as the ſquares of their diameters, it 
follows that the reſiſtance theſe. globes meet with will 
be as the ſquares of their diameters. Laſtly let us 
ſuppoſe the ſame globe to move in the ſame fluid 
with different velocities ; then it is plain that a globe 
which moves with a double velocity will ſtrike twice 
as many particles of the fluid in any given time, as 
it would if it was to move with a ſingle velocity: 
T4 but 
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but if the body ſtrikes twice as many particles, then 
twice as many particles will ſtrike it, whence ariſes 
the reſiſtance; therefore the refiſtance of a body 
moving with a double velocity is upon this account 
double of what it would have been in the caſe of a 
ſingle velocity: but this is not all; for it will not 
only ſtrike twice as many particles, but it will ſtrike 
every particle with twice the force in this caſe of 
what it would in the caſe of a ſingle velocity; and 
therefore, ſince action and reaction are always equal, 
and ſince it is the reaction of the medium that creates 
the reſiſtance, it follows that a body moving with a 
double velocity meets with four times the reſiſtance 
of what it would meet with when moving with a 
fingle velocity. In like manner a body that moves 


with a triple velocity will act three times as ſtrong 


upon three times the number of particles, and there- 
fore will ſuffer nine times the reſiſtance of what 
it would ſuffer with a fingle velocity; therefore the 
fame globe moving in the fame medium with differ- 


ent velocities will meet with a reſiſtance proportion- 


able to the ſquare of the velocity it moves with. 
Put now all theſe conſiderations together, and the 
reſiſtanee of a globe moving uniformly in an uni- 
from fluid (I mean that reſiſtance which ariſes from 
the globe's impinging againſt the particles of the 
medium) will be as the denſity of the medium, as 
the ſquare of the diameter of the globe; and as the 
ſquare of the velocity it moves with jointly. Thus 
if wo globes whoſe diameters are D and d move with 
velocities which are to one 'anotheras to v in two 
fluids whoſe denſities are as E to e, the refiſtance of 
the former will be to the reſiſtance of the latter as 


- 
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Other examples, wherein direct and reciprocal ratios 
e ,., oo. 


; PS 


304. Ex. 6. If a body be put into motion by 
force directly. applied, whether. this force be a og 
:mpulſe acting at once, or whether it be divided into 
ſeveral impulſes acting ſucceſſively; I ſay that the laſt 
velocity of... this motion will be as the moving force 
direttly, and as the quaniity. of matter in motion. reci- 
| — For if different forces be applied to the 
ſame quantity of matter, the greater the force is, 
the greater will be the velocity, and vice verſa; there- 
fore in this caſe the velocity will be as the vis 
motrix : but if we ſuppoſe the ſame force to be 
applied to different quantities of matter, then the 
greater the quantity of matter is, the leſs will be the 
velocity, and vice verſa, which I thus demonſtrate. 
Suppoſe the moving force 4, - when applied to a 
certain quantity of matter as Q, will produce the 
velocity /; I ſay then that the ſame force M, applied 
to a quantity of matter equal to 2, will only pro- 
duce a velocity equal to %: for M acting upon a 
will produce the ſame velocity as $M acting upon 
12; but 3M acting upon Q will produce a velocity 
equal to 37%, becauſe by the ſuppoſition M acting 
upon Q will produce the velocity /; therefore MM 
acting upon 22 will produce a velocity equal to 17%; 
and for the ſame reaſon,” M ating upon g2 will 
produce a velocity equal to , &c.; therefore, if the 
vis motrix be the ſame, the velocity of the motion 
produced will be reciprocally as the quantity of 
matter: therefore univerſally; the velocity will be 
as the vis motrix directly, and as the quantity of 
matter inverſely. As if M be changed into m, 
into , and ſo Y into v, the ratio of to v will 
be equal to the exceſs of the ratio of M to m above 
the ratio of Q to 4. * thus; V will be to 
. 1 v as 
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Vas —1s to ; ſee the firſt corollary in art. 302. 


Otherwiſe thus; the momentum or impetus with which 
a body moves, is the force with which it will ſtrike 
an ohject that lies in its way to ſtop it; therefore 
ſince action and reaction are equal, the force neceſſary 
to deſtroy any motion muſt be equal to the momentum 

with which the body moves: but the force neceſſary 
to deſtroy any motion is equal to the force that pro- 
duced it, which we call the vis motrix; therefore in all 
motion whatever, the vis motrix muſt be equal to the 
momentum, and muſt be as the quantity of matter in 
the body moved multiplied into the velocity of the 
motion, becauſe the momentum is ſo; ſee the laſt ar- 
ticle, example the 3d; therefore M will always be as 
2. 3 8 K. e 


4 If N be as 9, then & will be a ſtanding quan- 


tity, and therefore the velocity / in this caſe will al- 
ways be the ſame. Thus if the weights of all bodies 
be proportionable to the quantities of matter they 
contain, they will be equally accelerated in equal times; 
and vice verſa, if all bodies, how different ſoever in the 
kinds and quantities of matter, be equally accelerated 
ip equal times (as by undoubted experiments upon 

endulums we find they are, ſetting aſide the reſiſtance 
of the air) it follows that the weights of bodies are 
proportionable to their quantities of matter only, with- 
out depending upon their forms, conſtitutions, or any 
thing elſe. n ee e 
Ex. 7. be velocity of a planet moving uniformiy 
in à circle round the Sun is as its diſtance from the 
centre of 'the Sun diretily, and as its periodical time in- 
wver/ely, For if two planets at different diſtances from 
the Sun perform their revolutions! in the ſame. time, 
that planet muſt move with the greateſt velocity that 
has the greateſt circumference to deſcribe; therefore 


in this caſe, where the periodical time is given or al- 
ways the ſame, the velocity of the planet muſt be as 
the circumference of the circle to be deſcribed : but 
the circumference of every circle is as its diameter 
or ſemidiameter; therefore, if the periodical time be 
given, the velocity of a planet muſt be as its diſ- 
tance from the Sun directly. Let us now ſuppoſe 
two planets revolving at the ſame diſtance from the 
Sun, but in different periodical times; then it is 
lain that the ſwifter planet will perform its revo- 
— in leſs time, and vice verſa; and therefore if, 
the diſtance be given, the velocity will be recipro- 
cally as the periodical time. Put both theſe caſes 
together, and the velocity of a planet moving uni- 
formly round the Sun will be as its diſtance from 
the center of the Sun directly, and as its periodical 
time inverſely. | Thus the Earth's diſtance from the 
Sun is to that of Jupiter as 10 to 532 nearly; and the 
Earth's. periodical time is to that of Jupiter as 1 
year to 12 years nearly, or as 1 to 123 therefore 
the Earth's velocity is to Jupiter's velocity as 

2 is to >, or as 120 to 52, or as 30 to 13. 
This way of reaſoning is applicable to all be- 
dies moving uniformly 2 circles, let the law of 
their motions be what it will. But if (as that ac- 
curate Aſtronomer Kepler has demonſtrated) the pla- 
netary 'motions be ſo tempered that their periodi- 
cal times are in a ſeſquiplicate ratio of their diſ- 
tances, or (which is the ſame thing by art. 297) 
that the ſquares of their periodical times are as the 
cubes of their diſtances, we ſhall then have a more 
ſimple way of expreſſing the velocity of a planet 
thus: let be the velocity and D the diſtance of any 
planet from the Sun, and let T be the periodical 
time; then ſince, from what has been ſaid, / is as 
75 we mall have 7 fat but according to Kep- 
ters. 
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in this caſe, the velocity of a planet is reciprocally 
in a ſubduplicate ratio of its diſtance - from the Sun. 


So the velocity of a planet whoſe diſtance is D is to 
tte velocity of a planet whoſe diſtance is Fas / d is 


— 1 
1 


Ex. 8. If @ wheel turns uniformly about its axis, 
the time of one round will be as the diameter of the 
wheel diretfily, and as the abſolute velocity of every 
nt in the circumference of the wheel inverſely. For 
if the circumference of a great wheel moves with the 
ſame velocity as the circumference of a ſmall one, 
the periodical time of the former wheel will be as 
much greater 'in proportion than the periodical time 
of the latter as the circumference of the former wheel 
is greater than the circumference of the latter, or 
as the diameter of the former is greater than the dia- 
meter of the latter; therefore if the velocity of the 


wheels circumference be given, the periodical time 
will be as the diameter of the wheel directly: let 


us now ſuppoſe the velocity of the circumference 
of the ſame wheel to be in any caſe increaſed; then 
will the periodical time be diminiſhed in a contrary 
proportion, and vice verſa; therefore if the diameter 
of a Wheel be given, the periodical time will be reci- 
procally as the velocity of the circumference; there- 
Fore. if neither the diameter nor the velocity of the 
circumference be given, the periodical time will be as 
the diameter of the wheel directly, and as the abſolute 


velocity of every point in the cireumference inverſely. 
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In numbers the periodical time will be as F. | 


— 
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Ex. 9. The relative gravity of any ſpecies of bodies is 
as the abſolute wiight of any body of that ſpecies diretth, 


and as its magnitude inverſely; where by the magnitude 


or bulk of a body is meant the quantity of ſpace it takes 
up, and not the quantity of matter it contains. 
All bodies of the ſame kind are ſuppoſed to wei 
in proportion to their magnitudes; and therefore if a 
body of any one kind be compared with a body of 
the ſame magnitude of another kind, the proportion 
of their weights will always be the ſame, let their 
common magnitude be what it will; and hence ariſes 


the compariſon in general of the weight of one 


ſpecies of bodies with the weight of another: if a 
cubic inch of gold be 1g times as heavy as a cubic 
inch of water, then a cubic foot of gold will be 2 
times as heavy as a _—_ foot * water, Sc. ; and 
we pronounce in general that gold is 19 times as heavy 
- as water, though we mean bulk for bulk. In this 


ſenſe therefore may any one ſpecies of bodies be ſaid 


to be heavier or lighter chan another, in proportion as 
any one body of the former ſpecies is heavier or lighter 
than a body of the ſame magnitude of the latter, which 


is the ſame in effect with the firſt part of my aſſertion. 


Let us now compare bodies of the ſame. weight, but 
of different magnitudes ; and then it will appear that 
the ſpecific gravities of theſe bodies, that is, of the 


ſeveral ſpecies to which they belong, will be recipro-—- 
cally as the magnitudes of the bodies compared: 


thus if a cubic inch of gold be as heavy as 19 cubie 
inches of water, then the ſpecific gravity of gold will 
be to the ſpecific gravity of water, not as 1 to 19, 
but as 19 to 1; for if one cubic inch of gold be as 
heavy as 19 cubic inches of water, then 1 cubic inch 
of gold will be 19 times as heavy as 1 cubic inch of 


8 


water; and therefore, from what has been ſaid in the 
former caſe, the ſpecific gravity of gold will he to the 
ſpecific gravity of water as 19 to . Put both theſe 
- Caſes together, and the relative gravity of any ſpecies 
of bodies will be as the abſolute weight of any one 


body 


globes were formed are as —— to = 


348 Of the Ompeſition and Boox vnn. 


body of that ſpecies directly, and as its magnitude 


inverſely. Thus if in numbers P and p be the weights 


of two globes whoſe diameters are D and d, the ſpe- 


cific gravities of the metals out of which theſe two 


Ex. 10. If a body as A gravitates toward tbe center 
of a planet as B at the diſtance D; I ſay then that the 
weight of A will be as the quantity of matter in A di- 
reftly, and as the quantity of matter in B direttl, and 
as the ſquare of the diſtance D inverſely. For the weight 


of the whole body A towards B ariſes, ceteris paribus, 


from the — of all its parts; and therefore in 
ſuch a caſe will be as the quantity of matter in 4. 
Again, the weight of A towards the whole planet B 
ariſes, ceteris paribus, from the weight of A to all the 
parts of B; and therefore in ſuch a caſe will be as 
the quantity · of matter in B. Laſtly, if the quanti- 
ties of matter in A and B continue the ſame, and the 
diſtance D be ſuppoſed tg vary, the great Newton has 
demonſtrated that the weight of 4 towards B will be 
reciprocally as the ſquare of the diſtance D. There - 
fore if neither the quantities of matter in A and B, nor 
the diſtance D be the ſame, the weight of A towards B 
will be as the quantity of matter in A directly, and as 
the quantity of matter in directly, and as the ſquare 


of the diſtance D inverſely, Thus if 4 and B be 


numbers repreſenting the quantities of matter in the 


bodies A and B reſpectively, the weight of Atowards B 


at the diſtance D will be as Sr, thet is, the weight 
of 4 towards B at the diſtance D will be to the weight 


of a towards ö at the diſtance 4 as the fraction = 
| —— > W 
is to the fraction A | 


 Henc 
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Hence the weight of 4 towards B will be equal to 
the weight of B towards 4, ſince both will be repre- 


Wi 


101% Tel 2 AB od 
ſented by the ſame quantity Ir. 
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Another way of treating the examples in the two 


laft articles.-\-v 1 gouboryg | 


- © 305+ I there be ever ſo-many quantities and theſe 
all beterogeneous to one another, we are at liberty to re- 
preſent them by what number we pleaſe, or even all by 
unity itſelf; provided we take care io repreſent all other 
quantities of like: kinds by proportionable numbers. Thus 
I am at liberty to call any quantity of time I pleaſe t, 
or any degree of velocity 1, or any quantity of ſpace 
1; but then I muſt take care to call a double time; 
or a double velocity, or a double ſpace, by the number 
2, and ſo on. This conſideration ſuggeſts to us ano» -. 
ther way of treating the examples in the two laſt ar- 
ticles, ſome what different from the former; which, 
as it may be explained by a bare inſtance or two, I 7 
ſhall give the learner as follo wo?: 
In the firſt example we were taught that the ſpace 
deſcribed'by a body moving uniformly for any time, 
and with any velocity, is in numbers as the time and 
velocity multiplied together; which may alſo be de- 
monſtrated thus: ſuppoſe that a body moving uni- 
formly in ſome known time called r, and with ſome 
velocity called 1, ſhall deſcribe a ſpace Which we will 
alſo call 1; then if in the time 1, and with the velo- 
city 1, there be deſcribed the ſpace 1, it is plain that 
in the time 7, and with the velocity 1, there will be 
deſcribed the ſpace T; but if in the time 7, and with 
the velocity 1, there be deſcribed the ſpace 7, then 
in the time 7, and with the velocity Y, there will be 
deſcribed the ſpace FT, and that, let the quantities 
Vand T be what they will; and therefore in all caſes, 
the ſpace will be as T = 


Again, 
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Again, in the ſixth example it was ſhewn that if 
any moving force as M be directly applied to any body 
whoſe quantity of matter is Q, the velocity thereby 


produced will be as . : for a future demonſtration 


whereof, let us ſuppoſe that ſome known force called 
1, when applied to ſome quantity of matter called 1, 
will produce the velocity 1; then will the force 2 ap- 
plied to the ſame quantity of matter 1 produce the 

velocity 23 but if the force 2 when applied to the 
quantity of matter 1 produces the velocity 2, then 

e ſame force 2 applied to a quantity of matter as 3 
will produce a velocity equal to a third part of the 
former, to wit 2; and for the ſame reaſon the force 
M applied to — quantity of matter as Q will produce 
the reloeit Y and therefore this velocity will al- 

It js not impoſſible but that ſome of my leſs judici- 
ous readers may be incli ned to think I have ſpun out 
this ſubject to too great a length: but I eaſily per- 
ſuade myſelf that there are none who have thoroughly 
conſidered the very great uſefulneſs and importance 
of this doctrine, . eſpecially in Mechanical and Natural 
Philoſophy, but will readily acquit me of this charge; 
and the more ſo, becauſe none that I know. of have 

1 d theſe matters into a ſyſtem, or have written 
ſo diſtinctly upon them as the importance of the ſubject 
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requites. 


THE | 


— 


3 ” 
1 Py 
# * 


+4 % 13 it» — 7 


ELEMENTS. or AL KB RA. 


4 n S <A 4 O74 53 * %Y bo * 135 Ts. F ' 3 g 
: T4 4X #S wa 3 » Sa. yo} 8 188 & % #S k S.. ö 9 4 


0 7 . 


2 4 Fs 12 & D 1 
* 4 


BOOK. VI. ART u. 
Y zn, ee ee. Cones. and Se 


8 LJ. * 


= ; : LY 
A 6 2 


"ANY. of the following articles concern- 
the circle, ſphere, and cylinder, are 


ſtrated another way: and though tl 


are not many of them, and as they are a ſort of ſup- 
plement to Euclid Geometry, I have been prevailed 
upon to inſert them here, for the ſake of thoſe who 


can. Moreover, as Euclid's doctrine of ſolids is 


Elements, I have not ſcrupled to transfer ſome of the 
chief properties of cones and pyramids into this book, 

and to demonſtrate them after a more eaſy and ſimple 
manner. And laftly, as the menſuration of the circle 


linder, cone and ſphere, I ſhall before I enter upon 
hi reſt, oy os eee Wer en tix ye delivered upon 


haves. no immediate relation to Algebra, yet as chere 


cannot read Archimedes, and for the caſe of thoſe W 
ſome what hard of digeſtion as it is delivered in the 


is abſolutely neceſſary to the menſuration of the cy- 


1 Lanna 


en out of Archimedes, but — 


* 
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340. Fin a right-angled triangle one of the acute 
angles be thirty degrees, or a third part of right one, 
the oppoſite fide will be equal. to half the hbypotenuſe. 
r = 

Kee ABC be a right-angled triangle, rightangled 
at B, and let the angle BAC be 30 degrees; I ſay 
then that the oppoſite fide BC will be half the hypo- 
renuſe AC. | 

For producing CB beyond B to D, ſo that BD 
may be equal to BC, and drawing AD, the two tri- 
angles ABC and ABD will be ſimilar and equal; 
therefore the angle CAD will be 60 degrees, and the 
lines AC and AD will be equal; therefore the other 
two angles at C and D will be 60 degrees each, and 
the triangle A0 will be equilateral ; therefore the 
line BC, which is the half of CD, will alſo be the half 
e. D. | | 

4 nc Abi fe EMMA (Nr. 40, 50. . 
341. Let, ABC be à right-angled triangle, \ right- 
angled. at B; and ſuppoſing two ſimilar and equilateral 
polygons, one to be. circumſcribed about à circle, and the 
other. to be inſcribed in it, let the: angle BAC be equal 
io half ibe angle at the center ſubtended by a fide of 
either polygon : I ſay then that AB will be to BC as 
the diameter of the circle to the fide of the circumſcribed 
polygon ; and. that. AC will be to BC as the diameter of 
the circle is to the fide of the inſcribed polygon. 
Loet D be the center of the circle, let EFG be a 
ſide of the circumſcribed polygon, touching the circle 
in the point F, and let H be the fide of a like poly- 
gon. inſcribed, and let HK and EG be ſuppoſed par- 
alle}, ſo as to ſubtend the ſame angle at the center. 
Draw the lines DHE, DIF, DRG; then will the three 
triangles ABC, DEF and DH1 be ſimilar, having the 
angles at B, Fand I right, and the angle BAC being 
equal to the angle EDF by the ſuppoſition; 


— — — — ——— 


Art. 341, 342. The Menſuration of the Circle, 333 
AB will be to BC as DF to EF, or as 2DF to EG, 
- that is, as the diameter of the circle is to the ſide of 
the circumſcribed polygon ; and A will be to C as 
DH to HI, or as 2DH to HK, that is, as the diameter 
2 the circle is to the {ide of the inſcribed polygon. 
F the angle BAC be à 48th part of a right one, AB 
vill be to BC as the diameter of any circle is to the fide 
of a regular polygon of 96 ſides circumſcribed about it, 
and AC will be to BC as the diameter is to the, fide of a 
lite polygon inſcribed. For if the line HIK be the ſide 
of an inſcribed regular polygon of 96 ſides, the arc 
HK will be a 96th part of the whole circumference, 
or a 24th part of a quadrant, and the arc HF a 48th 
part of a quadrant z whence the angle EDF or HD 


will be a 48th part of a right angle. 
8 : A THzoOREM. 


342. The circumference of every circle is ſomewhat more 
| than three diameters, (Fig. 51.) | 
Let AB be the ſide of a regular hexagon inſcribed 
In a circle whoſe center is C, and draw AC and BC: 
then will the angle at C in the triangle ABC be 60 
degrees, as containing a ſixth part of the whole cir- 
cumference z therefore ſince AC and BC are equal, the 
other two angles at A and B will be 60 degrees each; 
therefore the triangle ABC will be equiangular, and 
confequently equilateral ; therefore AB will be equal 
ro AC, and 6AB to 6AC; but 6AB is equal to the 
perimeter of the inſcribed hexagon, and 6AC is equal 
to three diameters ; therefore the perimeter of a regu- 
lar hexagon inſcribed in a circle is equal to three times 
the diameter of that circle: whence it follows that 
the circumference of the circle itſelf will be ſomewhat 
more than three diameters, . E. D/ 


* : Py 
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343. If the diameter of a circle be called 1, the circum- 
| ference will* be ſomewhat leſs than 3 75 and ſe me- 
| what | greater than 3 _ 

| 71 


The demonſiration of the firſt part. (Fig. 5 2.) 
Let ABC be a right angle, in which inſcribe the 
lines AC, 4D, AE; AF, 4G in the manner follow- 
ing: make the angle BAC a third part of a right one, 
BA a 6th part, BAE a 12th part, BAH a 24th part, 
and BAG a 48th part: then will AC be double of BC 
by the 340th article, and AB will be to BG as the 
diameter of any circle is to the ſide of a regular poly- 
gon of 95 ſides cicumſcribed about it by the 341ſt 
article. Moreover, as the line 4D biſects the angle 
BAC, we ſhall have as AB to AC fo BD to 
by the third of the ſixth book of the Elements; 
and by art. 330 *, AB-|-AC is to AB as BC is to BD; 
and by permutation, AB-j-AC is to BC as AB is to 
BD: therefore if BC be divided into any number of 
equal parts, how many ſoever of theſe parts are con- 
tained in the ſum of the lines 4B and A, the ſame 
[number of like parts of BD will be contained in the 
line 4B alone; as if BC be divided into 10000 equal 
parts, and the ſum AB 4C contains 37320 of thoſe 
parts, then if the line BD be divided into 100c0 
equal parts, the line AB alone will contain 37320 of 
them. After the ſame manner it may be demonſtra- 
ted, that whatever parts of BD are contained in the 
ſum of the lines AB, AD, the ſame number of like 
parts of BE will be contained in AB alone, and ſo on: 
| whence we have the following proceſs. Ig 
aſt. Let BC be divided into 10000 equal parts, or 
(which is the ſame thing) let BC be called 10000; 
: * See the Quarto Edition, p. 539. : 
then 


Art. 343. The Men/uration of abe Circle. 355 
then will AC be 20000, and conſequently AB will be 
greater than 17320, and 4B. - AC will be greater than | 

320. 
hikes Therefore if BD= 10000, AB will be greater 
than 37320, 4 33 chan 38636, and Nn 
greater than 73956. | 

3dly, Therefore if BE==x: 0000, AB will be greater | 
than 75956, AE greater than n and e 
greater than 152567 

Athly. Therefore if E 18000, AB will be greater | 
than 152567, AP greater than 152894, and AB-AF 


7 grams than 305461. 


5thly, Therefore if BG=10000, A will be greater 
than 305461 : therefore e converſo, if AB be ſuppoſed 
equal to 305461, BG will be leſs than 10000: but it 
was ſhewn' before that AB is to BG as the diameter of 
any circle is- to the ſide of a regular polygon of 96 
fides circumſcribed about that circle; theretore if. the 
diameter of any circle be called 205461, the ſide of 
ſuch a polygon” will be leſs than 10000, and the 
whole perimeter leſs than 960000; therefore the pe- 
rimeter of ſuch a polygon will be leſs than the product 


of the diameter multiplied into 3 771 for 


305461 Noa =960020 * therefore if the diameter 


of any circle be called 1, che perimeter of a regular 
polygon of 96. ſides circumſcribed about it will be 


leſs than 3 — 85 but the circumference of every circle 


is leſs than thid perimeter of any polygon circumſcribed 
about it; therefore _ circumference of the circle wall 


ſtill be leſs than 3 JP: Ss E. D.- 


Z2 = " 
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The demonſtration of the ſecond part. (Fig. | 5 3} a 


Let ACDEFGB be a ſemicircle whoſe diameter is 
AB, and in this ſemicircle let the lines AG, AD, AE, 
AF, AG be inſcribed in the manner following: make 
the angle BAC a third part of a right one, BAD a 
fixth part, BAE a 12th part, BAF a 24th part, and 


BAG a 48th part, and join BC, BD, BE, BF, BG, © 


then will AB be double of BC, and AB will be to BG 
as the diameter of any circle is to the ſide of a regu- 
lar polygon of 96 ſides inſcribed. Let AD cut BC 
in H; and by the demonſtration of the firſt part of 
this theorem, AC 4B will be to CB as AC to CH, 
fince by the conſtruction the line AZ biſects the angle 
BAC: but the triangles ACH and AD are ſimilar, 
having the angles at C and D right, as being in a 
ſemicircle, and the angle CA being equal to the 
angle DAB; therefore AC will be to HC as AD to 
BD: but it was before demonſtrated, that as AC is 
to HC ſo is AB4AC to N; therefore as 45 -A is 
to BC ſo is AD to BD; and whatever parts of BC are 
contained in the ſum of the lines AB, AC, the ſame 
number of like parts of BD wilt be contained in the 
line AD alone : whence the following proceſs. | 
- Iſt, Let BC=10000; then will 4B:=20000, 40 

will be leſs than 17321, and AB AC will be leſs than 


321. | | 
Ns, Therefore if BD==10000, AD will be leſs 
than 37324, AB will be leſs than 38638, and 
ABA will be leſs than 75959. 5 E 

zdly, Therefore if BE=z10000, AE will be leſs 
than 95959, AB will be leſs than. 76615, and 
AB AE will be leſs than 152574. * 

Athly, therefore if BF=z10000, AF will be leſs. 
than 152574, AB. will be leſs than 152902, and 
ABA will be leſs than 305476. 

sthly, Therefore if BG=1o0000, 4G will be leſs 
than 305476, and 4B will be leſs than 305640; 

| a therefore 
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therefore e converſe, if AB be equal to 205640, BG 


will be greater than 10000: but A is to BG as the 
diameter of any circle is to the fide of a regular poly- I 


gon of 96 ſides inſcribed in it; therefore if the diameter 


of any circle be 303640, the ſide of ſuch an inſcribed. 
polygon: will be greater than 10000, and its peri- 


meter greater than 96000 therefore the perimeter 


of ſuch a polygon will be greater * the product of 


223 , 
Fats 


the diameter. multiplied into 3 Tha : for 


eber dessen therefore if the 4 


meter of a birde be called 1, the perimeter of a regu- 
lar e of 96 ſides inſcribed in it will be greater 


than 3 77 : but the circumference of every circle is 


greater than the perimeter of any inſcribed polygon; : 
N ee of this circle will ve or 


Thus then "if the d of a circle be called 1 85 


the circumference mult lie between wes 'two very 
narrow limits, to wit, 2 * and 3 - — - the whole 


| difference of theſe limits is but — _ 1 by 


- 49 
this method, the circumference of a circle is deter- 
mined to a 497th part of the diameter. 


. The mel compendious way of obtaining the numbers 


in the laſt article. 


\ 


344+ If. any one has a mind to examine the fore- 


going calculations, it may not be amiſs to let him 
n 


ow, that the hypotenuſes of the triangles ABD, 


ABE, ABF and ABG (Fig. 52, 53) may be com- 
| puted without either os the greater leg, or ex- 


y 3 LL tracting * 
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tractin e more conſiderable part of the ſquare'root. 
As if AD (Fig. 52, ) the hypotenuſe of the triang 
 - ABD in the firſt part be required, having given 
3732 and HD 10000, the method I Aſe i is? as follows: 
iſt, Whatever the hypotenuſe 4 may” 'be, this is 
certain, that the greater leg AB will be equal to a 
conſiderable part of it; and therefore if "AD be to be 
found by a ſeries, as is uſual in extracting the ſquare 
root, it will be proper to, make AB the firſt term; 
and hence it is that I call 37320 = AB my firſt foot 
Again, as the ſquare of AD is to exceed the ſquare of 
* AB by the ſquare of BD, that is, by 100000000; 
this number I call my firſt reſolvend, and then doub- 
ling my firſt root, the product 74640 I call my firſt 
"diviſor, ang ſo am Prepared for hy" following _ 
ration. 
2dly. Thus prepared, T-divide my firſt refolvend | 
by my firſt diviſor, and the firſt figure of the quo- 
tient (for I am concerned for no more at preſent) I 
find to be 1, which, as it comes out of the Rhe of 
thouſands, ſignifies 1000; this number therefore 
100 I add to my firſt root, and ſa. have 36320 
for a more correct or ſecond root. The ſame num- 
ber 1000 I add allo ta my firſt diviſor, and then 
- multiplying the ſum 76640 by 1000, the number 
that was added, 1 ſubtract the product 75640000 
from my firſt reſulvend, and there remains 24360000 
this I call my ſecond reſolvend, and the double of my 
* ſecond root, to wit 76640, I call my ſecond Aiviſor, 
and io proceed to the next operation. 
 . 3dly, Now 1 divide my ſecond reſolvend by my 
| ſecond diviſor, and the firſt figure of the quotient is 
3, which, as it comes out of the place of hundreds, 
lignifies 300; therefore I add 300 to my ſecond root, 
and fo have 38620 for my third root: the fame num- 
ber 300 I alſo add to my ſecond diviſor, and the 
ſum 76940 I multiply by 300, and the product is 
23082000, which, being ſubtracted from my ſecond 
reſolvend, leaves me 1278000 for e a third reſolvend, 


and 
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and the double-of-my:third-root, to wit 77240, I have 
for my third diviſor, "vs 
0 5 I divide my third reſolvend by my third 
diviſor, and the firſt figure of the quotient is 1, 
which . ſignifies 10 ; therefore I add 10 to my third 
root, and fo have a fourth root 39630: moreover 
adding 10 to my third diviſor, the ſum is 77250, 
which being multiplied by 10, and the product 
772500 being ſubtracted from the third reſolvend, 
leaves 505500 for the fourth reſolvend,.' and the 
double of 'my fourth root, ro wit 77260, makes a 
fourth diviſor. + EN r e 
- 5thly and laſtly, I divide my faurth-'refolvend' by 
my fourth diviſor, and the neareſt quotient too little 
is 6; therefore I add 6 to my fourth root, and fo 
have a fifth root, to wit, 38636, which is the neareſt 
root leſs than the true that can be expreſſed in whole 
numbers: therefore the hypotenuſe AD is greater 
than 38636. 5 TG SG | 
Phe reaſon of theſe operations will not be difficult 
to any one who thoroughly underſtands the foundation 
of the common method of extracting the ſquare root. 


Van Ceulen's numbers A the circumference 


P a circle whoſe diameter is 1, 


345. This method of Archimedes is capable of be- 
ing purſued to any degree of exactneſs required: nay 
Ludolf Van Ceulen has computed the circumference of 
a circle” to no fewer than 36 places, upon a ſuppo- 
ſition that the diameter is unity. His numbers ex- 
preſſing this circumference are, 55 
3 «1475 9265 3589 7932 3846 2643 3832 7950 288 +. 
But ſince the invention of fluxions by its great author 
Sir Iſaac Newton, he (Sir Jaac) has from this me- 
thod drawn ſerieſes almoſt infinitely more expeditious 
than the biſections of Archimedes or Van Ceulen, where- 
by the circumference of a circle may be computed to 
12 or 13 places in little 12 than half an hours's time, 
141900 * 4 | - 2 


d, &c; Boox VIII. 
as Doctor Halley from his own experience aſſures 
us. A C 
"Note, that Metins's proportion of tbe diameter of 
2 circle to the circumterence is as 113 to 3335, the 
- moſt aceurate of any in ſuch ſmall numbers. (See 

ii 


u, hy the circle cannot be ſquared geometr ically. | 


346. If, having given the diameter or ſemidiame- 
ter of any circle, a right line could be found exactly 
equal to the circumference, whether ſuch a line 
could be expreſſed by numbers or not, the circle 
might be ſquared as well as any right-lined figure 
whatever, that is, a ſquare might be conſtructed whoſe 
area would be equal to that of the circle, which I thus 
demonſtrate. act] i cul 9, 
Let 27 repreſent the diameter of any circle, and 
26 the circumference; then will 7c, the product of 
the radius into the ſemicircumference,: be its area, by 
cor. 4 in art. 311 f. Let now x be the {ide of a ſquare 
whoſe area is equal to that of the circle, and we 
ſhall have xx rc; whence x will be a mean propor- 
tional between 7 and c, and may be found by the 
13th of the ſixth book of the Elements. But it 
is impoſſible upon Euclid's poſtulata, having given 
the diameter or ſemidiameter of any circle, to find a 
right line exactly equal to the circumference z and 
therefore the circle cannot be ſquared upon the ſame 
foundation on which we are taught to ſquare. all 
right-lined. figures; and hence it is that we ſay, 
the circle cannot be ſquared geometrically. But as 
the three poſtulata of Euclid, how ſimple ſoever they 
may appear in theory, are never a one of them capa- 
ble of being perfectly executed, but that errors muſt 
neceſſarily ariſe in drawing and producing lines, 
in taking the diſtances of points, &c.; and as from 
theſe, errors others mult neceſſarily ariſe in ſubſequent 


* See the Quarto Edition, p. 282. 1 Ibid, p. 504. 
"I 95 operations 
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A. 346, 347+ — from the mugftte be. 361 
operations; and laſtly, as the circumference of a circle 
may be had from the diameter in numbers, to any 
aſſignable degree of exactneſs, it follows that in 
praQtice, a circle is as capable of being ſquared as any 

other figure whatever that is not a ſquare. : 


' _ , ., Corollaries drawn from art. 343. 


347. From the 34 3d article may be deduced ſeveral 
5 corollaries, ſome the moſt uſeful whereof are inſerted 
here as follows: © 

iſt, The diameter of every. circle is to the circumfer- 


ence ar 7 to. 22 nearly : for I is 0 386 


7 


ps „ its area will 
bets for as 7 is to 92 ſo is & the diameter to 


== the circumference 3 and i £ the reds be 


multiplied lato Ark the ſemicircumference, the pro- 


duct 4 be the area, by corollary inert 311%, 


3d, p Bi we have a ready way, having. the diame- 
ter of any circle given to find its ares, and vice ve 
without the - mediation of the circumference, by ſaying, 
as. e een, N 00 
to the area ſought. But if the area be given, in or 
"to find the diameter, the proportion muſt be reverſes 
by ſaying as 11 is 10 14, 5. T4 the given area toa fourth, 
which fourth uumber will be the ſquare of tee diameter, 
and its ſquare root the diameter itjelf. 
4th, Arguing as in the two laſt corollaries, If the 
diameter of a circle be to the circumference as a tg b, 
then the ſquare of the diameter of any circle will be to its 


area as 4a to b; and vice verſa, the area will be to the 


ſquare of the diameter as b to 4a. 
* See the Quarto Edition, p. 504+ 


5th, 


362 Corollaries drawn from the Meaſure, &c. Bog VIII. 

zth, The circumferences of. all' circles. are as - their 
#55. 46 oh or 8 and their. areas as the 
Nuares of ube diameters or ſemidiameters. For if d and 
ebe the diameters of two circles, their circumferen- 


1224 14 d 224 22e 
ces will be — a and 1 — 77 


7 
(dropping the common N 7, and "> 
common factor 22) as d to &. x AN "the area of 


the circle whoſe diameter i is d is e as in the ſe- | 


wy 


cond corollary ; and for the ſame reaſon, the area 


Fee 
of the other circle whoſe diameter is e is = - and 


_— 7 


.11dd.. ee 
A to 1 as dd R therefore the n- 


Aeg ces of all citeles are as their diameter, and 
their areas as the ſquares of their diameters. And 
ſince the halves of all quantities are as the wholes, 
and the ſquares of the halves as the ſquares of the 
wholes, it follows alſo that the circumferences. of cir- 
cles are as their ſemidiameters, and their areas as the 
#1 uares of the ſemidiameters. . 

6th, F there be three circles ſuch, that the fum 
of the "ſquares. of the ſemidiameters of two of them is 

ual to the ſquare of the ſemidiameter of the third , 
7 ſay then 925 the areas of the tuo firſt. circles be | 
* together will be equal to the area of the third. For 
Jet a, b, c repreſent the ſemidiameters of the three 
circles, and let a ck: ſince then the ſemidiame- 
ter of the firſt circle is 2, the diameter will be 2a, 
and the ſquare of the 15 44a: but as 14 is to 


1 po is 3 446 to ORE: 17 therefore che area of 


the firſt circle will bee 770 by the third Se 5 and 


for the ſame reaſon, the areas of the other two cireles 


A. 347, 348. . 363 
22 þ* 


will be —— and? a" ade at wad 


EEE RE 


' 
288. 1 i s oo bd = 
therefore 


- 4 * a Mo & 21 
5 — —_— : 


„ 
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NV. B. This laſt corollary i is not demonſtrated in 
the z rſt of the ſixth book of the Elements, as ſome 


may imagine, that demonſtration not reaching farther 
than right- lined figures. 


The following eaſy problems may ſerve to then 
fore uſes way _ NN denen 


ENI 4 | wt 


PO I. n = 2: 


34 8. To fd the proportion between the diameter of any 
circle and the. fide of an equal ſquare. 

Call this. diameter 1,. and by the ſecond corollary 

in the foregoing article, the area of this circle will be 


. _— and the ide of a ſquase whole : area is 


= will be LN Birdie! the diameter of any 
"circle is to the! fide of an equal {quare as 1 to 
JR But becauſe this fraction 147 though * 


14 

ſerves well enough for common purpoſes, is not 
accurately true, and, becauſe its ſquare root cannot 
be accurately expreſſed i in numbers neither, to reduce 
the error (for there muſt be an error) to a more 
ſimple point, let c be the circumference of à circle 
whoſe diameter is 1; and the area of ſuch a circle, 
that is, the p roduct wal * owe into the ſemi-' 


circumference, will be - x = — = =; and the made 
| an equal ſquare will be 75 : war according to 2 


a Cala. 923 2475936536 and — 2. 785395 1634 
55 1 


*A G 


| The foregoing ing Corollaries applied Boox VIII. 
* 88623; therefore: the diameter of a ci. 


cle is to the ſide of an equal ſquare as 1 to . 88623. 
or as 100000 is to 88623: ſuppoſe the proportion 
to be that of 100000 to 8862 5, which makes but 
an error of 2 in the fifth place, and then multiply- 
ing both terms by 8, Err will be that of 
800000 to 509000, or of 800 to 709; therefore 4. 
800 is to og, ſo is the diameter of. any bit. 
op ung nearly true to five places. £3774 or! 
f the diameter of a circle be 9 yards, the 
ſide of an equal ſquare found as above, will noterr an 


5 Fd pot of an inch. 


18 kT A 82 
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* Ti 15 the ſemidiameter of a circle that will com- 
2 


within its aha aid F quantity of an acre of 


* acre of land contains 4840 ſquare yards, and 
therefore this muſt be the area of our circle. Sa 
then, as 11 to 14, ſo 4840 to 6160; and 'this 1a 
number will be the ſquare of the diameter, by the 
third corollary in art. 347; whence the diameter itſelf 
will be 78.486 yards, and the ſemidiameter 39 +243 

: * that 1 is 39 yards 84 inches . Fs 


| >. PROBLEM 3. 

jy a 06. nfs avs 
| e,, e en 
col 4 aa. 


Let c be the length of the ſtring, and conſequently | 
the circumference. of the circle made by it, and the 


| Flamerer of the circle. will be 2 the ſemidiame- 


4 "3 


ter 15 and 5 area 2 Suppoſe now this ſtring | 


to be  Alipoſed into the form of a * and the 2 
; 8 


ilfe ha. gg. 1 


: . # 
Y 


* 


5 


Art. 350, 361. tothe Solution W 3636 
of this ſquare would be —, and its atea'— 5» 1d the 
3 N N the un ef the circle as 


, that i i — 8 1 — or as 11 wo 
7 5 as 4 16 * 88 : 


I4: 3 As 11 1 4% 14. ſo is the area con 
bended by the the firing when-in farm of a ſquare, ta the 
area comprebended 2 ihe ſame ring when in form of a 
circle. Q. E. I 


N. B., By the ſer here given it appears, that ir 


c be the circumference, of any circle, its area will be 


1 z and conſequently that As 88 zs to 7> fo is the * 


8s * 
ſquare of tle ee, eee 


7 __ 
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351. 1 is required to divide a given <p into any. 
eter of equal parts by means of concentric circles 

drawn within it. (Fig. 54.) 

Let A be the center, and AF be the ſemidiameter 
of the circle given, and let it be required to divide 
the area of this circle into five equal parts by means 
of four concentric circles deſcribed within the former, 
and cutting the line AF in the points B, C, D, E, 
that is, let the area of the circle AB, and the areas 


of the annuli BC, CD, DE, and EF be ſuppoſed all 


equal; then the circle AB will be + of the whole, 
the circle AC 4, the circle AD 2, Sc.; and the area 
of the circle AF will be to the area of the circle A 
a8 5 to 1: but the area of the circle 4 is to the 
area of the circle AR as the ſquare of the ſemidiame- 
ter AF is to the ſquare of the ſemidiameter AB, by 


cor. 5, in art. 3473 therefore A is to AB* as 5 to: 


but AF* is given by the ſuppoſition; therefore I, 
and conſequently B the ſemidiameter of the inmoſt 
circle is given. In like manner Af is to au as 5 

to 


to 2 ; 8 A C the e of th next * 
__ dawg is "gens and 0 of 1 reſt, V E. IJ. 


PR 4111 1 


PropLEM 5. 


3 5 2. 2 makes a tour round FY — — ne · 
| _ ceffarity take a larger compaſs with his head than with | 
his fret: The que/tion is, how much larger? 

Let A (Ng. 55.) repreſent the center of the ear. ö 
AB its ſemidiameter, B C the traveller's height, 
A the ſemidiameter of the circle deſcribed by his 
head: let alſo 6 repreſent the circumference of the 
circle whoſe ſemidiameter is AB, and c the circum- 
ference of the circle whoſe ſemidiameter is AC, and 
c—þ will be the difference we are now enquiring into, 
which may be thus determined. 

By the fifth corollary in art. 347, AC is to AB as 
c is to 5; and by diviſion of proportion, BC is to 

AB as c- is to ö; and alternately, BC is to c—b as 
AB ͤis to 6, Let J be the circumference of a circle 
whoſe ſemidiameter is BC, and BC will be to d alſo 
as AB to þ; therefore BC is to d as BC is to Comb ; 
therefore Cd. that is, The traveller*s bead will 
paſs through more foace than. his feet by the circumference 
of a circle whoſe ſemidiameter is his own length: as if the 
man be 6 feet high, his head will travel farther than 
his heels by 37 feet 85 inches nearly, and that whe- 

ther the ſemidiameter A be greater or r leſs, or nothing 
at all. | 


PROBLEM 6. 


35 3. It is required, having given the depth and the dia- 
meter of the baſe of any ee weſſel, to find its con · 
tent in ale gallons. 

| ere! it muſt be obſerved, than in the . 

of a ſolid, all its dimenſions mult be taken in the 

fame kind of meaſure: as, if any one dimenſion. be 
taken in inches, the reſt muſt be taken ſo'too, and 
then the number repreſenting the content of any 
ſolid 


Ak 353, eg © Colitis and Pyramid. 5 


ſolid will be the number of cubic inches to which that 
ſolid is equivalent, 
Let then a be the I altitude of the cy lindrical 


veſſel ro be meaſured, 4 the diameter of 15 baſe, 


will give 


a number: of ſquare inches equal to the baſe, and 
this area multiplied into the altitude a, will give 
11 add 


-» A number of cubic inches equal to the ſolid 
14 
content of the veſſel : but 282 e conſtitute 

an ale gallon; and therefore if 7 the ſolid con- 
tent of the veſſel, be divided by 282, the quotient, to 
ne will be the number of gallons therein con- 


4 
tained. Inſtead of 3948 put 3949, which will make 
no conſiderable ar 7gpo in ſo great a denominator, 


and the fraction 2 — (dividing both the numera- 
3949 


tor and denominator by 11) will be l to add 
O20, 

* whence the following canon: 
Having taken both the depth, and the PERU of the 
baſe in inches, multiply the ſquare of the diameter into the 


depth of the veſſel, and the produt? divided by 359 will 
give the number of gallons required. | VN 


N. B. This ſubſtitution of 3949 inſtead of 3948 


and by che ſecond oorollary i in art. 347, 2 


11 
wit, 


corrects about 5 of the error that would otherwiſe 


have been 3 in ſuppoſing the ſquare, of the 
diameter of the baſe to be to its area as 14 to 11. 


PROBLEM 7. 


354. To meaſure a fruſtum of a cone, whoſe perpendicular 
altitude and the diameters of the two baſes are given. 


N. B. 


r re 2 2 ⅛¶—ͤ“ödh.. ]˙ . ——. 


368 Of Cylinders, Priſins, Cones, Book VIII. 
N. B. By a fruſtum of a cone I mean a cone 
N its top cut off by a plane parallel to the 


_ Tot the iſoſceles triangle "ABC (Fi 56. Y repreſent 
+ the ſection of a cone made throu 0 . its axis AD, 

and let EF be any line parallel to t Go baſe. BC, cut- 
ting AB in E, AC in F, and the axis AD in yk, then. 
will the b erer BEFC de the ſection of a fruſtum 
of this whoſe perpendicular altitude is Dd. 
Call BC, _ diameter of the greater baſe, g; EF, 
the diameter of the leſſer baſe, /; and Dy the 
height of the fruſtum, 5: call alſo 4D, the un- 
„ | — altitude of the whole cone, xz and conſe- 
5 quently Ad, the altitude of the cone to be cut off, 
© *; and from the ſimilar triangles ABC, AEF 

we have this proportion; AD is to Ad as BCis to EF, 
| that is, according to our notation,. x is to #—+ as g 
W to /; whence, by multiplying extremes and means, 
| we have gxy—gb==/x, and x, or the altitude of the 


h 
cone, equal to Fon In like manner if from the 


| value of x we ſubtract þ, the altitude of the fruſtum, 
Fi we ſhall find Ad, or the height of the cone to be cut 


off, equal to 5M Now the ſolid content of every 


T= 
cone is found by multiplying the baſe into a third 
| part of its altitude; therefore ſince the baſe of the 


cone ABC is 2 and its altitude — | is ſolid 


3 
content will be => x XXX: in like manner the 
_—_— X 2 X 
2383 


ſubtract the latter cone from the former, and 


14 
there will remain - the ſolid content of the . 
1 BERN 


. 


* 
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———— “33 5 
BEN equal to & N : but the fraction. 
3 8 * „ LS. #:3 2 FAY , 3 , 14 ! * 13 2 As ' s SES] | : 


O Bay be reduced oö an integer by dividing te. 
numberator by the denominator, and the quotient will - 


be ggg; therefore the ſolid content of the 


 fruſtum BEFC will now be erpreſſed thus, ETA 


1 „ | | 
Xx M — Whence ve have the following ca- 
non: e 1 
Ad the ſquares and the refangle 


* HA 
. 4 TL I 


of the tevo given 


| diameters together z, multiply. the ſum into à third part 


of the given altitude, and the product will be 'the 


fruſtum of 4 pyramid of | the ſame height having 


| ſquare: baſes whoſe ſides are equal 10 the tt diameters 


* 


given ; and as 14 if to 11 ſa vill this fruſtum be to b 
fruſtum ſaught. Q. E. 1. A a 


VN. B. 1ſt. Since a cone differs nothing from a 
fruſtum of a cone whoſe leſſer baſe js equal to no- 

thing, if be made equal to nothing in the foregoing 
canon, it ought. to give the ſolid content of a cone 


| whoſe height is b, and the diameter of who'e baſe. 
is g: and ſo. ir will for then F EHU x 5 


8 a r 


\ 


.  2dly, Since a cylinder may be conſidered as a 


| fruſtum of a cone whoſe baſes are equal, if / be made 


equal to g in the foregoing canon, it ought: to give 
the ſolid content of a cylinder whoſe height is b, and 


the diameter of whoſe baſe is g: and fo we find it 
Will; for g- Nee Ne * = in this caſe becomes 


3 3 11 1 "i 
SN 
SES JON. HO. 


: 4%. 8 
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.  $dly, If the leſſer baſe of the fruſtum be ſuppoſed 
to be increaſed till it comes equal to the greater; 
and if, on the other hand, the greater baſe _ be'fup= 
poſed to be diminiſhed till it becomes equal to that 
which was the leſſer baſe before, the ſolid content of . 
the fruſtum will be the ſame as at the firſt; and therefore 
if che foregoing canon be. juſt, it ought.not to be 
altered by c 

other: which is true; for gg4-g/4-// by this:means 


My = becomes gb es, which is the ſame ol 5 


. ſolving this laſt problem it is taken for granted 
that every cone is the third part of a ere g 
the fame baſe and height; Which may ſafely be done, 
ſince Euclid has demonſtrated it in "he roth of the 
twelfth book of the Elements: but becauſe Exchid's 


doctrine of ſolids is not ſo eaſy to the imaginations of 


young beginners, I ſhall (in another place) give 
another demonſtration of this propoſition, indepen- 
dentliy of any thing that has here been aid. 4 


A Lunn. (kx. + hy 


25 5. Let ABC be amy curvilinear / ſpace | 
3 0 between two ſtraigbt lines AB a Aa ies - iP 


angles to each other, and a curve as BC concave to- 


warde AB; and from any tuo points D and E: inthe 
line AB let the lines DF and EG be drawn parallel to 
*the baſe AC, and terminating in "the _ at ——4 
"points F and G, and Compleat the pur 

*"DEGH : zhen it is plain that the ber 
*DEGF will be greater than the parallelogram DE 

But what I bere propoſe to e ig, that” if * 
line EG be ſuppoſed to move towards DF in a poſition 
always parallel to itſelf, and at laſt to toincide with 
DF, the nearer EG approaches to DF, the nearer will 
the ratio of the curvilinear ſpace DEGF te the ha- 
ralle ogram DEGH approach towards a ratio of equitty, 
and that it will at luſt terminate in a ratio of equality 
when LG coincides with DF. 


For 


anging the quantities g and / one for the 


A. £2 ee — en _. 
| pag ho lelogram GH FK. the 
| Bea der D K ons be to ng paralleldgtam 
DE upon the ſame baſe as DF is to EG there- 
fore ehe erer ſpace DEGF will be to the pa- 
9 am DEGH in a leſt ratio than that f Q 
| hat is, though that ſpace. be greater than chis 
puralcogra yet the rativ.of the — to the lat- 
der is @ leſs ratio than chat of DF do 58: büt the 
neurer the line EG approaches towards DF, the nearer 
will che ratio of DF to EO approach towards a ratio 
of equality, and ic will at leſt become a ratio of ,equa- - 
ity when EG coincides with DF; - therefore a ſontiem, 
PI. 4 ultimate ratio * the curvilinear ſpace DHH to 
the parallelogram DEGH will be a ratio 2 4 


f ee it fllows, "that f e ſuppoſe abe , 
1 4 divided into @ certain number of parts, ſuab as DF, 
and theſe parts to be made the boſes of Jo many inſeflbed 
parallelograms, ſuch as is the parallelogram „ the 
more there are of theſe parallelograms, the nearer will 
the ſum of all the curvilinear ſpaces DEGF, that is the 
whole curvilinear ſpace ABC, approach towdrds the ſum 
- of all the inſeribed parallelograms and if we ſuppoſe 
the baſs of theſe parallelograms to be dittiniſhed, aud ſo 
[their number t0. be augmented ad infinitum, they-will 
male up the whole curvilinear ſpace ABC; {0 that the 
a 2 ABC will be to the ſum of all the inſcribed paral- 
 telograms ultimately in a ratio of equality. For letting 
aſide the parts infinitely near the point of interſeRion 
+, which will be of no conſequence in the account, 
let the parallelogram DEGH be that which, of all 
the reſt, differs moſt from its correſpondent curvili - 
near ſpace DEGF\ and the conſequence will be that 
the curvilinear ſpace ABC will be io the ſum of all 
the inſcribed parallelograms in a leſs ratio than that 
of the ſpace DEGF to the ſpace DEGI: but even 


- this ratio becomes at laſt a ratie of eqgylity, when 
DE is infinitely ſmall, by this lemma: whence it 
5 follovs a a that the ultimate ratio of the cur- 
| A 2 2 | vilinear 
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_-vilinear we ABC to the ſum of all. the inſcribed pa- 
rallelog rams will be a ratio of equality. . 
10 che myſelf - obliged to demonſtrate this 
| poſition, becauſe I have known it objected, that 
chddigh the difference between any particular = vt 9 
gram and its correſpondent curvilinear ſpace be al- ( 
ned wed to be/ infinitely ſmall when the common baſe. 
is ſo, yet how do we know but that an infinite num- 
ber of: theſe differences may amount to a finite..quan- 
tity ? . if fo, then the whole curvilinear ſpace can- 
not be ſaid to be to the ſum of all the inſcribed. paral- 
? rams in a ratio of equality. To this I anſwer, 


” that it muſt be the buſineſs of Geometry, to determine 


- whether an infinite number of thele infinitely ſmall 
differences amount to a finite quantity or not; and 
bp the demonſtration here given it appears that they 
do not, but that the ſum of all theſe differences actually 
diminiſhes as their number increaſes, and at laſt comes 
"i ann when their number is infinite. f 


A. LIM NA. (Pig. 57.0 


336. Suppofing the. line AB fill to keep. its HR 
Th Ie us imagine the 'wwhole ſpace vp to turn round it, ſo 
44 to deſcribe or generate a folid whoſe axis is AB, and 
tbe ſemidiameter of whoſe baſe is AC, and the inſcribed 
© parallelograms will at the: ſame time by their common mo- 
tion deſcribe ſo many thin cylindric laminæ, which, . taken 
all togetber, will be leſs 2 the ſolid generated by the 
_ ſpace ABC; but the more they are in number, the nearer 
they will approach te it, and their circular edges will at 
laſt terminate in the curve * ſurface of the lid woben their 
| munter i is infinite. 
+ For completing the perallelogtam GHEK. as be⸗ 
1 fold, the lamina generated by the parallelogram DK 
will be to the lamina generated by the parallelo 
D as the ſquare of DF is to the ſqu:re of EG, all all 
_ Circles being as the ſquares of their ſem diameters; 
© therefore the lamina generated by the curvilinear ſpace 
a D will be to * — n by the paral- 
. lelogram 


; ; 
% * 


jelogram DG in a leſs ratio than that of DR to Z 


| — when D and E coincide, DF vill be equal to 
and the ſquare of DF to the ſquare of EG; 
8 in this caſe, every particular cylindric lamina 
will be the ſame with a correſpondent lamina of the 
ſiolid s and componendo, all the cylindric lamna will 
cConſtitute the ſolid itſelf. This may alſo be further 
evident by applying the demonſtration in the Jaft. 
lemma to this caſe; Therefore we need. not ſeruple 
to ſuppoſe round ſolids, generated after the ſame 
manner as this is, to be made up of an infinite num- 
ber of infinitely thin cylindric lain: Nay even the 


Tone itſeh may be confidered as being ſo conſtituted :'+ * for 


F we ſuppoſe BC 10 be @ ſtraight line inſtead of 4 cur ve, 


the reaſoning of the laſt article and this will equally ſucceed ; 
in which caſe, the ſpace ABC will be en nn. | 
Mae generated a cane. | 
If ſolid — fte number of pn 
or cylindric laminæ, decreaſing in their diameter as they 
are farther and farther diſtant from the baſe; the ſurface 
of futh'a ſolid muſt" neceſſarily aſcend by ſteps : but "the = 
thinner theſe elementary laminæ are 3 their 
thinneſs to be compenſated by. 4 greater number) the 
narrower and the ſhallower theſe ſteps will be, ſo as- to 
2 at laſt in 4 r e Pw n n 
is ul te = 3 
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357. * iſo els tones” of egual beights are as their 
Js aſe ; that is, "the ſolid content of any one iſoſteles 
cone is to the ſolid content f any other of an equal 


height, as the baſe of the former cone is to the baſe of f 


_- tbe latter. © | 
— Note, that by an iſo oſeeles cone I mean a cone : whoſe 
. baſe is a circle, and whoſe vertex is every where equally 
diſtant from' the circumference of the baſe; and by-an 
iſoſceles pyramid is meant a pyramid having a regular 
© pobgen or its baſe, and whoſe vertex is equally diſtant 
From all the angles of that polygon: laſtly, by 1ſaſceles 
A 2 3 PDPiiſin 
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B, and producing the baſe B 
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priſms and cylinders are meant ſuch as tans tn 
4 polygons and circles far their baſes, and ore fo 
2 that a right line i Joining he centers of their ** 


5 laſu ii perpendicular to them. 


Let \4BC (Fig. 38.) be a r right-angled triangle at 

t to P, join AD; 
let alſo the hne EFG be drawn any where within the 
triangle parallel to the 'baſe BCD, fo as to cut A in 
E, A in E and 4DinG; then will EF be to BC 


as EG is to BD, ſince both are as AE to AB by ſimilar 


triangles: therefore, if they be taken alternately, EF 
will de to EG as BC to BD, and EF ro EG* as BC: 


to BD. This being allowed, let the triangle ABD 


be ſuppoſed to turn found the 6xed fide 4B; fo as to 5 
generate a cone whole axis is AB; then will the tri- 


| angle ABC generate another cone having the ſame 


common altitude 4B. Let hoth theſe cones be con- 


- ſidered as xr of an-infinite number of infi- 
'  nitely thin cylindric amine, and let EF repreſent. in- 


differently the ſemidiameter of any one of theſe lamine 


belonging to the cone ABC; then will EG be the ſes 


midiameter of a correſpondent /amina. belonging to 
the cone 48D; and the /amina whoſe ſemidiameter is 
EF. will be to the lamina whoſe ſemidjameter is 
EG, having the ſame thickneſs, as ER is to EG, or 
(according to what is already demonſtrated) as BC? 
is to RD*; that is, every particular lamina of the 

cone ABC; will be to a like Taming of the cone ABD 


as the baſe of the former cone is to the baſe of the 


latter : therefore componendo, the whole cone ABC 
will be to the whole cone ABD as the baſe of the 
former is to the baſe of the latter: but the planes 
ABCknd ABD may be ſo conſtituted as to generate 
any two iſoſceles cones whatever that have equal 


_  heighis; therefore if the heights of two iſoſceles cones * 
. be cqual. theſe cones will be 0 each other as chen 
baſes. 2 £. 8 
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. of an equal baſe and height. 
Let Þ repreſent any ifofesles pyramid, and C an 


iſoſceles cone of an equal baſe und height: I ſay then 
that the pyramid P will be equal to the cone C. "I 
To dembaſtrate this, imagine the pyramid P to 
have a cone, as c, inſeribed in it, fo as to touch every 


fide of the pyramid in ſo many lines of contact, and 


imagine the circumſcribing pyramid, and conſequently 
the inſcribed. cone, to be oi of an infinite 


number of infinitely thin Jamine; and every /amind 
of the circumſcribing pyramid will be to a corre 
pondent lamiua of the inſcribed cone as the baſe of the 


. pyramid is to the baſe of the cone. For the plane of 


every lamina that conſtitutes the pyramid will be a 
polygon ſimilar to the baſe, and the plane of every 


_ correſpondent lamina that conſtitutes the inſcribed 


cone wil be a circle inſcribed in ſuch a polygon: 
therefore componendo, all the lamina conſtituting the 
pyramid P will be to all thoſe that conſtitute the 
cone c, that is, the whole pyramid P will be to the 
whole cone c as the baſe of P is to the bale of c: but 
the cone c is to the cone C of an equal height, as the 
baſe of c is to the baſe of C. Since then P is to e as 
the baſe of P is to the baſe of c, and c is to Cas the 


baſe of c is to the baſe of C, it follows ex quo that P 
is to C as the bale of P is to the baſe of C: but the 


baſe of P is equal tothe baſe of C by the ſuppoſition _ 
therefore the pyramid P is equal to the cone C, having 
an equal baſe and altitude, E. D. * 


Cokol IA AKT. 


Hence it follows, that whether cones be compared | 


pramids with 


with. cones, or cones with pyramids, or 


 pramids, all ſuch as have equal beights will be to we 5 
. gnother as their baſes. For cones are ſo by the ha 
article, and pyramids are equal to cones having equal 

ar , Oy 


* * 1 * 
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baſes and heights: by this I mean iſoſceles pyramids 
and Holceles cones. _ £7 e 
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As the ſolid content of a priſm or cylinder of a piven © 
perpendicular altitude depends upon the quantity, and 
not upon the figure of the baſe, ſo by the demonſtration ' 
of this propoſition it appears, that the ſolid content of 
an iſoſceles pyramid or cone of a given perpendicular al. 
litude depends upon the quantity, and not upon the figure 
_ ef the baſe: let the perpendicular altitude and the area 

of the baſe be the ſame, and the quantity of the ſolid 
will continue the ſame, whether that baſe be in the 
form of a triangle, or a ſquare, or a polygon, or a 
circle. Other pyramids and cones will be conſidered 


in another place. 
et A LEM e 
339. V from the center of any cube ſtraigbi lines be 
imagined to be drawn to all its angles, the cube will by 
this means be diſtinguiſhed into as many equal iſoſceles 
pyramids as it has ſides, to wit 6, whoſe baſes will be in 
tbe ſides of the cube, and whoſe common vertex will be in 
. 3 
For if from a point above any right lined plain 
figure, lines be drawn to all its angles, and then the 
iünterſtices of theſe lines be imagined to be filled up 
with triangular planes, the ſolid figure thus incloſed 


will be a pyramid; therefore, by the lines above 


_ deſcribed, the cube will be diſtinguiſhed into as many 
pyramids as it hath ſides. And that theſe pyramids 
will be all equal and iſoſceles, is evident: for firſt, 


their baſes will be all equal from the nature of the 


cube; and in the next place, their heights will be 
all equal from the nature of the center, which is ſup- 

poſed to be equally diſtant from all the ſides of the 
* cube, and laſtly, as this center mult alſo be equally 
_ diſtant from all its angles, it follows that theſe pyra- 
mids muſt be all ifolcejes pyramids, Q; E. D. 

| | Te J 


e 
" Mins every one oO TY wy a be theft yr 
| "2 the whole cube. 


5 A TrzorxnM. 3 | 
| 360. "Every iſoſteles pyramid or cone-is @'t vids 
|  tfaſceles priſm or cylinder N an equar baſe, and an 

equal perpendicular 
Let à be the perpendicular altitude of an iſoſceles | 
| er or cone, and let & be the area its baſe, 


both taken according to the directions given in art. 


353: imagine alſo a cube whoſe ſide, that is the fide 
of whoſe ſquare baſe, is 24; then will 4%“ be the 
area of the baſe, and 84* the ſolid content of this 
cube: and if from the center of the cube lines be 
imagined to be drawn to the four angles of the baſe, 
| they will be the outlines of an iſoſceles pyramid whoſe 
| baſe is the ſame with the baſe of the cube, to wit, 
44*, and whoſe perpendicular. altitude is 0 whence 


the ſolid content of this pyramid «a be - 6 0 . 4 


by the corollary in the laſt article: but as Uh SLA 
mid has the ſame height @ with the pyramid propoſed, 
theſe two pyramids will be to one another as their 
| baſes, by the corollary in the laſt article but one: 
hence the ſolid content of the' pyramid propoſed will 

eaſily be had by ſaying, as 44* the baſe of the py- | 
ramid within the 3 to 5 che bale of the pf 


ramid propoſed, ſo 3 is = the ſolid content of the | 


a former, to a fourth, to wit eb , which will be the 


4 ſolid content of the Tees therefore the ſolid content 


of an iſoſceles pyramid or cone whoſe baſe is , and 
V hoſe altitude ! is 4, is found to be ob. but the ſo- 


| lid content of an iſoſceles priſm or cylinder having 


378 - Of Pyramids, Cones, Book VAh, 
an equal baſe and height is ab; therefore every iſo. 
celes pyramid or cone is a third part of an iloſceles 
priſm or cylinder having an CORE an equal 
E e 2 E. . 
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| perpendicular altitude, or elſe by multiplying 
223 baſe into the whole altitude, and then 
| 2 pert of the produ22. e biens 
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3062 Fo pyramid of any kind be cut by a plane 

rallel to its baſe, the quantity of the ſettion, or ( 
is all one) the quantity "of tele of the pramid et of, 
will always be the ſame, ler the gur of the prromil 
FOES rags rp pur pero Fr and perpendicular 
1 altitude of the whole. pyramid and the perpendicular al- 
titude of the r continue the _ ; Lf which 
eaſe, the perpendic ance. of the plane of the ſectian 

„ e e i ale 49 


H 
3 2 A be the vertex of the pyramid, and let BC be / 
any one ſide of the baſe; let the lines 4B and AC be cut 
by the plane of the ſection in the points D and E reſpec- 
tively, and let AFG be the perpendicular altitude of in 
the whole pyramid, cutting the plane of the ſeftion «< 
in F, and the plane of the baſe in G, both produced | 
if need be: join FD, FE, GB, GC: then ſince the 
baſe of the pyramid cut off will always be fimilar 
to the baſe of the whole pyramid, whereof DE and 
RC are correſpondent ſides; and fince all ſimilar plain 
- Hgures are to eqch other as the ſquares of their cor- 
: — 


| reſpondent ſides by the 
the Elements, it n 
DE will be to the baſe whoſe ſide is BC as DE to 


or as AF is to 46. Since then as AG* is to AF 
ſo is the baſe of the whole 
the pyramid cut off ſo long as the three fieſt con- 


tinue the ann Ms. * enn 


2 E. D. . 
n ee 


8 


* 


cerned it the „ of this which 
ly true, be the number of 2 | 
a iſo be true of the cone, which is elſe but 


NO. Vf 


A 1 


pyramid to the baſe of 


e | 


8 pyramid of an infimte number of ſides, let the ſhape of the 
. that is, whether AG the perpendi- 
cular altitude of the cons mens | 


8 


BC, that is, by fimilar triangles, as; 4 E is to A, ; 


17 If a priſm or cylinder of bind be deſcribed by 


the motion of a plain figure aſcending uniformly in a 


 borizontal poſition to any given beight, the quantity 


| of the ſolid thus generated will be the ſame, whether 
1 Aſcribing plane aſcends diretihy or obliquely to be 


ſame beight ; EIN all priſms , den. 


F what kind ſoever, that equal baſes _ reef 
and 


perpendicular beights, are equal, uber 
upon theſe baſes erect or reclining. 


For the better conceiving of this, let the decenlbing 5 
plane be made, not to aſcend all the way, but ſome- 


times to aſcend perpendicularly, and ſometimes to 
move laterally or edgeway, and that by turns : then 
it is plain that the quantity of ſolid ſpace, or rather 


the ſum of all the ſolid ſpaces thus deſcribed, will 


amount to no more chan if the deſcribing plane had 
aſcended all the way ndicularly to the ſame 


| OW. Let the times | Fhele alternate motions 


wherein 


$80 Of Pirdmids, cim, Priſmis,” Book VIII. 

_ wherein they are performed be diminiſhed and their 
number be "increaſed a infnitum, and they will ter- 
minate at laſt in an unfform oblique motion, and the 
oli generated by this motion will be equal to a ſo- 
lid generated by a perpendicular motion of the ſame 
plane to the ſame height. , E. PpPꝓ en 
N. B. What has here been demonſtrated concern - 
ing priſms and cylinders, may be further illuſtrated 
by fliding a pack of cards, or a pile of halfpence, out 
of an erect into an oblique . whereby it may 
_ eaſily be ſeen, that neither the baſe. or the perpendi- 
colar altitude, nor th quantity of the ſolid, can be 
affected by this chan / of poſture; but the finer, that 
is the thinner, theſe conſtituent laminæ are, the nearer 
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363. All prramids and cones of what kind ſoever, that 
bave equal baſes and equal perpendicular heights, are 
val. »„‚ | 

Js evince. this, let us imagine two plain figures 
(whether ſimilar or diſſimilar to each other it matters 
not) to riſe together from the ſame level, one directly, 
and the other obliquely, but both in a horizontal 
poſition, and always upon the ſame level; and let 
theſe planes be imagined not to retain all along their 

| firſt magnitude (as was ſuppoſed in the laſt article) 
bur to leſſen by degrees as they rife, fo as by their 
motion to deſcribe: tapering figures, and at laſt ro 
vaniſh each in a point: then it is eaſy to ſee, that if 
the tapering figures thus deſcribed be pyramids or 
cones having equal baſes and equal perpendicular 
heights, theſe deſcribing planes muſt not only be. 
equal to each other at firſt, and vaniſh at equal 
heights, but they mult lefſen ſo together as to be 
caqual to each other at all other equal altitudes hat- 
ever: this is evident from the laſt article but one: 
and therefore the ſolids deſeribed by them muſt ne- 


ceſſarily be equal. 2, E. . 


* 


Cox or- 


i Art. 363 6 Glinders.and. Spheres. 
Wert ITT © 


| ee it  follows;-: that whatever: dee bee denen 
aral concerning iſaſceles pyramids, cores, priſimt 2 

cylinders with reſpect to their propartion one a another, 

will be equally Se- 'of all others, whatever. Hape ar 
poſture tbey may be in: as, that; all \ ppramids and cones 
of ube ſame beighe are to each other. as their baſis, that © 
all pyramids and cones upon. —_—_—— baſes are as their 
beig bes, and that every pyramid or cone is a third\part 
of « prifm or: pinie Deutz an ge W 
— 2 e e eee D 
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>the Lemma. (I. F FOR 3 


Fl 2 ABCD be a ffuare whoſe baſe f 1 Ab, 
CE ſe diagonal is AC; and upon tbe center A, and. 


np! . 1 


*** 


with tbe radius AB, deſcribe the quadrant or quarter 


of a circle BAD: draw alſo the lint EFG H or EGFH _ 
am vobere within the ſquare, parallel to the baſe AD, 
© tutting the Ha. AB in E, the quadrant- BD in F, the 
1 onal AC in G, and the oppoſite fide CD in H, 
ſein AF: I ſay then that the 2 6's of EF aud the 
ure of; of EG put Together will aways be” FOE: 4% ww 
uare 0 
* N triangles ABC and AEG are amg tus 
having one angle at 4 in common, and the angles at 


B and E right; therefore EG will be to EAA eis do 


BA; bur BC is equal to BA, from the nature 6f a 
ſquare 3 therefore EG will be equal to EA, and E-; 
to EA, and EF*+EG* to E SE P=APSSAD: 
3 that 1 is, Te t E E. D. 


e Tus EM. | 


4 1 Ha ere is two, thirds. of a. Geer 
cylinder, that is, a linder that will juſt contain 
it. : 
For ſuppoſing all things as in the laſt article, 


Ws 2 60.) let the — ABCD be now ſoppoled. 


F 


* 


„%% "ora gim. Feen it. 
to turn round its fixed fide AB, ſo that the ſquare 
may generate a cylinder, the quadrarit a hemiſphere, 
"and the triangle an inverted cone; and let this 
ey linder, and conſequently the cone and hemiſphere 


de conſidered as conſiſting of an infinite number of 


— infinitely thin cylindric lamina : then if EH. repreſents 
the ſemidiameter of any one of theſe laminæ belong - 
Ing to the cylinder, EO will be che ſemidiameter 
of ſo much of this lamina as lies within the cone, 
-and EF the ſemidiameter of ſo much as lies Within 
the hemiſphere: and becauſe (by the laſt article) 
the ſquare of EF and the ſquare of EG are both 
together equal to the ſquare of EZ, it follows from 
corollary 6 in art. 347, that the two circles whoſe 
ſemidiameters are AF. and EG, are both „ N goa! 
to the circle whoſe ſemidia meter is EH; which 
is as much as to ſay in other words, lince the 
line EH was taken andifferently, that every parti- 
cular lamiua of the cylinder is equal to two correſpon- 
dent laminæ at the ſame height, whereof one belongs 
to the cone, and the other to the hemiſphere; there- 


| ./ fore. componends, .the whole cylinder, is equal to the 


cone and the hemiſphere | put:together : but the cone 
has been proved already to be a third part of the 
cylinder, as having the fame baſe. and height, (fee 
art. g6az) therefore the . hemiſphere _ mult be the 
.remaning two thirds of it; that is, every hemi- 
ſpbere is two thirds of a cylinder of the ſame baſe and 


5 N 2 us now imagine two ſuch. hemiſpheres, 
and two ſuch cylinders to be put together in one 
common baſe, and the two hemiſpheres will con- 
ſtitute a ſphere, and the two eylinders a cylinder 
gireumſeribed about that ſphere, and the ſphere will 
now be two-thirds of the circumſeribing cylinder, 


A Tux- 
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3G. Every ſobere ori mn to @ cone er prenid whiſe 
is the ſurface of the ſphere: and whoſe Ner- ' 

9 altitude is lis ſemidiameter. © 

To «demonſtrate this,” let 8 body terbsvaird by 
pain Me "reg Mar or lar, be ſo conſtituted as 
to admit of a "ſphere iro inferibed in it, touching 
every fide in ſome point er other, as the cube and 
aan imfinite number uf other bodies will; and from 
the center of the inſeribed ſphere imagine lines to 
be drawn to every angle of the circumſeribing'body : 
then will this body be diſtinguiſned into as mamy py- 
ramids as it hath ſides, whoſe baſes will be ehe fe- 
veral ſides of — eas whoſe c 22 vertex will 
be in the center of the ſphere, 0 perpendi- 
oular heights: will be rudi drawn to the ſeveral points 
of. contact, and conſequently will be qual: —8 
when a circle is touched by right 3 all 4 — 
drawn to the ſeveral points of contact will be per- 
ndicular to the reſpective tangent lines; ſo when 
| 2 ſquare is touched by planes, all radii drawn to 
ſeveral points of contact will be perpendicular. to 
1 reſ ive tangent planes. 

'  Ler then 7 be the radius of the ſphere, and let 
2, b, c, 4 repreſent the quantities or areas of the 
"ſeveral ſides of the circumſcribing body; and the 


ſolid contents of the pyramids whereof that body is = 


ar br cr dr 


compoſed will be yp OS , and the ſum ot | 


2 6 | 
ll theſe. pyramids, or the lid. content. of che body, | 


will be DELETE, | Le at 3447'S; 


, that is, let be the whole ſurface of 2 eee 
; body, and its folid content will be — : : but — 5 


3 ; 
the content of a pyramid whoſe baſe is 5 e 
5 W altitude is r; Therefore evety body 


enn. Ts 
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circumſcribed about a ſphere is equal to a pyramid” 
whoſe baſe is the ſurface of the bady, and whoſe per- 


5 pendicular Altitude is ure ſemidiameter of the inſcribed 
_ ſphere, 


Let us now! imagine the ſeveral ne a this: cir- 


cumſeribing body to be pared off cloſe by the ſurface 
of the ſphere, ſo as to create more ſides and more 
angles, and we ſhall ſtill have a body-circumſcribed 
about the ſphere, though in another ſhape; and there- 
fore the proportion alteady advanced will be as true 
in relation to this body as to the former: whence it 
follows, that if we ſuppoſe the angles of the circum- 


ſeribing body to be pared off ad ininitum, that is, 
till it differs nothing from the inſcribed ſphere, the 
propoſition will be as true of the ſphere itſelf as it 


was before of the body circumſcribed: about it, to 
wit, that every: ſphere. is equal to a cone or pyramid 
whoſe baſe is the ſurface of the ſphere, and whoſe per- 
e . is its W n 2 * 95 


4 ox 


A TIA. 


ahh. The blen of "1 ſphere i is * * how great N 


circles of the ſame ſphere. 
Where note, that by a'great circle of a ſphere, I mean 
any circle ariſing from a ſection of a ſphere into to equal 


| " hemiſpheres by a plane paſſing through its center, in. con- 


tradiſtintion to 4 leſſer circle ariſing from a ſection of a 


ſpbere into parts: of a great. circle of @ ſphere 
Los be defined to be a circle whoſe os is the 2 
with that of the ſpbere. 


Let s be the ſurface of any ſphere, 4 hs 5 : 


and ö the area of a great circle of that ſphere; — E 


will þ be the baſe of a circumſcribing cylinder, d its 


altitude, and bd its ſolid content; therefore, by the 
laſt article but one, — will be the ſolid content of | 


| 3 5 
the ſphere: but by the laſt article, this ſphere is 
Nb to a cone or chaiſe whoſe 1 is the Ware 


n THO tt i9 ot, 


4 f 3 
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At. 367, 368. Of the Sphere. . 38; 


of the ſphere, and whole perpendicular ee is 
u e a third Parke whereof is is — Wh: there · 


il ya, 


i + 2 vill eite represent che, folid bo of e 
i (irs: whence we have” the following equation... to 
wit, f = 2%, wh pores being? reduced gives 1=45; ; 


3” 107 gt 1 

2. E. . 151 fy *6 9; 
From the three l anicles may be deduced the 
following copallaies in xn 4 "33 ITO0rn 4 
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"a 1ſt, . ide tWamiter"of "a circle is to the cir- 
cumference, that iv. as 7 Yo'22 nearly, % is the ſquare 
"of the diameter "of any Sbere tp nl ſurface. 70. ſu 
poſing the diameter of à cirele to be to the Lier 
ence as 1 to c, and putting 4 for the diameter of 
any ſphere, cd will be the circumference of a great 
circle of that ſpine, ſince as 1 is to c, ſo is d to cd; 


multiply then s 1 = the ſemicireumference, into | o>t the 


mA 4 
"Ie 4 


adit and you will bare £44, the area of a Seen 


4 
1 ; "thizrefory four great circles, or the ſurface of 
the ſphere,” will be cad: but as 1 is to c, fois dd to 
cdd; therefore &c. 
-- 2d, Whence it follows, that The ſurface of every 
ſphere i is equal to the product of the circumference of 4 
. great circle. multiplied into the diameter of the ſphere. 
For, retaining the notation of the laſt article, cdd the 
- ſurface of the ſphess i is equal to cd the circumference 
of a great circle multiplied into d the diameter. | 
za, The ſurface of every ſphere is equal to the convex. 
. ſurface of a circumſcribed cylinder. For if a concave 
ieder without its two baſes be ſlit, and then opened 
into a plane, the hgure of that plane will be a paral- 
Bb — 


* 


386 Of tbe Sphere. Boox VIII. 
lelogram, whoſe baſe will be that line which before 
was the (circumference of the baſe of the cylinder, 
and whoſe height will be the ſane with that of the 
cylinder; therefore, as the area of a parallelogram is 
found by multiplying the baſe into the height, the 
ſurface of 8 cylinder muſt be found by multiply 
ing the citcumference of the baſe into the height of 
the cylinder: but the circumference of a cylinder eir- 
cumſeribed about a ſphere is equal to the circumference 
of a great circle of the ſphere, and the height of ſuch 
a cylinder is equal to the diameter of the ſphere 
therefore the convex ſurface of the cylinder will be 
equal to the circumference of a great circle of the 
ſphere multiplied into the diameter, which by the laſt 
corollary is the ſurface of the inſcrihed ſphere. 
At. The ſolid content. of. every ſpbere.ts equal to the 
product of its ſurface multiplied inte a third. part of the 
radius, or the, radius into @ third part of the ſurface- 
This is evident from art. 3666. 
Sth, 4s. Ar times the diameter af a. circle is to the 
tircumference, that is, 4 42 is 1% 4d er 21 4 11 
nearly, ſo is the cube of the diameter of am ſphere to its 
ſolid content, For if we ſuppoſe the diameter of a 
citcte to be to the circumference as 1 to c, the ſurface 
of a ſphere. whoſe diameter is 4 will be cdd by the 
firſt corollary ; and this ſurface multiplied into a third 


a 6 Ed p 5 S 4 £ 4 2 pd 
Part of the radius, or into a third part of —», which is 
d | 4 x i | , ier d 
5 gives = the ſolid content of the ſphere : but as 

F 
6 is to c, ſo is d. to = therefore as ſix times the 
diameter of a circle is to the circumference ſo is the 
cube of the diameter of any ſphere to its ſolid con- 

6th, The ſurfaces of all ſpheres are as tbe ſquares, 
and the ſolid contents as the cubes, of their diameters or 
ſemigiameters. For ſuppoling the diameter of any 


circle 


Art. 368, 369. Problems relating to the Mere. 387 
cirele:to he to the circumference, as 1 to c, ag ſup- 
poſing d and e zo be the diameters of two Ipheres, 
the ſurfaces will be cd and ce by the * pra 

 lary, and the ſolid contents will be ＋ and — © by 


the ny cant ed 16 to = a d. is . Ns 
d * c . 
I 28 T 0 5 as 4 c ee 
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' Tothew 8 * 97 The properties ob the gi 
above deſeribgd, I ſbajl add the Allows, problems : : 
PROBLEM 1. TIL OT 
969. To — heto _ acres: the ſurface of the whole 
5 contains. fie, 
Levahd . a cirele be to the i n 
as d to c, _— let e be the circumference of the earth; 


de 
then will —be its. diameter, and — its ſurface by 


the ſecond corollary i in the laſt Win Now the eir- 

cumference of the earth is 131630573 Engliſh feet, 
or 24930 Engliſh miles nearly, allowing 5280 feet 
to a mile: therefore if we make e 24930, we ſhall 
have e:==62 1304900. Now the numbers 7 and 22 
are ſcarce exact enough to exprefs the proportion of 
the diameter of a cirele to the circumference in com- 
pany with fo large a number as ez let us therefore 
uſe that of 113 to 355, Which we have elſe where 
ſhewn ({chol. 1 in art. 179®) to be much more exact; 


that i is, let d=1 13 and 683565 and = or the ſur- 


face of the earth will be 197831137 1 miles: 
but every ſquaremile contains 640 acres; therefore, 
if the foregoing number of ſquare miles be multiplied 
by 649, the product 126611927680 will be the num- 
bea of acres required. 
* See the Quarto Edition, p· 282. | 
B b 2 N. B. 


wy FR b . 1 
* n 24 - \ - + : 
4 o 5 
* * I FI * — 
* r * , 
2 . — = | 
— — —— = * 


306 * Problems relating to the Spbere. Boox VIII. 
N. B. To be more exact in any computation than 
the data on which it is founded, can Deas Wes or no 


purpoſe.” tara, 

* | E'£ Pai 9 R 0 B 1 E M 20 9113 Iii t "2&1 

370. — be the diameter of a concaue ſobere that 
will juſt bold an Engliſh gallon ?. . 


© By the fifth corollary in'art. 368, as 11 is to 21, 
fo is the ſolid content of any ſphere to the cube of 
its diameter: but the ſolid content of our ſphere is 
282 cubic. inches or an Engliſh gallon by the ſup 
poſition : therefore the cube of its diameter will 
53872, che cube root whereof 8 135 will be the dia- 
meter itſelf. 

VN. B. The extration'ef the cube. root is taught 

> in moſt books of Arithmetic, and depends on the 
nature of 'a' binomial, as doth the extraction of the 
: ſquare" root; and therefore whoever ſees the reaſon of 
the latter, may (without much difficulty) reaſon him- 
ſelf into the former: but the extraction of the roots 
of all ſimple powers will beſt be performed by the 
help of logarithms, as will be ſhewn hereafter when 
ve come to treat of * nature * properties, of thoſe 
numbers. "ON 


| * 6 65 1 of the & Spheroid. 


"IIA N. 7 a 8 be reſoload into an infinite number 
of infinitely thin cylindric laminæ, and then theſe lami- 
n, retaining tbeir circular figure, be all increaſed or 
all diminiſhed in the ſame proportion, they will conſtitute 
_ @. figure called a ſpberoid; and it is ſaid to be prolate 
or cblong, according as theſe conſtituent lamine are in- 
creaſed. ar diminiſhed. . This a learner, who is unac- 
quainted with the nature of the elligſis, may (if he 
ren take for the definition of a ſpheroid. 
From the definition here given it follows, 
iſt, that Every ſpheroid is to a ſphere upon the fame 
axis, as any one lamina in the former is to a like lamina 


in the latter from whence it was derived, er as any 
number 


F 


Art. 373, 374, 375+ - Of the Spheroid. 389 
number laminæ in the former is to the ſame number of 
li ke laminæ in the. latter, that is, as any rom of the 
former comprebended between two | paralle Hove per- 

_ 2dly,, it follows, that Every /pheroid, as well as every. 
ſphere, is two thirds of a circumſcribing cylinder. . For 
though a ſpheroid be greater or leſs than a ſphere upon 
the ſame_ax:s,.. the cylinder circumſcribed ; about the 
Lee be proportionably greater or leſs than 
the cylinder circumſcribed. about the ſphere; for ha - 
ving the ſame length, they will be as their baſes; 
| therefore the ſpheroid will. have the ſame, proportion 
to a cylinder circumſcribed about it, as the ſphere hath. 
to a cylinder circumſcribed, about the ſphere. _ 


PR 


3574. The chord of any circular arc il a mean propor- 
tional between the verſed fine of that arc and the dia- 
% ð ?.; ; wt & £4 5 
Let ABC (Fig 61.) be a ſemicircle whoſe diameter 
is AC, and afſuming any are as AB, draw the ſtraight 
line AB, which is its chord; draw alſo BD perpen- 
dicular to the diameter 40 in D, and the intercepted © 
line AD is called the verſed fine of the are AB. What 
we are then to demonſtrate is, that the chord A is a 
mean proportional between the verſed ſine M and the 
whole diameter : and this is eaſily done by draw- 
ing the other chord BC; for then the triangle 450 
will be right- angled at B, as being in a ſemicircle, 
and N R's will be ſimilar to the right · angled 
triangle ADB; whence AD will be to A as 4B to. 
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375. To find ibe ſolid content of a fruftum a beni- 
Jphere or hemiſpheroid comprebended between a great 
circle perpendicular-to its axis and any other leſſer circle 
parallel to it, hoving theſe two oppoſite baſes and the 


. height of the fruſtum given. 18 | 
: 4 * Ab z N 


399 Problims alle „ Bobs VII. 

N. F. As U. u is ſometimes uſet for the ſquate 
of AD, or à ſquare whole ſide is 4D, ſo in ort Hota- 
tion ig this ard _ of the following articles, we 
ſnall nor ſeruple to oe '© AD for the Axa of a circle 
whoſe - wa is AD, 2 8 AD Tor | two ſuch 
circles, 2 

Let ABD (Tig. 60 65.) be a ittare' hols baſs is 
AD and diagonal AC; nd- upon the center A and 
with the adi AB deſcribe” the quadrant, 34D; draw 
alfo the line EFGH any where within the ſquare pa- 
ralfel to AD, cutting AB in E, the quadrant in F, the 
diagonal in G, and the op dfite fide CD in 4. This 
done, imagine the whole figure to tutn round its 
fixed ſide AB: then will the ſquare generate a eylin- 
der, the quadrant a hemiſphere, the triangle ABC an 
inverted cone, and the (curvilinear ſpace AED ſuch 
a ftuſtum of an hemiſphere; as we are to find the ſolid 
content of, having given AD and EH the ſemidiame - 
ters of the two oppolite baſes, and AE the keighs of 
the fruſtum.. 

In the rh, article, 837 — of this . | 
tion, it was demonſtrated, that the hemiſphere gene- 
rated by the quadrant AD and the cone generated 
by the triangle 450 were together equal: iq the cy- 
linder generated by the ſquare 4809; aod the rea 

ſons there given for ſuch,an equality, equally _ 
that the frullum generated by the ſpace AED 
the cone generated by the triangle AEC will — to- 
gether be qual to the cylinder generated by the pa- 
rallelogram HD: but the cone generated; by the 


| rriangle' AFC i 18 equal to © EG x ==; aplt the cy- 
linder generated by the parallelogram AEHD i A equal 


AE 
0 OD A 3OADX, 1 2 STEIN 
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. therefor? if A de n for che ſolid content of the 


fruſtum, we ſhall have. the following equation, 


Art 373. 4 the Spherj-and Spdevoid. 2 391 
ro S , tran- 
poſe OBGXEZ, and then ve ſhall have, f = 


2 ©AD + OEH —- QECX wo but by the 364th 
articfe, and the ſicth corollary in the 347th, OE 
ZOEF+QEG, therefore EH EOS ORF. 
ſobſtitute GEF inſtead of OEH—QEG in the fore- 


going equation (ADE 55 9 


and you will have f = 2 0AD-F © £# 
upon a ſuppoſition that the ſolid propoſed is a fruſtum 
757 bemif here. Let us now ſuppoſe the ſolid F to 
conſiſt of an infinize number of infinitely thin cy lin- 
dric laminæ parallel to its baſe, and then that theſe 
laminæ, retaining their circular figure, be all dimi- 
niſhed in ſome given proportion, ſuppole in the pro- 
portion of 7 to 5; then it is plain that the ſolid / will 
degenerate into a fruſtum of an hemiſpheroid, and 
that it will be diminiſhed in the 05) ye of 7 tos; 
but then the quantity 2 Q D- FEE will alſo 
be diminiſhed in the ſame proportion; and 5 
Fvill ſtill be equal to 20 AD F ©EF x Ef, whence 
we have the following theorem for finding the ſolid 
content of the fruſtum propoſed, Whether it be a 
fruſtum of a hemiſphere or hemiſpheroie. 

| To twice the area of the greater baſe add the arta of 
the leſs ; multiply the ſum by a third part of the altitude 
of the fruftum, and the produtt will be its ſalid content, 

. | | bs ; W | 
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376. To find the convex ſurface of any ſegment of a ſphere 
- — \\ «cboſe baſe and btight are given. (Fig. 60.) 
- Retaining the conſtruction of the laſt article, and 
ſuppoſing what was there proved, if from the hemi- 
. generated by the ſpace ABD be ſubtracted the 
fruſtum generated by the ſpace AEFD, there will 
._ remain a ſegment of the ſphere generated by the 
ſpace BEF; and if to this ſegment again be added 
* ihe det generated by the triangle AEF, they will 
both together conſtitute a ſector of the ſphere gene- 
rated by the ſpace ABF; and laſtly, if the ſolid con- 
tent of this ſpherical ſector be applied to or divided 
by a third part of the radius AD, the plane or quo- 
tient thence ariſing will be equal to the convex ſur- 
face generated by the arc BF, which is here propoſed 
to be determined. For as every ſphere is equal to a 
cone whoſe baſe is its ſurface and whoſe altitude is 
its radius, (ſee art. 366) fo (and for the ſame reaſon) 
muſt every ſector of a ſphere be ea to a cone whoſe 
baſe is the ſpherical part of its ſurface, and whoſe al- 
titude is the radius. Now the , hemiſphere, generated 
by the ſpace ABD being two thirds of a cylinder of 
the ſame baſe and height, as was demonſtrated in art. 
365, its ſolid content will be expreſſed by 2 © AD x 
If 20 ADX — ＋. 20 4D X ; and the ſolid 
content of the fruſtum rm the ſpace AEFD 
was 2:0 ADX . O EF x needs ſubtra& the latter 
from the former, and there will remain the ſegment 
generated by the ſpace I EH equal to 2 C x 
— - OEFX— ; add to this the cone generated 
_ | 4 „ AE 
by the triangle JE I, whoſe content is © EF X — 1 » 


and you will have the ſpheric ſector generated by the 
jpace 


An 376. the Sphete and Spheriod. 3 
ſpace ABF equal to 20 AD * = | Let che d me r 


of a circle be to the circumference- as 1 to ts „ ad 5 
2 ADXc. will be the circumference. of a great | 
whoſe half Ax c multiplied into "AD the radius, 7 
give AD c for the area of a gu circle; — 


o4D Axe, and 2% = or the content of 


the ſector, will be 1 . but EB is the 


3 
verſed fine of the are BP; and therefore if we put / for 
the chord of that arc, we ſhall have 2 DEB 
the laſt article but one; and the ſolid content of the 


AD. 
ſector will now be N CX — divide by 2 and 


you will have the ſurface 2 by the are BF 
equal to c: but as Dec was equal to o AD, ſo 
will /*Xc be equal to O 4, that is, to a circle whoſe 
radius is the chord of the arc B F: therefore the ſur- 
face of every ſegment of a ſpbere is equal to 4 circle whoſe 
radius is the diſtance | of the pole, or vertical point ou V. 
ſegment, from the circumference of its baſe. '' 

What has here been determined concerning tha 
convex ſurface of a ſegment of a ſphere agrees entirely 
with what was determined in art. 367 concerning the 
ſurface of a whole ſphere, For if we ſuppoſe the, arg 
BF to be a ſemicircle, its chord will then be a diame- 
ter, and the N enerated by this arc will be the 
ſurface of the whole ſphere; and therefore the ſurface 
of this ſphere will be equal to a circle whoſe radius is 
the diameter of the ſphere, that is 2AD: but a circle 
whoſe radius is 2AD, is quadruple of à cirdle whoſe. 
radius is AD, becauſe all circles are as the ſquares of 
their ſemidia meters therefore the ſurface of every 
ſphere is equal to four great circles of Bs fame, as 
was there demonſtrated. LL 
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TH E indexes of powers have been a 
ready conſidered, fo far as they ſerve 
for a ſort of ſhort hand writing in 
Algebtaz "but the incomparable Newton has very 
much enlatged our views with reſpect to theſe in- 
dexes or exponents, inſomuch that it is by their means 
chiefly, that fo many excellent, uſeful, and compre- 
henſive theorems have been diſcovered both in Alge- 
bra and Geometry, and more particularly in the doc- 
trine of Fluxions. This ſort of notation therefore I 
ſhall now endeavour further to explain, in 18 ob- 
fetvations upon the following ſmall table: of 4875 


Powers without their. indexes. | 


= . * 12 
KXXXNX. xxx. kr. xx. . 1. —. —. ; EN) 


% D 2 abit: agd oFx8d 
% . 1 2 94 1 . 2 4 % j ; 


8 K ee 
Powers with their indexes. 


3 — 


. x*, *. F 3 3 


N 

Tbis table conſiſts of two rows, whereof the upper 

is a ſeries of powers expreſſed without their indexes, 
the common root or fundamental quantity being x ; 
the lower expreſſes the ſame powers by the help of 


their indexes, 


— . 


OssER- 


Art. 378; 379: Of Powers and their Iudenas. | 95 
| On3xxVATtiIONS. 3 


was By this table it appears thatrevery fubſe- 
2 nl the quotient of the next before it be divided 
the common root x, and that every" 
. is generated by. fubtraing unity from the next before it. 
Thus * divided by x gies, 5 £ divided by x. gives by 


r divided by gives = divided by æ gives — — 


Sc. thus again, 2— 1 =:, I1—1=0, ee 
—I—1=—2 c. Since then each row exhibits a 
regular ſeries, it follows that the negative indexes 
have the fame right to expreſs the powers hey belong 
+ as the affirmative ones, and that repreſents 


— upon the fame foundation that x* repreſents xx. 


_ 2dly, Therefors. whatever number is the index of any 
power, its negative will be the index of "the oa pn 
of that power, or of unity divided by that 
bees if 2 be the index of *x, —2 will de the index of 


1 3 be che index of #, I, vill be the index of 


4 


BY 5 and is of the K 


3dly, In al. caſes when, the additian of indexes 
anſwers to the multiplication of the powers to. which they 
Belong; that is, if any two powers of the ſame quantity be 
multiplied together, the index of the multiplicator added to 
the index of the multiplicand will give the indem of the pro- 


duct. Thus x* multiplied into & gives Fs. as XXXXxx 


| gives an Ty * S " 3 as a X 


* * © XX 
* 11 
ves — 2 thus w- * * 
N bs gies ere Oi 


J „ s C giees , as XX gives t: thus 
* gives xi, as xxxxi gives xxx, © 
E 


” 
—— —w: — — —-—-—t— — Pe 2 — 
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ers and their. Indexes. er Boon N. 


—— 


Athly, » bike manner the ſubtraftion of indexes 
anſwers to the divifion” of Powers ; 2 is, if 2 


power, of any quantiiy be divided by 8 

ſame quantity, 5 index of "the — 2 "Jubrrag from 
be indes af the dividend leaves the index of the quotient. 
Thus divided by x* quotes x", AS XXk divided by xx 


quotes x: thus x* Co of x © quotes *, as xx. 
divided by. — 1 crx: thus * 3 


er f 


* 


K 1 * 5 a as = — — divided I N ' quotes, 


oe 5 Feed ty eee. as — "divided r 


— — gives "BY thus 0 divided Sp "I * gives 5, a1 


divided by — given LED laſtly, * divided by” * 


gives : , a8 — divided. by xx gives 1. 

sthly, F ibe index of am potver be wang ts by 
2, 35 4. &c. the product will be the index of the ſquare, 
oube, ſquare:ſquare, &c. M that power": and therefore 
if the index of any power be divided by 2, 3, 4, &c, 
the gqugtient will be the index of the ſquare root, cube 
root, 8 uare root, &c. of that power. Thus 
the ſquare" ts * is , its cube *, its quare- quare 
* thus again, the ſquare root of x" is . „its cube 
root we heck N wo root . he : thus 2 rs 


„ 


que root Rot Gr. ; thus 10 e te root of - . Vor 


—— 


ri . 1 Ev ; >, 
1 2 is x PE 2 its cube dot x 1] its fauare: b root 


x T5 Ec chus 47 ſignifies the cube root of &., a 


the ſquare: ſquare root of x. And univerſally, * 
ſignifies that root of ** whoſe index is 1; as if 
„, then y is ſaid to be that root of x* whoſe 

index 


Ack. 379. Of Powers and their Indexes. 397 


index ia 1, apd muſt — expreſſed by 12 73 "Ind chere - 
fore it in any caſe n will be a good inference 


A iv equal co #7, or char * o 


22 E nde e Nr N v5 
E . $ 
* 


Sthly, Pvwito EET Ts 10 07 cre 
as often as their fractional indexes are reducible to more 
fomple. fractions. Thus the. ſquare · ſquare root of * 
is the ſame with the FE. 2 root SF 12 71 
Aas las: 
xF=x 4 * | 25 

ythly, 24 ttt indie of ay power ieh Wee 
fraction, and tbat fraction be reduced into a whole 
number and a fraction, the power will hereby be reſolved 
into two faftors, whereof one will have ibe whole 


number for its index, and the other the ANG part. 


Thus 2 =2-+3, and therefore uri; that is, 
the ſquare root of ol is equal to x multiplied into the 
{quare root of . 

8thly, Surd powers may be reduced to the ſame root 
by a reduction of their 'frattional indexes-to-the-ſame 
denomination, and that, RF? they be powers of the 


Jame quamily or not. Thus x* and y7 are the ſame 


as x* and 75; that is, the "oe! root of x: and the 
cube root of y are the ſame as the ſixth root of * 
and the ſixth root of y*,” and thus may ſurds of differ- 
ent roots be compared together without any ex- 
traction of thoſe roots. As for inſtance, if any one 
ſhould aſk me, which of theſe two quantities is the 
greater, the ſquare root of 2, or the cube root of 3? 
1 ſhould anſwer, the cube root of 33 for the ſquare 


root of 2 or 24 or 25 is equal to 85, but the cube 
root of 3, or 35 » Or 3* is equal to of ; and g 
is greater than 87, PAD 
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Art. 390. 


398 — their dadir, Boon IX, 
: gthly, Thal the addition and ſubtrafion of indexes 
anſwers to the multiplication and diviſion 'of the powers 
to which they belong, holds equally true "in Fraftional 
5mm; integral ones. Thus EA and 
ALES 45. which I thus demonſtrate. Let 7 = 
Seal Ne obſervation. we ſhall have 


* ik — 8 . 20 — 4 
i or 1, px, or x7, and e dot K 
= ous to y by the thir obſervation z\ therefc re 


41 multiplied into 47 gives 8. After the ſame man- 
ner, ſince. 3+ = it may be demonſtrated that 


e divided by x7 will give 455 for y divided by 


gives y, which is equal to **; and the demonſtrations 
will be wa eG: in all other caſes, 


i 
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& bgarithms and their uſes. 
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The foto of bparithns, pat coneeeric — 


from it. 


' OGARITHMS area ket of e 
numbers placed over · againſt the natural 
cones, uſually from 1 10 100000, and ſo 
a, that their addition anſwers to the multiplication 
of the natural numbers to which they belong; that is, if 
any two numbers be multiplied together, and ſo produce a 
third, their logarithms being added tegether will conſtitute 
"the logarithm of that third. 
Thus 0.3010300, the common logarithm of 2, 


added to 


” 
Fn * 


04771213, the logarithm of 3, gives 
0.778113, the logarithm of 6, becauſe 
s is the product of 2 and 3 multiplied 2 
rom 


Art. 390 — Kc. 5 399 
From this ion it follows, firſt, That in am 
Halen or table of logarithms l logarit +; 
unity or 1-will be nothing: for as 1 neither inete 
nor diminiſhes the number tmultiplied by it, ſo nei- 
cher will, its logarithm either increaſe.or diminifh/ che 
logarithm to which it is — and en the lo- 
garithm of t muſt he nothing. i Aa 


* 


a2 dly, Fer a like reaſim, Augen Me pr 
fradion "will akvays:be negative: for ſuch a fraction al- 
ways diminiſhes — multiplie by it, and 
. — its logarithm will e- the . | 
rithm to which it is added. 
ly, This property-of logoritians dts 10 are 
4 ned as _—_ dai no. ſmall compendium. in mul- 
tiplication': for whenever one number is to be multi- 

plied by another, it is but cy out their Jogarithms, 
— adding them and their ſum will be a 
third logarithm whioſe er number being taken out 
of the tables will be the product required. 

0815 be "ſubtradtion of | logarithnis" anſwers to th 

diviſion of. the natural numbers ta which they 
that is, whenever one number is to be divided * 
another, it is but ſubtracting the adac of the 
diviſor from the logarithm of the dividend, and the 
remainder will be * logarithm of the quotient: and 
thus by the help. of logarithms may the operation. of 
divifion be performed by mere ſubtraction as that of 
multiplication was by addition. Hence as every 
frattion is nothing elſe but the quotient of the numera- 
tor divided by the denominator, its Togarithm will be 
found by ſubtracting the logarithm of the denominator 
from the logarithm of the numerator. To demonſtrate 
this, to wit, that the logarithm of the diviſor ſub- 
tracted from the logarithm of the dividend will leave 
the logarithm of the quotient, let the number 4 be 
divided by the number B, and let the quotient be the 

number 2 and let the logarithms of the numbers 
3 and C be a, band c reſpectively; I ſay then 
that a—b will be equal to c: for ſince by the ſuppo- 
ſition 


— 


4%/ - "The Nature and Uſe + n 
Beg 7 Sc, de mall have "#=BG, bft by 


: the 3 whence n K W Wir INI 
_-1-5thly, | At every fourth proportional is found by mul: 


iiplymngithe ſecond and. third numbers together, and di- 
— 4 the \produf by the firſt, Jo the logarithm of every 
ſuch fourth proportional vill be found \by adding the 
logarithms of tbe ſecond aud third numbers topetber, and 
ſubtratting from the ſum the logarithm of the fe. This 
renders all operations by the rule of proportion very 
compendious and eaſy; eſpecially after the practitioner 
has pretty well inured himſelf to take out of the table 
logarithms to his numbers, and numbers to his loga- 


rithms: but this compendium is chiefly uſeful in 


Trigonometry, both plain and ſpherical, where 3 

thing he wants is put down ready to his hands. 
.6thly, J A be any number whoſe logarithm is a, then 

the e — wi will 0 a; thi 9 1 ng Wo. 


FE 343 


, * ine * A= _ * N v 
that, whether ibe index m be integral or | frattional, 
affirmative or negative: on the other band, uf q bt be 


logarithm of an power of A; avof An, then 4 will -be 


the logarithm of A. The reaſon of all chis is plain ; ; 
for as A. is the product of A multiplied into. itſelf, fo 
its logarithm will be the logarithm of 4 added to 


itſelf dr doubled, * is 243 and fo of the higher 
powers. Again, as 4 is the quotient of unity divi- 


ded by A. its logarithm will be found by ſubtracl ing 
a, the logarithm of A, from o, the logarithm of 1, 
which gives —a ; and ſo of the lower powers. Laſtly, 


as A, when multiplied into itſelf, produces 4, fo 


its logarithm, when added. to itſelf, ought to make 
8; therefore the logarithm of. A will be 2a; and 


ſo of all the other fractional powers. Here then again 
we. 


we have another inſtance of the very great uſefulneſs 
of a good table of logarithms, to wit, in raiſing a 
number to any given power, or in extracting any 
given root out of it, all which is performed with 
equal facility, only by multiplying its logarithm by 
the index of the given power, or dividiag'it by the 
index of the given root; as doubling it for the ſquare, 
tripling it for the cube &c.z halving it for the ſquare 
root, triſecling it for the cube root c.: this, 1 fay, 
cannot but be very uſeful in a great many caſes, and 
more eſpecially in Annatociſm, where we have ſome- 
times*occalion to extract even the three hundred ſixty 
fifth root of a number, as at other times to raiſe it 
to the three hundred ſixty fifth power, ſcarce poſſible 
to be performed. any other way; to ſay nothing of the 
innumerable miſtakes that in ſo long and laborious a 
calculation would be almoſt unavoidable, all which 
are prevented by the uſe of logarithms. It cannot 
indeed be expected that entire powers, and much leſs 
entire roots ſhould be gajned this way ; but it will be 
eaſy in moſt caſes to obtain as many terms as can be 
of any ule to us. | 5 

7thly, F any ſet of numbers, as A, B, C, D bein 
continual geometrical proportion, their logarithms, which 
| we ſhall call a, b, c, d, will be in arithmitical pre- 
greſſion ; for ſince by the ſuppoſition A is to B as Bis 


* 


to Cas C is to D. that in, ſince ” _ 2 we ſhall 
have þ—a=c—b=d—c by the fourth conſectary; 
therefore a, , c, d are in arithmetical progeſſion. 
Archly, From this laſt conſectary it will be eaſy, having 
two numbers given, to find as many mean proportionals as 
we pleaſe between them. Let the given numbers be 
A and J, and let it be required to find four mean 
proportionals between them, which we ſhall call 
B, C, D, E, fo that 4, B, C, D, E, F, may be in 
continual geometrical proportion. Here then it is 
evident from the laſt. a that as theſe _ 
| C bers 


r &.. 7 
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bers are in continual geometrical proportion, their 
logarithms, which we ſhall call a, b, c, d, e, f, will 
be in arithmetical progreſſion, whereof the extremes 
# and f are known, as being the logarithms of tjge 
known numbers A and F, and the intermediates may 

de found thus. Put x for the common difference of 
this arithmetic progreſſion; then will SCN b, a42x 


- ny 4 ＋Zxx⁊a, a- E-ANαt, 2 whence XF= 
. — 4 


; whence a-þ-x or b==a We =— 5 , @+2x 
W „ , = 2f 


orc = 


e or a . een or vt 


E N "1 the Jogarirtina bs the four mean pro- 
1 ſought are T/ 8 Wy «af, 


5 
take then the natural numbers B, C, D, E of theſe 


logarithms, and they, will be the mean proportionals 
required. . £ 


Logaritbms the meaſures of rats, 

=? gt. Logarithms are ſo called from their being the 

" Erurbmetical or numeral exponents of ratios : for if unity 
be made the common conſequent of all ratios, or the 
- cotpmon ſtandard to which all other numbers are ta 
be referred, then every logarithm will be the nume- 
ral exponent of the ratio of its natural number to 
unity. As for inſtance, the ratio of 81-to 1 actually 
contains within itſelf theſe four ratios, to wit, the 
ratio of $1 to 27, that of 27 to 9, that of 9 to 3, 
and that of 3 to 1 (fee art. 2933) all which ratios 
are equal to one another, and to the ratio of 3 to 1; 
therefore the ratio of 8 1 to 1 is ſaid to be four times 
as big as the ratio of 3 to 1 (ſee art. 294 :) and 
hence it is that the logarithm of 8 1 is four times as 
pig as the logarithm of 3. Again, the ratio of 24 

i 4 contains, and. "may be reſolved into theſe three 
3 : _ ratios, 


Art. 391, 392. bf Logarithls, © 40 
ratios, to wit; the ratio of 24 to 12, that of 12 to 
4, and that of 4 to 1; the firſt of theſe ratios; to 
wit, the ratio of 24 to 12, is the ſame with that of 
2 to 13; the ſecond, to wit, the ratio of 12 to 4, is 
the ſame with that of 3 to 13 and therefore the ratio 


of 24 to t is equal to the ratios of 2 to 1, 3 to 1g 


and. 4 to 1, put together; and hence it is that the 
logarithm of 24 is equal to the logarithms of 2, 3 
and 4 put together: Aud uni verſally, the mand : 
of tbe ratio of A to 1 is to tbe magnitade: of the ratio 
F B to 1 as the logarithm of A is io the laguriibm 
B. Aud hence we baue @ way of meaſuring all ratios 
+. whatever, let their conſequents Id what. they will- a 
for example, the ratio of A to B is the exceſs of the 
ratio of A to 1 above the ratio of B to 1 (ſee art. 
2965) therefore the numeral exponent of the ratio of 
A to B will be the exceis of the numeral exponent f 
the ratio of A to 1 above the numeral exponent of the 
ratio of B to 1, that is, the excels or the logarithm af 
A above the logarithm of By therefore The magnitude 
of #be ratio of A to B is to the magnitude of the ratio 
of C to D as the exceſs of the logarithm of A above the 
logarithm of B, which is the meaſure of the former ratio, 
is to the exceſs of the logarithm of C above the \logarithm 
of D, which is the meaſure of the latter ratio: and thus 
we ſee that logarithms are as true and as proper mea 
ſures of ratios as circular arcs are of angles. 1 
I might have defined logarithms from the idea here 
given of them, and thence have deduced all the other 
properties above deſcribed: but as it is not every one 
that hath a juſt and diſtinct notion of the nature and 
compoſition of ratios, I thought it more adviſeable to 
treat of them in a way more familiar to the learner, 


of Briggs's Logarithms. 38 


92. From the definition given in art. 390, it may 
4415 be ſeen, that if any one ſyſtem of logarithms be oncg 
gbtained, an infinite number of others may be derived 
| "OP 3 i from 


. — eo eee. <4 \ 


in # 
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from them by increaſing or diminiſhing the logarithms of 
that ſyſtem in ſome given proportion. As for inſtance, 
in the ſyſtem given let a, b, c, be the logarithms of 


three numbers, A, B and C, whereof the third is the 
roduct of the other two multiplied together; then 


will arc, by the definition. Let us now ima- 
gioc all the logarithms of this given ſyſtem to be 

oubled; then will 2, 5 and: © be. changed into 24, 
2b and 2c; but as a was equal to c in the former 
ſyſtem, ſo now will 242+ be equal to 2c in the lat- 


ter; that is, all the numbers of this new ſyſtem. will 


ſtill retain the property of logarithms. But though all 
theſe different ſyſtems be equally perfect, if computed to 
the ſame degree of accuracy, yet they will not all be 
equally convenient for uſe : for of all hjſtems or tables of 
logarithms,” that is certainly beſt acecmmodated for practice 


which'ts now in uſe, and is commonly known. by the name 
7 Briggs's logarithms... The Lord Napeir, a Scotch 


nobleman, was the firſt inventor of logarithms ;- but 


our Countryman Mr. Briggs, Profeſſor of Geometry 


in Grefam College, was undoubtedly the firſt who 
thought of this ſyſtem, and propoſing it to the noble 


inventor the Lord Naperr, he afterwards publiſhed it 


with that Lord's conſent and approbation. 


The  diftinguiſhing mark of this ſuſtem is, that berein 


the logarithm of 10 is 1, and conſequently that of 100, 2, 
that of 1000, 3, that of to000, 4, &c.; that of 1, o, 


I | + | | | I : 
that of 28 of 1 of 7 or of O ot, 


— &c. In this ſyftem the integral parts of the loga- 
rithms are a'ways diſtinguiſhed from the reſt, and called 
the indexes or de e of the Iyarithms whereof 


- they are parts: thus the logarithm of 20 is 1. 3010300, 


—I+ 3010300, where i is the characteriſtic, Oc. 


* = * 


where the characteriſtic is 1; that of 2 is o. 3010300, 


where the characteriſtic is o; that of — or O. 2 is 
| 10 
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Some advantages f this em. 


i Some of the chief advantages of this ſyſtem 
beyond all others, will appear from the following 
cenie n...... 010) FOREST GEO DEN 

1ſt, Whereas we have frequent occaſion to multi- 
ply and divide by 10, 100, 1000, c. this in this 
ſyſtem in very readily performed, only oy adding to 
or ſubtracting from the characteriſtic the numbers 
1, 2, 3, Oc.; and as theſe are whole numbers, they 
can only influence the index or characteriſtic of a lo- 
garithm, without affecting the decimal part, 
2ꝛdly, So long as the digits that compoſe any num 
ber are the ſame, and in the ſame order, hate der be 
their places with reſpe& to the place of units, the 
decimal parts of the logatithm of ſuch à number 
Vill always be the fame. As for inſtance, let 4-7 
be the logarithm of ' this number 34367. 89, where 
4 is the characteriſtic, and / repreſentꝭ the ſutm of all 
the decimal parts; then will ;-+/. be the logarithm | 
of 3456789, 6-1 that of 3456789, 7 that of 
34567890, Sc. On the other hand, will be 
the logarithm of 3456.789, 2+] that 6f 345.6789, 
1+/ that, of 34.567609, 01 chat of, 3486789, 
I thatof0.3456789, - 2 that of 0,034567589, 
&c, : the reaſon. of this is plain; for if the number 
34567. 89 be multiplied by 10, thefproduct will be 
45678 .9; therefore if to 4, the logarithm of the 

| . number, be added 1, the logarithm of 10, 
the ſum 5+/ will be the logarithm of the latter. 
Again, if the number 34567 . 89 be divided by ro, 
the quotient will be 3436. 789; therefore if from 
4 ＋, the logarithm of the former number, be ſub- 
trated 1, the logarithm of 10, the remainder 3-4 
will be the logarithm of the latter. Here then we 
ſee the reaſon why in Briggs tables the decimal part 
of every logarithm is affirmative, Whether the whole 
logarithm taken together be ſo or not; for in the 
logarithm of all numbers greater than unity, _ 


\ 
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the integral and decimal parts are affirmative; and 
therefore the decimal parts muſt always be ſo, ſince 
theſe are not changed by changing the natural num- 
bet, ſo long as the digits that compoſe it are the ſame, 


and | in the ſame order: thus —S or — 3 may bea lo- 
1 but it is never expreſſed ſo, but rather 
us, — 1, 2, the pegajion being thrown wholly pen 
the 3 
2 1744 means in Brigg 5 ſyſtem the charac- 
the logarithm of any number is eaſily known 
cbs pa I was aſked, what is the characteriſtic of 
of this number 34567 .89? Here I con- 
2 that this number lies between 10000 and 100000; 
therefore its m muſt be ſome number between 
4 and g; th. ore it muſt be 4 with ſome ren 
 apnexed, that is, the characteriſfic muſt be 4. And 
ain, ſuppoſe it was required to aſſign the arafter- 
ic of the logarithm of this number, o > 


here ne chat this number * n 2 and 


hg at is, ' "WERE 1 and e 9.01, and GR 


as logarithm mult lie between i and —2, chat is, 


its logarithm muſt be —2 with ſome affirmative de- 
clonal” parts annexed, to leſſen the Hagel z therefore 
the characteriſtie will be —2. 


To find the charatterilic of "Briggs" 8 ligarithm of 
any nuniber. 

4. Hence may be drawn a ſhort DA e 
. the index or characteriſtic Fe 
Sarichm of anf number given, thus. I the number 

* be a whole number, ar a mixt * conſiſting 
4 2.468 and decimal parts, eo þ removes 
the place of units to the 10 ile fir 

of fo many units will the þ- Tape conſis 


BY number propoſed be « pure Lee tes 


* 


Art. 394, K. Of Briggs's Logarithms, 40% 
many removes as is the plate of units to the left band 
of the firſs fgnificant figure, 0 , many negative units 
will the chara#eriftic conſt. Thus the index or cha- 
racteriſtic of the logarithm: of this number 34567 .89 - 
is 4, becauſe 7 in the place of units is four removes 
to the right hand of the firſt figure 3: thus again, 
the characteriſtic of the logarithm of this number 
0403456789 is —2, becauſe o in the place of units 
is two removes to the left hand of the firſt ſignificant 
gure 3. „ 2 | 
* ele rules are the more to be obſerved, becauſe 
in ſome tables the integral parts of all logarithms 
re omited, being left to be ſupplied by the operator 
himſelf, as occalion requires: by this means, the lo- 
arithms become of much more general uſe than if, 
y having their characteriſtics prefixed, they were 
tied down to particular numbers. e 


Another idea of logarithms. © 
395. In the ſyſtem here deſcribed, every natural num- 
her is, or may be, conſidered as ſome power of 10, and 
its logarithm as the index of that power: for let a be 
the logarithm of any natural number as 4; then ſince 
Briggs's logarithm of 10 is 1, his logarichm of 10% will 
be 4; this is evident from art. 390 conſect. 6; there- 
fore A muſt be equal to 10%, ſince they have both the 
ſame logarithm ; that is, the natural number A is 
| ſuch a power of 10 as is expreſſed by its logarithm a. 
This conſideration gives us a new idea of logarithms, 
and to one acquainted with the nature of powers and 
their indexes, it will be no wonder that the addition, 
ſubtraction, multiplication and diviſion, of theſe log 
rithms anſwer to the multiplication, divifion, involu- 
tion and evolution of their natural numbers. 


Precautions to be 2 in working by Briggss 
Fay = logarithms, Ree ag rc 
396. Thoogh theſe by gait og (as I obſerved be- 
fore) are preferable to all others, on account of their 


- ſimplicity. 
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ſimplicity and facility in plactice, yet in uſing them 


ſome precautions are to be obſerved, which (to pre- 
vent miſtakes) I ſhall here juſt point out to the 


learner; as 


iſt, 1» the addition of logarithms, whatever is car- 


Tied over from the decimal to the integral parts, muſt be 


confidered as affirmative, and as ſuch muſt be added to 


thoſe integral parts, whether they be affirmative or ne- 


gave. Thus —3+ .7000000 being added to —4 
 .800c000, the ſum will be — 64 .;000000 ; for 


though the ſum of the characteriſtics —3 and —4 be 


, the affirmative unit drawn from the decimals 


reduces it to —6. 


; ; | 25 | 4 5 S } PAY 60 25 , 
8 2dly, Whenever a ſubtradlion is lo be made in loga- 


rithms, it muſt be performed in the decimal parts as 


uſual; but if the charaeriſtic of the ſubtrabend, or of 


the number from whence the ſubtraction is to be made, 
or of both, be negative, they mu/# be treated in the ſub- 
traction as the nature of ſuch quantities requires. Thus 
—3+ .8900000 fubtrafted from — ig. 7 600000 


leaves 1 .8700000 : for if +1, on account of the 


decimals, be added to —3, the characteriſtie of the 


ſubtrahend, it will be reduced to —2, which being 


ſubtracted from —1 as above, leaves I. Nay, the 


" learner muſt not be diſcouraged if he ſometimes finds 


* 


himſelf obliged to ſubtract a greater logarithm from 


n leſs, as will always be the caſe where the logarithm 


che logarithm of 3 from that of 2, or elle by taking 


of a proper fraction is required: as for example, let 
it be required to find the logarithm of 3: here ſub- 


tracting o. 30 10300, the logarithm of 2, from 


o ooodoooo, the logarithm of 1, there will remain 
ei .6989700, the logarithm of 3; for in this ſub- 
traction, 1, on account of the decimals being added 


to the characteriſtic of the ſubtrahend, gives 1, which 


ſubtracted from o above, leaves — l. 


Note, The logarithm of 'a vulgar fraction may alſo 


be obtained by throwing. it into a decimal, Thus the 
logarithm of + may be obtained, eicher by ſubtracting 


QUT 


* 


out the logarithm of this decimal fraction . 666666, 
which is the ſame as the logarithm of the wh 
number 6666667, except that the characteriſtie of the 
former logarithm is a=1, and that of the latter T6. 
zaly, In the multiplication of logarithms the © ſame - 
rare miſt be taken as in addition. Thus if it be required 
to multiply this logarithm: 34 .7000000" by g, 
the product will be —21+- . 3000000; for though 
the product of - go be —27, yet the 6 drawn 
from the decimals reduces it to ]7t 3 0 
Athly, Mbenever a logarithm is to be divided" zy 2, 
3, 4, &c. in order to obtain tbe ſquare, cube, biquadrate 
&c. root e its natural number, ibe charat#eriſtic be 
negative, and will not be divided without a frattion, my 
way is to reſolve it into two parts, to wit," into a na- 
tive part which will be divided, and an affirmative part 
which "will incorporate with'the decimals annexed. ' Thus 
if I was to take the half of this logarithm 1 
.7000000, I cannot join the 1 to the decimals an- 
nexed, beeauſe they are quantities of different kinds; 
therefore I reſolve. the characteriſtic 1 into two 
parts, to wit, — 2-1, and then taking the half of 
—2, Which is —1, I join the affirmative part E 
to the decimals annexed, and ſo take the half of +15, 
which is 8 Sc.; therefore the half of the aforeſaid 
logarithm is —1+ .8500000 : had the characteriſtic 
been — g, I ſhould have reſolved it into -A ,I. Had 
4 of the foreſaid logarithm been required, I ſhould 
have reſolved the characteriſtic —1 into —3-+2, 
and ſo ſhould have taken, firſt, the third part of — 3, 
which is — t and then of +27, which is 9: had 
the characteriſtic been —2, I ſhould have reſolved it 
'into—34+1 ; had it been 4, I ſhould have reſolved 
it into —642, and ſo on. e 
NM. B. Of all the tables hitherto in uſe whoſe loga- 
' rithms do not run to above ſeven, decimal places, I 
take thoſe publiſhed by Doctor Sherwin to be the beſt 
upon many accounts, and particularly in the diſpoſi- 
tion of the logarithms: theſe therefore I ſhall not 
eee | * | icruple 


* 


* * 


410 n Boo ix. 
ſeruple to recommend to my readers, whom I ſhall 
alfo refer to the directions there given for finding the lo- 
garithms of all abfolute numbers from 1.40 10900000, 
_ and vice wut. Bur I muſt awa I cannot with equal 
juſtice-recomumend the method there taken to avo¹d 
1 4nciexes by eo new. ones, and by 

It is not to be detied but 
e ae. arg — 2 — abſolutely neceſſary 
40 fuch aß leo nothing of the nature and. ale: of ne 
ative quantities; but thoſe who do, i believe, will 
00 the rules here laid down: more natural and con- 
vewient ; zud as they carry their own reaſons along 
wick them, I doubt nat but that the learner will find 
then eaſier to 8 and leis Table d be 
anfſundeafiood. | 
397%. In the tables ene aber obe 
lg irichms en every page, are two columns, one called 
4 column of differences, and ſigned DD, the other 
called a column of proportional parts, and. ſigned 
Pts above, and Pro below: theſe two columns, as 
well as the reſt, have been explained by the author; 
dut, leſt they ſhould not be thoroughly underſtood by 
What is there ſaid of them, I ſhall take the liberty by 
2 ſingle inſtance, to explain more at large the reaſon 
and uſe of theſe columns: I ſhall take my example 
from the author himſelf. Let it chen be required to 
find by the tables the logarithm of this number of 


ſeven places, to wit, 5423758: to do this, I firſt put 


down 6, the characteriſtic of the logarithm. ſought, 
according to the directions given in art. 3943 then 
Leonſider in the next place, that though by the help 
of the tables we can find the logarithm of any num- 
ber under 10000000, yet that the abſolute numbers 
there do not, properly ſpeaking, run to above five 
places; therefore I lower the abſolute number given, 
to wit, 3423758, to this 342 37.58, which will not 
affect the decimal part of the logarithm ſought then 
ſetting aſide the characteriſtic, I take out of the tables 
8. Ae of the five - integral places 54237 
| according 


-_- 


2% an bom to uſe the atk | 


according to the directions there given, and find it 


00 be. 7842957 this I ſubrract from che logarithm + © 


93 
8 
os 
2 . » 


of 542388, that is, from 7343037» and find the dif. 
* be 80. But the kan of the column of 


differences is on purpoſe to avoid this ſubtraftion ; ns? I 


for had I taken out of that column the gumber oppo= 
ſite to 54237» the integral part of the abſalute.num- 
ber propoſed, or if no ſuch oppolite. number-was ges 
be found, had I taken the neareſt number above, | 
(not below,) I ſhould have found the number 80 t, ö 
That is, in a whole number, 80, without any ſubtrac- - © | 
tion. Thus then the caſe. ſtands; as the abſolute 
number | 0.54237 «58 lies between the. wo _ 
nearcſt tabular numbers 54237 and 54238, whoſe  _ 
difference is 1, ſo muſt the logarithm, ſought lie be _ 
tween the. logarithms of the tabular numbers abo e 
mentioned, whoſe difference is 80 therefore I ſay by 


the golden rule, as 1, the difference.of che tuo bu - 


lar numbers between which mine lies, is to 80% the 


difference of the two tabulat logarithms between.which "+ oo 


to 46, the difference betwirt the logarithm ſoughe 

and the neareſt leſs tabular logarithm; therefore 

adding this difference 46 to the neareſt'leſs. tabular _ 

logarithm, towit, 7342957 I have 7343003, which 


being joined as decimal parts to the charateriſtic d, 


gives-6..7343303 for the logarithm' ſought. - This 5 - l "i 


number 46, which was the fourth proportional ab 25 


found, is called the proportional part, becauſe it is wy a 
the ſame proportional part of 80, the difference of tee 


two neareſt tabular logarithms, that. 38, the decimal  _ 
part of the number propoſed, is of 1, the difference 
of the two neareſt tabular numbers. Whoever attends _- 


ro the foregoing operation . will eaſily perceive, the 


this proportional part 46 was gained from multiply- 


ing 80, the common difference, by .58, the decimal RS 


= 


5 


parts of the abſolute number propoſed ; and the ſam 1 


would have been obtained if the common difference 
; | 5 8 
"FR | 


2 
a 


k _—— = 
— Fees _— 
— 0 —_—— 
2 
. 4, 9 os cn. Ce. 6. 


— . 


0 


OY 22 +4: + „ 


"OA. Ae Ws & Frere” 


y = 
— 3 — 1 
— = 8 n 5 — 5 8 — * 
5 2 2 — — a. word 
* On 
—— —— — —y— 


mw 


— 1 


1% _ How to uſe Shetwin's Tables. Book IX. 


990 had firſt been multiplied by. 53 and fhen' by . 09, 


And the 18 been taken into one ſum: now it is 


to ſave theſe rwo multiplications that the column of 
proportional parts was contrived; for whoever looks 
there for the common difference 80 will find all the 


Pfrodacks of the ſaid common difference multiplied by 


. . . 4. , Cee. to 9 "inclufively;” ad ook. 


ing for the number over againſt” . 5, he will find the 
number 40, which ſhews that the number 40 is 4 


of the common difference 10; ſo alſo over again 


9 he will find the number 64, which ſhews that the 


nuinber 64 is 12 of the common difference; but we 
do not want of it, but 8 hundredth parts; there- 


1 he muſt not take 8 the number 64, but a tenth » ih 


Part of that number, to wit, 6. 4 or 6, which being 
added to 40 the proportional part before found, 
gives 46, to be added tg the neareſt leſs tabular lo- 
Zarithm in order to obtain the logarithm ſought. 
But when all poſſible exactneſs is required, and no 
errbrs are intended to be committed, but ſuch as un- 
avoidabiy ariſe from the imperfection of the loga- 
rithms themſelves ; 1 would adviſe the reader to com- 


pute the proportional parts himſelf, as above, rather 


than truſt to the table for them, though he will rarely 
find any confiderable difference. My reaſon for this 


advice is; becauſe in the table of proportional parts, 


no nôticè is taken of decimals; whereas thoſe dectmals 


ought not im all caſes to be neglected, at leaſt not till 
be operation is over, and the artiſt ſees What it is he 


throws away or takes into his account, to leſſen the 
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